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Abstract. The proper orthogonal decomposition identifies basis functions or modes
which optimally capture average energy content from numerical or experimental
data. By projecting the Navier-Stokes equations onto these modes and truncating,
one can obtain low-dimensional ordinary differential equation models for fluid flows.
In this paper we present a tutorial on the construction of such models. In addition
to providing a general overview of the procedure, we describe two different ways
to numerically calculate the modes, show how symmetry considerations can be
exploited to simplify and understand them, comment on how parameter variations
are captured naturally in such models, and describe a generalization of the procedure
involving projection onto uncoupled modes that allow streamwise and cross-stream
components to evolve independently. We illustrate for the example of plane Couette
flow in a minimal flow unit — a domain whose spanwise and streamwise extent is
just sufficient to maintain turbulence.

1. Introduction

Discussion of low-dimensional modelling of fluid mechanical systems
frequently begins with observations regarding the contrast between the
complexity of fluid motions and the apparent simplicity of the govern-
ing Navier-Stokes equations (hereafter NSE). Indeed, these equations,
which for an incompressible, Newtonian fluid may be written in terms
of rescaled velocity (u), pressure (p), density (p) and Reynolds number
(Re, based on a suitable macroscopic length scale) as
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R6V2u; V-u=0, (1)
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+u-Vu=—-—-Vp+
p
are nothing more than a statement of Newton’s second law in the
form, a = F/m. The F and m terms which appear on the right hand

side of (1) provide few complications; it is the nonlinear term in the
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acceleration, appearing on the left hand side, which causes the majority
of the difficulties. Additionally, the continuity equation V -u = 0 leads
to the complication of non-locality.

Viewed abstractly as partial differential equations, the NSE have
infinitely many degrees of freedom. Furthermore, a Fourier transform of
the nonlinear terms in (1) indicates that strong dynamic coupling exists
among these ‘modes.” While this is rather discouraging, various results
indicate that the situation might not be quite so dire. In particular,
classical turbulence theory [47], via dimensional analysis, provides the
estimate that the number IV of degrees of freedom of a turbulent three-
dimensional flow scales as

N ~ Re%/%. (2)

While not completely rigorous, this suggests that the number of degrees
of freedom in a turbulent flow (e.g. with Re of the order of 10%) is a
very large, but finite, number.

The relation (2) estimates the number of modes sufficient to reliably
approximate a turbulent system, but not how many are necessary. The
answer to the latter question depends on the flow under considera-
tion. In isotropic, homogeneous turbulence, flow structures display an
enormous range of length scales, and thus one might assume that the
number of modes indicated by (2) is necessary. In contrast, many flows
at lower Reynolds number or in constrained geometries seem to have
just a few basic structures which persistently appear, disappear and
then appear again. Perhaps the first clear experimental demonstration
of these coherent structures was in the mixing-layer experiments of [11].
Some years earlier, an unbiased technique for determining which modes,
when suitably combined, can form such structures was proposed in [33].
This technique, known as the proper orthogonal decomposition (here-
after POD), may be applied to either experimental or numerical data
to obtain a basis that captures more of the kinetic energy of the system
on average than any other; as we shall see, the technique allows us to
order the modes in terms of decreasing average energy content. We
refer to these basis functions as empirical or POD modes.

The first reported instance in which POD modes were used to con-
struct a low-dimensional model of a specific turbulent flow appeared
in [3], which addressed the practically interesting problem of boundary
layer turbulence. The POD was applied in the vertical, inhomogeneous
direction to find optimal modes for an experimental dataset provided
by Herzog [23]. The NSE, with a suitable model for the turbulent
mean flow, was then projected onto the five most energetic streamwise-
invariant modes. The equations were further modified to account for the
energy transfer from the five retained modes to the higher order modes
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neglected in the truncation, thus providing a natural bifurcation pa-
rameter. The resulting equations were studied via numerical integration
and analysed using dynamical systems theory. Several interesting so-
lution regimes were identified as the bifurcation parameter was varied,
including periodic, quasi-periodic, intermittent and chaotic behaviour.
The most interesting of these was intermittent behaviour which, in
dynamical systems terms, corresponded to a pair of heteroclinic orbits
connecting two unstable fixed points. Reconstruction of the velocity
field showed that the fixed points corresponded to counter-rotating rolls
and the heteroclinic orbits to unstable growth, bursting, spanwise shift,
and reformation of the rolls. This was interpreted as a manifestation,
in the low-dimensional model, of the “burst-sweep cycle”, observed in
the turbulent boundary layer since [27].

The present paper is a tutorial on using the proper orthogonal de-
composition to construct low-dimensional models for turbulent fluid
flows. Rather than summarising the contents of the monograph [25]
or review articles [9, 26], we take this opportunity to more explicitly
describe key steps of the analysis, and to extend the approach. We
explain two different ways to numerically calculate the POD modes
(see §2.1) and then show how one can exploit symmetry considera-
tions to simplify and understand such modes (see §2.2). By taking
Fourier modes in translation-symmetric directions, one can transform
a three-dimensional eigenvalue problem for the POD modes into a two-
parameter family of one-dimensional problems. We show how discrete
symmetries should be incorporated into the POD, and describe a spe-
cific example in considerable detail (see §4.1). We also comment on
how parameter variations are captured naturally in ordinary differential
equation (ODE) models (see §2.4). Finally, we describe of a general-
ization of the procedure for deriving ODE models, by projection onto
uncoupled POD modes that allow streamwise and cross-stream compo-
nents to evolve independently, thus removing non-physical constraints
imposed by very low-dimensional truncations (see §4.3).

The organisation of the paper is as follows. §2 contains a general
discussion of the POD, including the role of symmetry, and how ODE
models are obtained by Galerkin projection. In §3, we introduce plane
Couette flow (PCF), which provides an instructive example for the ap-
plication of these techniques. We focus on a minimal flow unit (MFU),
where minimality refers to the spanwise and streamwise extents of the
spatial domain, which are reduced (in numerical simulations) until tur-
bulence with reasonable statistics is just sustainable. By constraining
the flow to a domain that supports only one or two coherent structures,
one hopes that the dynamical interactions that sustain turbulence will
be sufficiently simplified that better understanding of physical mech-
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anisms will result. In §4, we apply the techniques described in §2 to
PCEF. This includes detailed discussions of how the discrete symme-
tries of PCF can be used to simplify and understand the POD modes,
and how one can uncouple the POD modes to allow streamwise and
cross-stream components to evolve independently. We then summarize
the behaviour of two different low-dimensional models for MFU PCF
turbulence in §5, with one model involving coupled modes and the
other uncoupled modes; this section draws heavily upon [46]. Finally,
we present concluding thoughts in §6.

2. Finding, Understanding and Using the POD Modes

The POD procedure! delivers sets of empirical eigenfunctions {¢(™}
which approximate typical members of a data ensemble U = {u (k>}
better than representations of the same dimension in terms of any other
bases [25]. The data ensemble, which may contain scalar- or vector-
valued functions u, , can be obtained experimentally, as in [3], or via
numerical simulations, as in the example considered later in this paper.
Specifically, we seek ¢ such that the quantity

(| (u, ) %)

Tl ®)

is maximised. Here (-,-) and || - || denote an appropriate inner product
and norm for the space L?(Q,) of square-integrable functions, e.g.,

(f,g)=/Q f-g"dzr and HtpH2=(<p,<P)=/Q o> dz,  (4)

where €2, is the domain of interest over which u,, (z) and ¢(z) are
defined, the dot denotes a standard vector dot product, and * denotes
complex conjugation. In (3), (-) denotes the ensemble average, but in
the following we shall appeal to the ergodic theorem to equate the
ensemble average with a time average over a single solution of the
NSE.

One may apply the variational calculus to recast this problem as the
solution of the following Euler-Lagrange integral equation [25]:

/ (u(z) ® u(2)) p(a’) da’ = Xp(), (5)

! As noted in [25] the POD goes by several different names in other disciplines,
including Karhunen-Log¢ve decomposition, principal components analysis (PCA),
singular systems analysis and singular value decomposition.
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where ® is the tensor product. This is a Fredholm equation of the
second kind, the kernel of which is the autocorrelation tensor averaged
over the data ensemble:

R(z,2") & (u(z) ® u*(a")). (6)

With the norm defined as in (4) and u representing the fluid velocity,
the POD modes are optimal in the sense of capturing, on average, the
greatest possible fraction of total kinetic energy possible for a projec-
tion onto a given number of modes. Moreover the POD modes are
orthogonal with respect to the inner product and can easily be made
orthonormal, and each POD mode inherits linear properties from the
ensemble, such as incompressibility and boundary conditions. Finally,
we note that the POD procedure can be formulated for other inner
products (e.g., Ref. [38]), allowing the computation of POD modes
which optimally represent quantities other than the kinetic energy.

2.1. DISCRETISATION OF THE EIGENVALUE PROBLEM

In practice, one solves (5) by transforming it into a matrix eigenvalue
problem through suitable discretisation, then solving that problem us-
ing software such as the LAPACK numerical linear algebra package [1].
For simplicity, we consider scalar functions w, for which the tensor
product in (5) is a simple product. We show here how to calculate
the POD modes in two different ways: which of these requires less
computational effort depends on the relative numbers of grid points,
ng, and observations or time-snapshots, N, in the data ensemble.

2.1.1. The direct method
Writing the ensemble average as a time average of the Np snapshots
and interchanging the sum and integral, we may rewrite (5) as

1 Nr ) / / ,
Nr k:lu"“)(x> /Q ur, (@) p(a’) da’ = Xp(z). (7)

We may now approximate the integral over x’ using either the trape-
zoidal rule or Simpson’s rule. In both cases, we can express the integral
as

f o @@ =S v, ete) = w8 ®
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Vw2t (x2) Vw2 (z2)

@, - s - s e

V wnzfluzkk> (a’:nzfl) V wnz_]-(p(xnz_l)

(k)

and w; are the weight functions for the particular quadrature method
used. With these definitions we may write (7) as

Nt
1 e
N ;u(k> () u, P = Ap(x). (10)

In particular, this equation is satisfied at each of the n, grid points, x;:

Nt
1 ek o~ .
. E u(k>(xj) u’("k>go =Ap(z;) for j =1,...,n,. (11)
k=1

Multiplying (11) by ,/w; for each j = 1,...,n,;, we may write the
resulting set of equations as a single matrix-vector equation:

— SYa w g As=1rp. (12)
1

Thus, the integral equation (5) becomes a symmetric (in general, Her-
mitian) eigenvalue problem for the n, X n, matrix A. It is necessary
to multiply the components of the resulting eigenvector by 1/, /w; to

get the POD modes {cp(")}, but this requires very little computational
effort. The modes may be normalised to ensure that they are orthonor-
mal. Depending on whether the trapezoidal or Simpson’s rule is used,
the POD modes found in this way have either O(Axz?) or O(Ax?) error,
respectively. A variant of this direct method for finding the POD modes
is used, e.g., in [36, 34, 46].

2.1.2. The method of snapshots

It may be the case, for example for CEFD databases over three-dimensional
domains, that ng, the number of grid points for each snapshot, is much
larger than N7, the total number of snapshots in our ensemble. In such
situations, since we typically never require more than O(1000) modes,
it is computationally advantageous to reformulate the computation of
POD modes as an np X nr eigenvalue problem, as follows. For simplicity,
we describe this only for scalar functions u ), for which ng = n,.
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Letting
ci= [ upyla)elada

Eqn. (7) may be rewritten as

1 &
N—T;Cj u(j)(:c) =Xp(z) : (13)

i.e. we express the eigenfunctions as linear combinations of the obser-
vations or snapshots. Multiplying both sides by uZ‘i) and integrating

yields

Nt
1 . §
Nr ;cj /Qz U, () U(j)($) dx = )\/Qy s o(x) dx. (14)
Defining
aij = Az U(i) (CC) U(j) (Jj) dSU, (15)

(14) may then be written in matrix form as

= . (16)

AN 77 OnpNg Cnr CNp

We shall denote the eigenvectors of this N x Np matrix eigenvalue
problem by c" = [cI'. ..czT]T and the eigenvalues by A(™. From(13)
we see that the m-th eigenfunction of the original problem can be

reconstructed from the coefficients ¢” via

J
1 &
(n) _ n
j=1
or, equivalently
, _ um(az)
@ = a4 (18)
u(NT)(x)
Since each ensemble member U, (x) = _u(li) UZ”)”] is specified at

n, grid points, the discretised problem (18) becomes

1 c
(1) (1) S N ot e
P1 o Png 1 A A1) U, U
s N 2 ola9)
o0 | e e
T )\(NT) e )\(NT) L T T
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The scalar factors are largely inconsequential since, for convenience, we
normalise the eigenfunctions.

This reformulation of the original eigenvalue problem (5) is referred
to as the ‘method of snapshots’ [42], and requires solution of the Np x
Nr eigenvalue problem (16) in place of the n, xn, problem (12). See [25]
for further justification and details.

2.2. GENERAL SYMMETRY CONSIDERATIONS

Whether through their inherent geometries, modeling assumptions, and
simplifying transformations such as normal forms, many solid and fluid
systems have nontrivial symmetry properties. This is of interest be-
cause the presence of symmetry in a dynamical system can increase
the number of critical eigenvalues at a bifurcation, can imply the ex-
istence of lower dimensional invariant subspaces, and can lead to the
appearance of multiple solution branches and/or associated complex
dynamics. Much progress in understanding the dynamics of symmetric
dynamical systems has resulted from the application of the techniques
of equivariant bifurcation theory [21, 14, 12, 20]. Here it is not necessary
to go into the full machinery of this topic, but we do emphasise that
it is important to derive ODE models which respect the appropriate
symmetries of the system one wishes to study. With round-off and
other discretization errors, the numerical manipulations performed in
formulating and solving the eigenvalue problems above do not usually
automatically preserve such symmetries.
Abstractly, suppose that

é-::f(a;ﬂ)7 (20)

where a € R™ and p € R™ represent dependent variables and system
parameters, respectively. Let G describe a linear group acting on the
dependent variables. We say that if

flva; ) = vf(a; 1) (21)

for all v € G, then (20) is equivariant with respect to the group G.
This is equivalent to the statement that if a(t) is a solution to (20)
then so is va(t) for all v € G. Indeed, acting on equation (20) with ~
gives ya = ~yf(a;pu). But yva = d(va)/dt; also equivariance of f gives
vf(a;u) = f(va;p). Thus, d(vya)/dt = f(ya; p), so va is also a solution.

There are two main types of symmetries: continuous and discrete.
The most common type of continuous symmetry for fluid systems is
translation symmetry, arising in uniform domains such as channels and
pipes when periodic boundary conditions are imposed. For example,
suppose that we can deduce for a physical field ¢ that if ¥ (z,t) is
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a solution, then so is 1(x + Az, t). Furthermore, suppose that it is
reasonable to expand 1) as

p(x,t) = Ria1 (£)e™ + as(t)e*™ 4 -}, a1,a2 € C,

where R indicates that we take the real part of this expression; here
we think of the periodic boundary conditions as being imposed on a
domain of length 27 /k. From this ansatz, we see that the action x —
x + Ax is equivalent to the action

(ab a2) — (eikAa:al’ 62ikAza2) (22)

on the modal coefficients. In group theory, this is referred to as an
S symmetry. It is a basic result of the POD that the optimal modes
in translation-invariant directions are Fourier modes [25]. Indeed, in
such cases the averaged autocorrelation tensor depends only on the
difference x — 2’ and may be expanded in a Fourier series as

R(ZL‘ _ l‘,) _ Z Ckeik(m—m/) _ Z Ckeikme—ikz’ (23)
k k

and substituting (23) into (5), we see that ¢*) = ¢** are eigenfunc-

tions with eigenvalues cj. Such continuous symmetries can therefore be
understood in terms of an analogue of (22). This has the added bonus
of reducing the dimensionality of the eigenvalue problem to be solved
to find the POD modes, as described in §4.

The treatment of discrete symmetries in the context of the POD
began with the observation in [42] that such symmetries can be used
to enlarge the ensemble size without having to solve the governing
equations for new initial conditions. It was subsequently noted that, to
obtain bases which appropriately retain all symmetries of the governing
equations (not merely those of the data ensemble), and consequently to
obtain projected ODEs with the appropriate equivariance properties, it
is necessary to average the ensemble over the discrete symmetries [10,
4,17, 43].

Some simple consequences follow upon calculating POD modes from
ensembles which have been averaged over a discrete symmetry group
G. First, if ¢ is a POD mode with eigenvalue A, then so is =y - ¢ for
~v € (G. This is proved as follows. Suppose that the set of POD modes
{¢\)} is obtained from the ensemble of snapshots {uk)}- The set of
POD modes obtained from the ensemble of snapshots {~-u)} is then
{v-¢W} [17, 43]. This is true whether or not the snapshots have been
averaged over the group G. However, when they are averaged over G,
the ensembles of snapshots {u,} and {7y - ug,} are identical. Since
they are determined by the same ensemble of snapshots, v- ¢ and ¢ are
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POD modes with the same eigenvalue. In fact, by linearity of the POD
procedure, we have 7y - ¢ = ¢,¢ for some constant c,, which in general
may be complex. This brief paragraph leads, in the example considered
below, to the multiple pages of §4.1.

2.3. COMMENTS ON COMPLETENESS OF POD BASsIS

The POD modes, including the (generalised) eigenfunctions with eigen-
value zero, form a complete basis for the space L?(£);). Thus, any
function on €2, including members of the original ensemble used to
obtain them, can be represented in the L? sense by linear combinations
of these modes. In applications, however, one is typically interested
only in POD modes with strictly positive eigenvalues. (In turbulence,
many things happen, but not everything, and we wish only to represent
physically relevant events.) These no longer form a complete basis, but
almost every member of the original ensemble can be reproduced by
linear combinations of such POD modes [25]. With these considerations
in mind, it is not surprising that relatively high (O(1000)-) dimensional
projections onto POD modes can capture observed modal energy bud-
gets and provide acceptable short-term tracking of individual solutions
for turbulent flows [34, 19]. In applications, however, one often wants to
consider much lower (O(10)-) dimensional projections, and as we shall
see in the example considered in this paper, with suitable modelling
of the neglected modes, very low-dimensional models are able to cap-
ture many aspects of turbulent flows. But it is important to recognise
that in such low-dimensional subspaces, vector-valued eigenfunctions
effectively constrain the relative magnitudes of the components of fluid
velocity fields, and that this may lead to nonphysical behavior. We
return to this issue in §4.3, where we introduce a decoupling technique
to address it.

2.4. GALERKIN PROJECTION AND PARAMETER VARIATION

We obtain ODE models through Galerkin projection of the governing

partial differential equations (PDEs) onto the POD modes. Abstractly,

we write the evolution PDE as
ou
— = F(u; 24
5 = Flwn), (24)

where p represents system parameters such as the Reynolds number.
Expanding the function u as

u(x,t) = Z an(t)®n(x),
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Figure 1. Geometry of plane Couette flow (PCF).

and substituting this ansatz into (24), we obtain

Zdn(t)@n(x) =F <Z an(t)<I>n(:x);,u> .

Now, taking the inner product with ®,,(x), using orthonormality of
the POD modes

C.Lm(t) = <F (Z an(t){)n(x); M) ,<I>m(X)> (25)

In the example considered below, our ensemble consists of snapshots
of the flow at the same value of the Reynolds number, say Recps.
However, from (25), we see that upon Galerkin projection we obtain
ODEs which will explicitly contain the parameter Re. Thus, we obtain
a model for the fluid flow for all values of Re. Of course, the POD
modes are only optimal at Reeps, so the model is expected to have the
most accurate behavior for a range of Re around Re.,s. Although not
considered for this example, it has been proposed that one can improve
the range of applicability of such models by “stacking” the ensemble
with snapshots over a range of parameter values; see, e.g., [44], in which
this approach is applied to the Kuramoto-Sivashinsky equation.

3. Plane Couette Flow

We now describe a fluid system which serves as an instructive example
for the techniques described in §2. In plane Couette flow (PCF), fluid
is sheared between two infinite parallel plates moving at speed Uy, in
opposite directions +e,; see Fig. 1. The streamwise, wall-normal, and
spanwise directions are respectively z, y, and z. We nondimensionalize
lengths in units of d/2 where d is the gap between the plates, velocities
in units of Up, time in units of (d/2)/Uy, and pressure in units of Up
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where p is the fluid density. Laminar flow is then given by Ug = ye,,
—1 <y <1 and the Reynolds number is Re = %?/d, where v is the
kinematic viscosity. Writing u = (u1, ua, us), x = (z,y, z), the evolution

equation for the perturbation (u(x,t),p(x,t)) to laminar flow becomes

%u = (u-V)u—y%u—uzex —Vp+ év%. (26)
The fluid is assumed to be incompressible, i.e.,
V-u=0, (27)
with no-slip boundary conditions at the plates, i.e.,
uly—11 =0, (28)

and periodicity in the streamwise and spanwise directions, with lengths
L, = 1.757 and L, = 1.2m, respectively, corresponding to the MFU,
the smallest domain which is able to sustain turbulence for this geom-
etry [22]. Our POD bases or empirical eigenfunctions will be derived
from a direct numerical simulation (DNS) database computed at Re =
400. In [34] we took the moderate aspect ratio domain L, = 4,
L, =27, also at Re = 400.

Eqns. (26-28) are equivariant with respect to the following symme-
tries [41]:

P - [(ulv u2, U3,p)($, Y, Zat>]

= (—u1, —uz, —uz, p)(—z, —y, —2,1) (29)

R - [(u1,u2,u3,p)(z,y,2,t)]
= (u1,ug, —u3,p)(z,y, —2,t) (30)

RP - [(u1,us,us,p)(z,y,z,1)]
= (—u1, —ug, uz, p)(—, =y, 2, 1) (31)

Taza: - [(ur,uz,u3,p)(x,y, 2,t)]
= (uy,u2,us,p)(x + Azx,y, z + Az, t). (32)

Thus, if u(x,t) solves (26), the solution obtained by acting on u(x,t)
with any product of the actions given in equations (29-32) also solves
it: e.g., if

(Ul(fﬂ,y, th)a UZ(xvyv Z, t),u;;(x, Y, Z’t)vp(‘r’y’ th))

solves (26), then so does

(Ul(l’, —-Y, Z,t), _u2($7 —-Y, Z,t),’u,g(.’E, Y, z,t),p(x, -y, Zat))
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Physically, P is a point reflection about (x,y,z) = (0,0,0), R is a
reflection about the plane z = 0, RP is a rotation by 7 about the z-
axis, and 7az, A~ is a translation by Az in the streamwise direction and
by Az in the spanwise direction. As described in [34], P and R generate
a four element group isomorphic to the abstract group Dy (see, e.g.,
Ref. [32]), and altogether, with the continuous translations (32), the
governing equations are equivariant with respect to the direct product
O(2) x O(2). In the empirical-Fourier decomposition developed below,
this corresponds to independent rotations and reflections with respect
to streamwise and spanwise Fourier wavenumbers. The boundary layer
model of [3] shares only some of these symmetries, having only O(2) x
S1 symmetry (the upper wall is absent in [3], thus there is no analog of
P (29)). We will use (29-31) in our application of the POD procedure to
create a basis endowed with the appropriate symmetries, and to check
subsequently that the projected ODEs preserve them.

We note that PCF exhibits numerous interesting properties that
a model should reproduce. Specifically, the laminar state Uy is lin-
early stable for all Reynolds numbers [18], but both experiments and
simulations exhibit sustained turbulence for sufficiently high Re (>
380-400) and perturbation amplitudes [15, 16]. Moreover, Eqn. (26)
possesses numerous branches of (unstable) steady states consisting of
wavy streamwise vortices and streaks that arise in saddle-node bi-
furcations above Re ~ 125 [37, 13, 41], and in [41] it was suggested
that turbulence might be a “chaotic repellor” formed from heteroclinic
connections among such finite amplitude solutions, as in the boundary
layer models of [3]. The studies in [34] support this conjecture for a mod-
erate aspect ratio domain. For additional information, experimental
work, and references on PCF, see [7, 28].

We now describe phenomenology of MFU PCF turbulence, briefly
surveying the results of [22] and presenting analogous results from our
DNS; see [46] for more details. In [22] the RMS modal velocities are
defined as

1 1/2
M(n:panz) = </ [&%(nx, y»”z) + ﬂ%(nxayanz) + ﬂ%(nbya nz)} dy )

-1

(33)
where the tildes represent Fourier mode amplitudes, and the temporal
behaviour of this quantity for various wavenumber pairs (ng,n,) is
studied. Approximately periodic dynamics are found for certain (dom-
inant) modal velocities; in particular, M(0,1) and M(1,0) remain in
near antiphase: peaks (toughs) in the former often being accompanied
troughs (peaks) in the latter: Fig. 2 (cf. [22, Fig. 3(a)]). This figure
also shows that the temporal dynamics of M(1,1) is much the same

Q.
8

tutorial_final.tex; 15/10/2004; 1:31; p.13



14

as that of M(1,0), with a recurrence period is 80-100 nondimensional

time units, while M(0, 2) is less regular.

0.25 0.25
0.2 0.2
0.15f 0.15
M(0,2)
--- M(1,0)
0.1 ; 0.1 ML) ]
0.05 0.05
v PR .7 N /\\\ .
IR Lt R T B S BT AR A C o
% : ; t 9 : : : : I {
1000 1500 2000 2500 1340 1360 1380 1400 1420 1440 1460

Figure 2. The behaviour of the RMS modal velocities, as defined by (33), for several
wavenumber pairs: over 1500 time units of the DNS (left), and a close-up of one
representative cycle (right). Here, and for similar plots throughout this paper, the
legend in the right panel also applies to the left panel.

Fig. 3 (cf. Fig. 2 in [22]) shows mid-plane contours of the streamwise
velocity at the times 1-8 noted on the M(0, 1) curve in Fig. 2. At 1, the
flow shows prominent streaks, that is, streamwise-coherent structures
with variation of the streamwise velocity with respect to spanwise po-
sition. The flow pattern then develops greater variation with respect
to streamwise position, until at 5 the streaks break down. They then
regenerate and at 8 the process begins anew.

4. Applying POD to Plane Couette Flow

In fluid problems such as plane Couette flow, the snapshots u () are
three-dimensional, so (5) takes the form

3
Z/// <u¢(X,t)U?(X',t)>¢>§z)xnz(><')d3x’:)\(”) 3"
j=1 ®

NNz © iNgNz (X)7

(34)

for i = 1,2,3, where the “quantum numbers” n € Z™, and wavenum-
bers ng,n, € Z distinguish different POD modes
— ((I)(”) (I)(") (I)(n) )

Ingn,’ “2ngn,’ ~3ngn,

$™)

Nz, Nz

However, this can be recast as a family of one-dimensional eigenvalue
problems to which the discretisations of §2.1 may be applied. As noted
in §2.2, it is a basic result of the POD that the optimal modes in
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Figure 8. The streak breakdown process in DNS simulations of PCF in the MFU at
eight instants in the regeneration cycle of Fig. 2, as indicated by contours of u (solid
positive, dashed negative) in the (z,z) plane lying between the two plates. Here,
and for similar plots in this paper, we label the axes in the subplot in the upper
left-hand corner only. Since the laminar solution is identically zero in this mid-plane
it makes no contribution to the contours in these plots.

translation-invariant directions are Fourier modes [25], and we shall
assume this a prior::

1 . n:cx

Complex conjugating (34) and using (35) irnplies that the complex,

vector-valued “wall normal” functions qﬁq(g)n (¢1nxnz’ qanznz , ¢3nxnz)
satisfy

o, () = ") . (). (36)

The associated expansion of the velocity field u in terms of these modes
is given as

Z Z Z a&% exp (27Ti (7?: + T;f)) ¢$17;)7nz (y)-

n ng Ny
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and we shall refer to (™ (y) as the (n, ng, n.) POD mode. The modal

Ng,Nz
. n .
coefficients a%x)mz are complex unless n, = n, = 0. However, reality of
u implies that

o, (t) = a" _, (t); (38)

Ny ,Nz —MNg,— Nz
hence, when we come to integrate the projected ODEs, we need com-
pute only just over half the complex amplitudes retained in the trun-
cation.
With this in mind, it is convenient to consider fluid flow data in the
form

u(x,t) = ZZexp (27m' <7?j + T}f)) F(ng,nz;y.t), (39)

Ny Nz

where reality of u implies that
F(_nxa_nz;yat) = F*(nmanZant)' (40)

Data in this form naturally results from CFD schemes in which periodic
boundary conditions are imposed and Fourier representations used in
translation-invariant directions.

Substituting equations (39) and (35) into (34), performing the inte-
gration over 2’ and 2/, and Fourier transforming in z and z, we obtain
the following family of wall-normal eigenproblems:

3 1
LL.Y /lﬁﬂmﬂhwiﬂ?m%nadihéﬁwxdﬂy
j=1 7~

= M 00 () (41)

Ng, Nz 71N Ny

4.1. SYMMETRY CONSIDERATIONS: AVERAGING OVER DISCRETE
SYMMETRIES

For the present system, translation symmetries in the streamwise and
spanwise direction are accounted for by the Fourier decomposition (35).
As discussed in §2.2, it is also important to average over the discrete
symmetries of the system when forming the ensemble of snapshots.
Suppose our original ensemble, before averaging over the symmetries,
consists of T” snapshots, with F(*) being the F corresponding to the
kth snapshot of u, The kernel obtained by averaging over the discrete
symmetry group Do = {Id, P, R, RP} is given by

Rij(naza Ny, y/) = <Fz(nza nz vy, t)F;(nz; Uz ylv t)>

T/
1 ! !
= FZ Z ’Y'Fi()(nxanz§y)’Y'Fj()*(nx:nz;y/)
I=1 | v€D2
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1 %
def Z F Tlx, nzy )F;(k) (nxy Ury y/)7 (42)

where the set of snapshots is extended in the obvious way to give a
total of T'= 4T velocity fields. Equation (41) thus becomes

L, L 3 ) n
Yoy na; ) F (naymas )6 (y)dy

-1y
= A;’;m%,nz (v)- (43)

Here, it may be verified from (29-31) and (39) that the nontrivial group
elements of Dy act on the F(*)g as follows:

Fl(]]:)(nac;nzay) _Fl(]]:)<_n$7 Uz y)

P Fék%nx,nz,y) = —F§k><—nw, nsi—y) | (44)
F?E)(nxanz;y) _Fé )(—le,—nz; y)

R Fék%m,nz,y) =| E i(nx,—nz;w . (4)
F3( )(nﬂﬁanz;y) _F?E )(nxa_nz;y)
Fl(k)(nx,nz;y) —Fl(k)(—nx,nz, Y)

RP-| FP(ng,nasy) | = | —FP (—na,na;—y) (46)
F?Ek)(nxanzay) Fék)(_nxvnz;_y)

Although one can now discretise Eqn. (43) via the direct method
or the method of snapshots to numerically find the POD modes, we
describe a further transformation which delivers POD modes with even
nicer symmetry properties. First, following the discussion in §2.2, we
conclude that v - ¢ = cy¢ for some constant c,, which in general may
be complex. Since R? = P2 = RP? = 1, we have

ler|? = lep|? = |erp[* = 1. (47)

Since RP = R - P, we can also conclude that crp = crep. More
explicitly, as shown in [45, 34], following the action of the discrete
symmetries (29-31) through Fourier transformation and the POD, we
deduce that the modal components behave as follows under the group
elements:

3" () —¢§’flm,_nz<—y>
Pl ol )| = ¢>2" e (=) | (48)
65 () I )
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o) () m,_m(y)

R-| o) ) | = %, NOME (49)
65" () —¢3nm_nz<y>
O (V) o ()

RP-| o )| = | —e -0 |- (50)
. W) &5 o ()

Consider, for example, the action of P on the POD modes:

Pool, (y) = o7 . (~y)
= C'P¢$Z),nz (y)
Thus,

P2, (y) = P-[-¢"). . ()
= P[0 ()]
= —C7>¢££),22( Y)
C7>¢( nz,fnz(_y)
= lep[*o\V,.. (v).

Since P? = 1, we conclude that |ep|? = 1.
Now we employ the transformation

(¢ +P -6, ) e +P -, || = &, (51)

which ensures that
P biln. = Biin. (52)
and, hence, cp = 1, except in one special case to be described below. We

note that POD modes satisfying (52) must necessarily have components
of the form

O () = 0(y) +ie(y) (53)
where o and e are respectively odd and even functions of y. Thus POD
modes lacking obvious symmetry properties will, under the transfor-
mation (51), acquire components of the form (53) and those which
originally had components of the form (53) will remain unchanged.
However, POD modes with components of the form

O35, () = ely) +io(y). (54)

will simply vanish altogether under the transformation (51). Each of
these modes may be transformed into the form (53) by multiplying by
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the constant i = \/—1, with the exception of the real POD modes qb%%
which, for empirical reasons, may turn out to be even in y; for these
POD modes we note that cp = —1.

To investigate the action of R on the POD modes, we note by explicit
computation that the term which appears in the square brackets in the
expression for R;j(ng, n.;y,y") in (42) is equal to

c@ej)  [R-F(ng,—nz9)R-F\ (ng, —nz;y)
+ RP- Fi(l) (ng, —nz;y)RP - Fj(l)*(nx, —nz;y')

+ Fi(l)(naza —Nz; y)Fj(l)*(nxa —Nz; yl)

+ P (g, —nasy) P (g, nsy)](55)

where

(i) def [ —1 ifi=3
€)= 1 otherwise

It is thus clear that R;;j(ng,n.;y,y) = €(i)e(j)Rij(ng, —nz;y,y’) or,
equivalently, using €2 = 1, R;;j(nz, —n2;y,y") = €(i)e(§) Rij(nz, 123y, Y).
We can now see that the eigenvalue problems (43) for <,‘b,({2nz and
d)(n) take the forms

Ny, —MNz

3 1
> Rij(nenzy. )6 )y
=1 7

= M0 () (56)
-~ (n)
/ el Big(nsmzs gy )0L, ()
=7
= N B, (4). (57)
Assuming solutions ¢£{2nz (y) for (56), (57) is solved by taking
Oy ) = ()1, 0. (W), (58)
with )\g;)_nz = /\g;),nz. But from (49), (58) is equivalent to saying that

R acts as +1 on the POD modes. However, note that if n, = 0, (58)
implies that ¢3,,0(y) = 0. That is, if n, = 0, our argument that R
acts as +1 is only valid for modes with vanishing z-component; if the
z-component does not vanish (but the other components do), we will
see in the following that R acts as —1. Since RP = R - P, where R
acts as £1, we can also conclude that crp = crep = £1.
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We now consider the POD modes for special cases with n, = 0
and/or n, = 0. For simplicity of notation, we let

Fur(y) +iFur(y) < FO(ng,n.;y),
)

Grr(y) +iGu(y') = Fb(l (nz,nz;y")

for a,b =1,2,3, where Fyg, F,;, Gpr, and Gy are real functions.

4.1.1. POD modes with ny = n, =0
We begin by considering the special case n, = n, = 0; the sum of
these modes represents the spatially averaged flow for the system. We
note that for the turbulent boundary layer system considered in [3], the
mean flow was modeled as a balance between the effects of pressure and
those of coherent structures; for the models considered in this paper
(and in [34] and [46]), we instead calculate the mean flow with the POD
procedure.

From the reality condition (40), F,;(y) = Gupi(y') = 0 for a,b =
1,2, 3. Then, the term in the square brackets of (42) becomes

FO(0,0;9)F*(0,05/) + P - FD(0,0,9)P - FV*(0,0;9') +
R - FD(0,0:9)R - FV*(0,051/) + RP - ED(0,0;9)RP - FV*(0,01/)
= (Fur(W)Gor(Y) + Far(—y)Gor(—y)) (1 + e(a)e(b)). (59)

The correlation (FyFy) in (42) thus vanishes for (a,b) = (1,3),(3,1),
(2,3), and (3,2). Also, since there can be no mean flow in the wall
normal direction, Fop = Gog = 0, so (F,Fy) also vanishes for (a,b) =
(1,2),(2,1),(2,2). The eigenvalue problem (43) therefore takes the form

[ ruw o) = rentw (60)
0 = Ada(y). (61)

1
[, Raslw. /)0y = Ma(y) (62

where Rq1 and Rss are real functions. Generically, this is solved by
POD modes of the form

oo (y) = (615 (y), 0,0) (63)
B (y) = (0,0, 85 (1))- (64)

By taking the real parts of equations (60 and 62), we see that without
loss of generality ¢100 in (63) and ¢300 in (64) can be taken to be real.
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From (49), R acts as +1 on POD modes of the form (63), and as
—1 on POD modes of the form (64).

4.1.2. POD modes with ny, =0, n, # 0

We next consider the special case of streamwise-invariant modes n, =
0,n, # 0. Using (40), we see that there terms in the square brackets of
(42) are equal to

FDO,n2:9)F* (0.n23y) +P - FO (0,2 9)P - B (0,m23)
+R - Fél) (0,n5;9)R - Fb(l)*(O, n.;y')
+RP - FD(0,n:39)RP - B (0,n239)
= (Fur(y)Gor(Y) + Far(y)Gor(y) + Far(=y)Gor(=y)
+Far(=y)Gor(=y)) x (1 + e(a)e(D))
+i(Far(y)Gor(Y') — Far(Y)Go1 () + Far(=y)Gor(—y)
—Far(=y)Gor(=y")) x (1 — e(a)e(b)). (65)
From this we can see that Ru,(0,n.;y,y’) will be purely real if (a,b) =
(1,1), (1,2), (2,1), (2,2), or (3,3), and purely imaginary if (a,b) =

(1,3), (2,3), (3,1), or (3,2). Letting ¢S, (y) = id5e, (y), the eigen-
value problem (43) takes the form

[ B0+ sl 0nte') +Basly st
—3) (66
[ Rl )0n )+ sl 0nte') +Bis(y st !
= 2) (7
[ R 906 Roslsf m)n(s') + syl N/

-1
= A3(y), (68)

where Ry1, Ri2, Ri3, Ra2, Ro3, and Rs3 are real functions. Taking the
real part of equations (66-68), we conclude, without loss of generality,
that ¢1, ¢2, and Qgg can be taken to be real or purely imaginary. That
is, ¢1 and ¢35 can be taken to be real with ¢3 purely imaginary, or ¢;
and ¢9 can be taken to be purely imaginary with ¢3 real (cf. [2]). We
shall make the appropriate choice to ensure that the (,‘[)(():LL)Z modes have
components of the form (53).

Since n, # 0, from the discussion below (58), R acts as +1 on these
POD modes. (This also follows from (49) and (36) using the properties
of the modes.)
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4.1.3. POD modes with ng, # 0,n, =0
Next, consider the special case n, # 0,n, = 0; such modes have no
spanwise structure. Here

FO (00, 0;9) Y (00, 059') + P FD (g, 059)P - B (ny, 03)
+R - FD(ng, 0;9)R - B (0, 0,9/
+RP - Fél)(nw, 0;y)RP - Fb(l)*(nm, 0;9)

= [(Far(y)Gor(Y') + Far(y)Gor(y') + Far(—y)Gor(—y')
+Fur(=y)Gor(—=y) + i(Far(y)Gor(Y') — Far(y)Gur(y')
+Fur(=y)Gor(=y') — Far(=y)Gyr(=y"))] x (1 4 €(a)e(b)). (69)

From this we can see that Ru(0,n.;y,y") will be nonvanishing if (a, b) =
(1,1), (1,2), (2,1), (2,2), or (3,3). The eigenvalue problem (43) takes
the form

[ B ) ) + Rusly i)y NaBns)  (70)

[ Bia )01+ Raaly ) )ou DiPnta), (1)
[ Rt Rasw) ()
@

where Rii, Ris, Ros, and Rss are complex functions. Generically, we
expect POD modes of the form

B = (D) 5. D5, 0) (74)
or ( ) ( )
¢n710 = (07 0, ¢3Zzo); (75)

these POD modes are complex. We employ the transformation (51) to
ensure that these modes are of the form (53).

From (49), R acts as +1 on POD modes of the form (74), and as
—1 on POD modes of the form (75).

4.1.4. POD modes with ngy # 0, n, # 0

The eigenvalue problem (43) for n, # 0, n, # 0 lacks the special
properties of the cases considered above, and we can only conclude
that R acts as +1. Again we employ the transformation (51) to ensure
that the modes are of the form (53).

4.1.5. Summary of group actions on the POD modes

We summarise the actions of P, R and RP on the POD modes as
follows:
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Table I. Eigenvalues for the POD
modes for PCF in the MFU.
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(nynaynz) AV RES..
(1,0,0) 4.4550  68.02
(1,0,£1) 0.7821  23.88
(1,0,4£2)  0.0543 1.66
(1,£1,0)  0.0386 1.18
(1,0,£3)  0.0195 0.59
(2,0,0) 0.0174 0.27
(2,0,+£1)  0.0123 0.38
(1,:|:1,:|:2) 0.0109 0.33
(l,j:Lj:l) 0.0090 0.27
(3,0,0) 0.0068 0.10
(4,070) 0.0054 0.08
(3,0,+£1)  0.0039 0.12
Po,. = cpdl), ., (76)
n)
R(bgznz = CR¢7(1E,—nZ7 (77)
n
RP - ¢\, = cporal) . . (78)

where

ifny, =n,=0and qﬁ(()flo) has components even in y (79)

C =
P otherwise
-1 if n, =n, =0 and ¢:(370)70 =0
cR =4 —1 ifn,=0and ¢{") o= o5 5=0-

(80)

+1 otherwise

4.2. RESULTS FROM THE POD

After allowing transients to decay and a statistically stationary (tur-
bulent) state to become established at Re = 400, we ran our DNS
for 20,000 nondimensional time units, assembling a database of 4000

velocity field snapshots {u(x,t;)

} by recording every 500th timestep

(At = 0.01). This ensemble was then expanded four-fold by averaging
over the discrete symmetries as described above.
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Table I lists the eigenvalues associated with the first twelve (sets of)
POD modes in order of decreasing eigenvalue magnitude. Here

%ED, def (Ag;{nz Y A@,mz) % 100

mmmeg,mz

is the percentage of average total energy contained in the (n,n.,n,)
POD mode. The symmetries guarantee that A&’an = )\7(2)7,”2,
lump these modes together accordingly.

The three most energetic modes have Fourier wavenumbers (0,0),
(0,1), (0,2); a similar triad appeared in the Moderate Aspect Ratio
PCF study of [34]. Interestingly, the fourth most energetic mode is the
spanwise-invariant (1,1,0) mode, which has neither a streamwise nor
a wall-normal component and is thus unable to directly interact with
the (1,0,0) mode representing the mean flow. In Fig. 4 we show the
(1,0,0) mode and indicate its close approximation to the full (DNS)
mean velocity profile. The next four “two-dimensional modes” that
follow the (1,0,0) mode in Table I are plotted in Fig. 5. Over 90% of
the turbulent kinetic energy is captured by the first two modes, while
99% is captured by the leading 43 modes. Table 1 agrees well with
independent results of [19].

and we

®()

_ 1 1
gl ‘ ‘ \ J+ PYSL I

Figure 4. The z-component of the POD mode @83 (top). The y and z-components
are equal to zero. The velocity profile obtained by adding this POD mode with

r.m.s. amplitude y/)\(()%é = y/(\aél’())(t)|2> to the laminar state Uy = ze, (bottom).

The mean flow obtained from the full DNS ensemble average is also indicated (dotted
curve, barely discernable).

See Figs. 6-9 for a verification of some of the symmetry properties
of the POD modes discussed in §4.1.
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(1,0,1) mode . (1,0,2) mode

Figure 5. Flow fields u associated with the (n,ng,n.) = (1,0,1), (1,0,2), (1,0,3)
and (1,1,0) POD modes. For the (1,0,1), (1,0,2) and (1,0,3) POD modes the
vectors show the spanwise and wall-normal velocities, while the dark (light) shading
denotes positive (negative) streamwise velocity. For the (1,1,0) mode the u and v
components are identically zero, and the dark (light) shading now denotes positive
(negative) spanwise velocity.
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1 1
1 ¢>5 ()) 0 1 QSg,()),o 1 ¢§ (% 0
0 0 0
-1 -1 -1
Y Y y
-1 0 1 -1 0 1 -1 0 1
2 2 2
1 ¢5 ()) 0 1 ¢g,()),0 1 ¢§ (% 0
0 0 0
-1 -1 -1
Y Y )
-1 0 1 -1 0 1 -1 0 1
3 3 3
1 ¢(1,()),0 1 g())o 1 ggo
0 0 0
-1 -1 -1
Y Y Y
-1 0 1 -1 0 1 -1 0 1

Figure 6. The three most energetic (real) POD modes for the (ng,n.) = (0,0)
Fourier pair. All modes have zero component in the y and z directions; the x
component of the n=1,3 modes are odd, whilst that for the n=2 mode is even.

1 1 1
ioa| oo 501 0. #5201
0 0 0\/\
-0.2 -0.2
-1 Yy Yy Y
-1 0 1 -1 0 1 -1 0 1
0.5 0.5
1 $1%a #5501 50,
0 0 0
-1
¥%0.5 Y05 Y
-1 0 1 -1 0 1 -1 0 1
3 3 3
1 ¢(1,()),1 0.1 ¢§,3,1 0.1 ¢§z,()),1
0 OJ—\ 0
_ -0.1 —0.1
1 Yy Y Y
-1 0 1 -1 0 1 -1 0 1

Figure 7. The three most energetic POD modes for the (na,n.) = (0,1) Fourier
pair, with real and imaginary parts indicated by solid and dashed lines, respectively.
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dilo bl s ¢hlo
0 0 0
-0.5
-1 Yy 1 Yy Y
-1 0 1 -1 0 1 -1 0 1
1 1
9110 ool 4 9510
0 0 0
-1
-1 Yy 1 Yy Y
-1 0 1 -1 0 1 -1 0 1
1 1
110 oho| 2 10
0 0 0 M
-1 Yy -1 y 72 Yy
-1 0 1 -1 0 1 -1 0 1

Figure 8. The three most energetic POD modes for the (ns,n.) = (1,0) Fourier
pair, with real and imaginary parts indicated by solid and dashed lines, respectively.

1
0.5
1 02 o #$
Om O\/\ 0
-0.2
-1 y 705 Y
-1 0 1 -1 0 1 -1 0 1
0.4
1 45(1?%,1 ¢§?3,1 1 ¢(ﬂ,1
0.2
0/\/ 0 0/\/\/
1 02 1
y"04 Y Y
-1 0 1 -1 0 1 -1 0 1
0.5
3 3 3
1 ¢(1,{,1 <i5§,1),1 0.2 ¢§; { 1
-1 -0.2
Y05 Y Y
-1 0 1 -1 0 1 -1 0 1

Figure 9. The three most energetic POD modes for the (nz,n.) = (1,1) Fourier
pair, with real and imaginary parts indicated by solid and dashed lines, respectively.
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4.3. UNCOUPLED POD MODES

Commenting on the wall layer model of [3] which uses only streamwise-
invariant modes (n, = 0 in the present notation) presented in [24], [35]
pointed out that, based on fundamental considerations, all disturbances
should eventually decay unless streamwise variations are included. In-
deed, for streamwise-invariant flow, for which the convective derivative
reduces to

D/Dt = 0/0t + u20/0y + u30/0z, (81)

the x-component of the Navier Stokes equation is

D 1 (0% 09?
- | = 4+ = 2
Dt(U+u1) Re <8y2 + 8z2> (U +w), (82)

where U denotes the laminar profile, entirely in the z-direction, and
u1,2,3 are the fluctuations. (Note that up and wug influence the dy-
namics of uj, but u; does not influence the dynamics of ug and us.)
Furthermore, it can be shown that

%//(u% + u?) dydz = —2v {//wgdydz} ’ (83)

where w, is the xz-component of the vorticity, showing that the energy in
the cross-stream components of the velocity must decay to zero. In the
long-time limit then, in (82), D/Dt — 0/0t, giving a simple diffusion
equation for u;. Hence at large time u; tends to a constant value,
the only possible solution being u; = 0, and although the streamwise
velocity may experience transient growth due the cross-stream flow, it
must also eventually vanish.

As pointed out in an addendum to [24] and in more detail in [8], each
vector-valued POD eigenfunction determines the relative magnitudes of
streamwise and cross-stream components in that mode. In particular,
this implies that the inner product in the second term in the linear
coefficients Aﬁ;’f}z of Eqn. (94), below, is strictly positive for n, = 0.
This term provides the energy source. The constraint imposed by pro-
jection onto streamwise-invariant modes that (correctly) represent the
typical behaviour with streamwise variations present, imposes coupling
that can maintain streamwise velocity fluctuations. Completeness of
the POD basis implies that, if sufficiently many empirical eigenfunc-
tions are included, linear combinations exist that effectively decouple
streamwise and cross stream components and restore the appropriate,
eventually-decaying behaviour. However, to remove the coupling con-
straint in the (very) low-dimensional truncations of interest here, we
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must allow the streamwise and cross-stream velocity components of
streamwise invariant modes to evolve separately.

Following the suggestion of Waleffe [48], we construct a pair of
“uncoupled” basis functions from each empirical eigenfunction by de-
composing it into mutually orthogonal components:

e (x) = @%I)[ ]( )+ q,(n)[2]( ), (84)

Ng Mz Nz, Nz

where

S (x) & Py @0, (), @ ) S (1 Py )8, ()

nz7nz Ng,Nz Ng,Nz Ng,Nz

and the projection matrix is defined by )
Poyn. & pp"/(p"p) with p & [~2mn. /L., 0,20,/ Le)". (86)
Here @&Z)L}l (x) and @%Z)[Tﬂ (x) are of the form (35) with
B\, () = B ()
Pl (v) = 0 ! (87)

_b(pl Mg nz( ) + C¢Z(:7)Lz,nz (y)

and

( )¢1 nz,nz( ) +b¢3nz,nz( )
P (y) = o) () : (88)
bp\") o (y)+ (1 =)o) . (y)

respectively, appearing in the place of ¢>§{an (y), and where

def ng/Lg def ngn /(L L)
nZ/L%+n2/L2 nZ/L%+n2/L2’
dof  n2/L2

- n3/L3+n2/LY

The streamwise- and spanwise-invariant modes therefore take the forms

n 0
1. () .
Py (y) = 0|, ey = | eS|, (39)
0 ¢§73,nz(y)
oo = 0 | oW = el @ | 00
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and for modes with neither streamwise nor spanwise variation we have

o) n)[l]( ) =0, ¢(n 2]( ) = d’(()tlo) (y). We also note that the functions are
pairwise- orthogonal and divergence-free:

(@50 (x), @0 (%)) = eSS (91)
V. ‘I’%T;),LZL} (x) = 0Oform=1,2. (92)

We do not normalise the uncoupled modes, hence the (non-unity) co-

efficients e,(%)%z}, however, we have egz)[ﬁ] + e(?ﬁ@l 1.

For n, = 0 we recover the decomposition of [8], but in general neither
term in the decomposition represents a purely streamwise or cross-
stream component. For ng,n, # 0, qbnw Mo (y) represents a structure

that lies parallel with the walls at y = =£1, while d)nm n. (y) is fully
three-dimensional, cf. (87-88).

5. Low Dimensional MFU PCF Models

In this section we derive and describe the behaviour of two low-dimensional
models for PCF, one involving the coupled empirical eigenfunctions
provided by the POD procedure, and the other using the decoupled
basis of §4.3.

5.1. LOW-DIMENSIONAL MODELS FOR THE MFU USING COUPLED
MODES

5.1.1. Structure of the Equations

We first briefly describe the general derivation and some properties
of the ODEs resulting from Galerkin projection of the Navier-Stokes
equations onto subspaces spanned by sets of POD modes, as sketched
in §2.4. Inserting (37) into (26) and performing a Galerkin projection,
we obtain ODEs of the form

nl,nz Z Anz,]jz)z nl,nz + [N(av a)}n,nmnza (93)

n:]~727'”7 nx7n2:”'7_27_17071727'”7

where

N (2, @)l . & SOBEE) om0

N MMMy My My Mgy =M, Ny —MM 2z °
m,k,
mg,Mz

The reality condition (38) implies that we may exclude about half these
equations: if n, = 0 (resp. n, = 0) it suffices to consider only n, > 0
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(resp. ny > 0), and if ny,n, # 0 we may still take only n, > 0 (or
n, > 0).

Letting ’ denote differentiation with respect to z, the coefficients in
(93) are:

A 1 2mn., \ 2 27, \ 2
iz re\\ T, ) Tl ) ) om

. 3 1
(k) 2min (n) (k)
/ ¢2 M,z gbl,nw,nzdy - L, . Z:l [1 ygbjjlnz,nz(bj,nz,nzdy
]:

Re Z / ¢]7na‘ nz ]7”3:' nZ y’ (94)

. k def 2mim
37(1277212’7217”2 é WZ/ < x(z)l N =My, Nz — mz(b]m)mmz

+¢2 Mg —Mg Ny — mz¢szmz
2mmz (m)

¢3 Mz =My, Mz —Mz ¢jmxmz> ¢J nm,nz (95)

The projected ODEs (93) are equivariant (see §2.2) with respect to
the continuous symmetries

Taw:afl), (1) = e™%all), (1), (96)
Taz:al?, (8) — e™%a), (1), (97)

where ¢, = 2rAxz/L, and ¢, = 2nAz/L,. Furthermore, from the
symmetries of the POD modes described in §4.1, the equations must
also be equivariant with respect to the following discrete actions of P,

(n)

R, and RP on the modal amplitude coefficients an,’n,:

P-al”, () = epa™ _. (D), (98)
R-al, (t) = cral’_, (t), (99)
RP-al, (t) = cpera™ ., (b), (100)

where the coefficients ¢p and cg are given in (79) and (80), respectively.
This implies that many terms which might ostensibly appear in (93)

are, in fact, absent. Also, by exploiting symmetry properties of the POD
modes (specifically, oddness or evenness of components ¢z g, under

y — —vy), it can be shown that others among the A and B coefficients
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vanish identically. Finally, the nonlinear terms in the Navier-Stokes
equations are energy-conserving. Specifically, we have

///Qz u- (u-Vu)d®x
:///xu~(V(%u~u>—ux(qu))dSX
ST G )
://(mz(%u-u)u-ﬁdszo, (101)

where we have used vector identities, the facts that u - (u x (V x
u)) =0and V - u = 0, and the divergence theorem. The surface
integral vanishes due to the no-slip boundary conditions at z = +1 and
periodicity in the x and z-directions. Using (37), it can be shown that
Eqn. (101) is equivalent to

oo > alVn N @), =0. (102)
n=1n

2 =—00 Ny;=—00

Eqn. (102) and the symmetries (96-97) and (98-100) provide checks on
the numerically computed nonlinear coefficients: in all cases for MFU
PCF turbulence at Re = 400 we found that (102) is satisfied to 0.01%,
and we therefore subsequently rounded off the coefficients to ensure
that these symmetries are exactly respected.

The ODEs (93) are similar to those of the turbulent boundary
layer problem in [3], with the following important differences. In [3],
in place of Uy = ye,, the analog of (26) involves a spatially-averaged
(t-dependent) mean turbulent velocity, modeled as a balance between
the effects of pressure and those of the coherent structures, giving cubic
terms in the ODEs. No such modeling is required here: the nonlinear
terms derive directly from (26) and the n, = n, = 0 modes represent
time-varying turbulent modifications to the mean. Second, the con-
tribution from the pressure term at the outer edge of the wall layer
was modeled as stochastic forcing in [3]; here, it makes no contribution
because of the divergence-free expansion (37) and no-slip and periodic
conditions at the boundaries of €2, [25]. Finally, in [3] the ODEs are
equivariant under O(2) x S?; here, the additional reflection R and ro-
tation RP symmetries make the ODEs equivariant under O(2) x O(2),
further constraining the modal interactions.
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5.1.2. Behaviour of a Six Coupled-Mode Model

In [46], it is argued that a good model for turbulent MFU PCF is ob-
tained by projection onto the six modes (n,nz,n,) = (1,0,0), (1,0,1),
(1,0,2), (1,1,0) and (1,1, +£1). Referring to Table I, we see that these
are not simply the six most energetic modes, but rather the top four
and the tenth and eleventh. In general, it was found that obtaining
low-dimensional models which capture the desired dynamics required
careful consideration of how the modes interact with each other, along
with a modest amount of trial and error. Here (1,1,+1) is included
since it is fully three-dimensional and couples relatively strongly with
the (1,0,1),(1,0,2) and (1,1,0) modes. See [46] for explicit statements
of the ODEs.

Throughout this section all computations are done at Re = 400,
as for the DNS data used to compute the POD basis. Integration of
this 11-dimensional dynamical system (a(% is real, all other amplitudes
are complex), without modelling losses to neglected modes, reveals
travelling waves of the form

a r)  exp(i(—wn.t + al” )nz)) (103)

Nz, Nz nz Nz
where the reality of aéa requires that a( ) is necessarily zero. The
amplitudes of the (1,0,0), (1,0,1) and (1 0 ,2) modes are plotted in
Fig. 10 in comparison with the “true” modal amplitudes obtained by
projecting the DNS onto these modes, denoted ag, ;. Note that d[()}%

(1)

and a5 are approximately confined to a “thickened” torus: each os-
cillating relatively quickly along a radius and drifting more slowly and
chaotically around the circumference. The model fails to reproduce the
radial motion, and caricatures the circumferential motion as a simple
travelling wave with a relatively low period of 65.9 time units. It is
clear from Fig. 10 that the average of the projected (1,0,0), (1,0,1)
and (1,0,2) modal amplitudes is well-approximated by the travelling
wave model.

The travelling wave solution is, however, entirely unsatisfactory from
a dynamical viewpoint. The RMS modal velocities, calculated from

M(ng,n,) =

T = Sl l (104)

are constant, since the modal amplitudes are constant; hence the regen-
eration cycle identified in [22] (Figs. 2-3 above) is completely absent.
Substituting (103) into the Galerkin approximation (37) shows that the
travelling waves (103) represent streak/vortex structures moving in the
spanwise direction at speed wL,/(2m).
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Figure 10. Behaviour of the six coupled-mode model compared to the DNS projected
onto the (1,0,0), (1,0,1) and (1, 0,2) modes. Here each of ag,0, ao,1, ao,2 are shown
as dashed lines, and are intended to represent approximations to the nearest (noisy)
Gny,n, line. The superscript (1) has been dropped from the labels for clarity.

In [46], we model the losses to the neglected modes by adding terms
of the form

2 2y . (n)
_O”/(nz + nz)anz,nz7

to the equations for aﬁZan. Through suitable averaging (see [46]), we

found that v = 0.0333. We then adjusted the O(1) parameter a to
obtain the best fit between the behaviour of the model and the DNS.
A representation analogous to Fig. 10 for @ = 0.8 appears as Fig. 11.
The traveling waves of Fig. 10 are replaced by standing waves that
appear as radial segments in the projections of Fig. 11. As we shall
see, these capture the regeneration cycle fairly well, with appropriate
amplitudes for the complex modes (1,0,1) and (1,0, 2), although the
amplitude of the (1,0,0) “mean flow” mode in the model is significantly
lower than in the projected DNS (Fig. 11, left panel).

— o~ . . . —
ag,o S 15 — do,1
2.5- === Qg0 Qg2
1 === Qg,1, Qo2

=

—

! I . C A ,/‘ - —
20! | g %W%WW L

Figure 11. Behaviour of the modified six coupled-mode model compared to the DNS
projected onto the (1,0,0) (left) and (1,0, 1), (1,0, 2) modes (right).
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The RMS modal velocities for the model, calculated from (104), are
presented in the right panel of Fig. 12, for comparison with analogous
DNS quantities, re-plotted in the left panel (cf. Fig. 2). Here, and for
similar plots in this paper, we present in the left panel the analogous
quantities for the DNS with only those modes present in the low-

dimensional model included in the projection, i.e. (104) with a%?,nz

replaced by &ﬁl’;)’nz. In neither case do we sum over n, since only one
quantum number is included in the models considered in this paper.
The cyclic behaviour is essentially reproduced: M(0,1) and M(1,0) are
approximately of opposite phase, while the latter is approximately in
phase with M(1,1). The magnitudes of the RMS modal velocities also

compare well with those from the DNS.

0.25 0.25 ‘ ‘
v — M(0,1)
M(0,2)
0.2 0.2 - M(1,0)

0.1} N ] 0.1
0.05 LS ] 0.05f .~ .-=7"==
N A -
I R oL ‘ T ;
1340 1360 1380 1400 1420 1440 1460 1320 1340 1360 1380 1400

Figure 12. RMS modal velocities: from a representative cycle of the DNS (left) and
for one period from the six coupled-mode model, including modelling of losses to
neglected modes with o = 0.8 (right).

In Fig. 13 we show reconstructed model velocity fields at the time
instants 1’-8” marked on the right panel of Fig. 12 (analogous to 1-8 on
the left), for comparison with analogous quantities from the DNS. The
left panels of this figure repeats data from Fig. 3, but projected only
onto the 6 modes present in the model (so the majority of the small
scales in Fig. 3 is removed, leaving only large scale structures). Fig. 13
confirms that the solution provides reasonable reconstructions of the
streak-breakdown process in the (x, z) mid-plane. Reference [46] shows
further comparisons between the model and DNS behaviour, including
detailed turbulence statistics.

5.2. AN NINE UNCOUPLED-MODE MODEL

Uncoupling the (1,0,1), (1,0,2), (1,0,3), (1,1, £1), and (1,1, £2) POD
modes as outlined in §4.3 and projecting Eqn. (26) onto these modes
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Figure 13. The streak breakdown process viewed in the (z, z) plane lying between
the two plates in PCF: DNS projected onto the 6 modes present in the model (left)
and computed from one period of the six coupled-mode model (right).

along with the single-component (1,0,0) and (1,1,0) POD modes, we
obtain ODEs for the following set of sixteen modal amplitudes:

1)[1,2 1)[1,2 1)[1,2 1)[1,2 1)[1,2 1)[1,2 1)[1,2
(o 1 310 o2 o0 10 o181 o1 01

These equations are quite lengthy, but have similar structure to the
coupled equations, with differences in the linear terms, which are no
longer diagonal; indeed, the linear operator is now non-normal, cf. [5, 6].

We note that a(()l(% is real, all other modal amplitudes are complex, and

that all modes other than a((]()) and a( ) o appear in pairs. Counting each
complex mode as two real d1mens1ons th1s nine uncoupled-mode model
is therefore 31-dimensional.

Unlike the coupled-mode model described above, for this model
with appropriate modelling of losses to neglected modes the laminar
state is stable, and solutions started sufficiently close to it approach
it as t — oo. However, at Re = 400 almost all initial conditions of
significant amplitude approach a periodic orbit. This is consistent with
the observation that the MFU turbulent state appears as the Reynolds
numbers passes between 300 and 400 (cf. [22]).

RMS modal velocities for this model, calculated via an analogue of
(104), are compared with the same quantities for DNS in Fig. 14. Whilst
magnitudes agree fairly well, phase relationships among the model’s
modal velocities are incorrect; in particular, M(0,1) and M(1,0) are
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now n phase and the model streak-breakdown process is consequently
phase-shifted, as shown in Fig. 15. Nonetheless, the regeneration cycle
is reproduced reasonably well.

0.25 0.25
— M(©.1)
0.2} 02
0.15 0.5
0.1} R ] 01
0.05} L ] 008 v
Vs \\\ L Y N N R
’/;‘::i\\,\/(i / \\\:‘{;-:_::1:// " NS /L\: 7 I
1340 1360 1380 1400 1420 1440 1460 1320 1340 1360 1380 1400 1420 1440

Figure 14. RMS modal velocities: from a representative cycle of the DNS (left) and
computed from one period of the nine uncoupled-mode model (right).
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Figure 15. The streak breakdown process as viewed in the (z, z) plane lying between
the two plates in PCF: DNS projected onto the 9 modes present in the model (left)
and computed from one period of the nine uncoupled-mode model (right).

In addition to this periodic orbit, there are many other periodic
and stationary states; some of the latter are shown in Fig. 16. These
are generated in saddle-node bifurcations, predominantly in the range
Re = 200—375, and most are unstable. These branches are qualitatively
similar to those found by Schmiegel [41] for the full Navier Stokes equa-
tions, albeit in a larger domain; also see [37, 13]. Decoupling the modes,
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Figure 16. Branches of fixed points in PCF with L, = 47 and L, = 27, from [41]
with minor modifications (left). Branches of fixed points in the full phase space of
the nine uncoupled-mode model with o = 0.22; the ordinate A denotes the L? norm
and the stable laminar solution is represented by the solid line at A = 0 (right).
Solid (resp., dashed) lines indicate stable (resp., unstable) solutions, and the dots
indicate bifurcation points.

along with modeling to represent losses to neglected modes, restores the
correct stability type to the trivial laminar flow solution over the full
Re range as well as retaining much of the quantitative behaviour of the
regeneration cycle at Re = 400, and revealing branches of fixed points
and periodic orbits similar to those found by these direct computations
on the steady NSE.

6. Conclusions

In this paper, we have described how the proper orthogonal decom-
position (POD) can be used to construct low-dimensional ordinary
differential equation models for fluid flows. Specifically, the POD iden-
tifies empirical eigenfunctions (“POD modes”) which optimally capture
average energy content from experimental or numerical data. By pro-
jecting the evolution partial differential equations for a fluid flow onto
these modes, then truncating, one obtains low-dimensional ordinary
differential equation models for the fluid flow. In addition to providing a
general overview of this procedure, we also described two different ways
to numerically calculate the POD modes, discussed how one can ex-
ploit symmetry considerations to simplify and understand such modes,
commented on how parameter variations are captured naturally in such
models, and included a discussion of a generalization of the typical pro-
cedure for deriving such models, namely the projection onto uncoupled
modes which allow streamwise and cross-stream components to evolve
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independently, restoring degrees of freedom that are constrained in very
low dimensional truncations.

We then illustrated this procedure for the example of plane Couette
flow in a Minimal Flow Unit — a domain whose spanwise and streamwise
extent is just sufficient to maintain turbulence. This is an instructive
example because the geometry is simple, but exhibits both continuous
and discrete symmetries. Drawing upon [46], we summarized the be-
haviour of two low-dimensional models for this flow, with one involving
coupled POD modes and the other uncoupled POD modes. We believe
that our attempts to model plane Couette flow in the Minimal Flow
Unit are a partial success, and that our detailed comparisons to DNS
data (cf. [46]) demonstrate the promise of this procedure for other fluid
flows. However, we qualify this by emphasising that this procedure is
not entirely straightforward; in particular the best model is not neces-
sarily obtained by keeping the most energetic modes. Indeed, while the
POD necessarily yields sets of modes that contain the majority of the
average turbulent kinetic energy, it is a rather poor indicator of which
modes are essential to the dynamics. Despite this, through judicious
selection of model truncations and appropriate modelling of losses to
neglected modes, one may use this technique to construct convinc-
ing low-dimensional ODEs models, the components (amplitudes and
coefficients) of which derive directly from the Navier Stokes equations.

We close by mentioning a few extensions of the proper orthogonal
decomposition which may lead to improved models for some fluid sys-
tems. The method of Rowley and Marsden [40] was proposed for the
low-dimensional modelling of systems with translational symmetry. The
procedure relies on an examination of the data in a frame which moves
along with travelling structures, the application of the POD-Galkerin
technique to data in this frame, and the formation of a reconstruction
equation to describe the evolution of these structures in the inertial
frame. An extension of this procedure for systems with self-similar
solutions was recently proposed in [39]. Another interesting variant of
the standard POD-Galerkin method was proposed by Kwasniok [29—
31], in which the dynamical features of the governing PDE are taken
into account in the construction of a low-dimensional model. In [29],
it is proposed that a set of spatial structures could be obtained by
minimising the error in the time derivative between the PDE and the
reduced order model in a mean least squares sense. In [30], an alterna-
tive method is proposed in which the time evolution of the governing
PDE and reduced system are minimised over finite time interval. This
problem may be formulated as a variational principle and then solved
using techniques from the field of optimal control. Here the standard
POD basis falls out as a limiting case, where the time interval of interest
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is reduced to zero. In the two papers [30, 31|, Kwasniok shows that
the method can be used to construct low-dimensional models of one-
dimensional PDEs such as the KSE and Ginzberg-Landau equation,
with approximately 40% fewer modes than would be required with the
standard POD.
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