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of notation. For someone like me, reading
(all righ t, skimming) th e b ook from cov er
to cov er, th is defi c ienc y is ameliorated b y
B ru aldi’s v ery p atient rep etition of main
defi nitions (from C h ap ters 1 – 2 ) at th e b e-
ginnings of sections w h ere th ey are actu ally
u sed. S omeone like my straw math emati-
c ian, on th e oth er h and, w ill scan th e in-
dex in v ain for su ch key search w ords and
p h rases as co nju ga te pa rtitio n, d egree se-

qu ence , elementa ry dou b ly stoch astic ma-
trix , simp lex , and to ta l su p po rt. A nd, w h ile
w ords like co ntra ctio n and symmetric in-

terch a nge ap p ear (u nder matrix and inter-
ch ange, resp ectiv ely ), th ey are not alw ay s
to b e fou nd w h ere one fi rst looks.

A v ery minor q u ib b le, h av ing noth ing to
do w ith th e straw math ematic ian, is th at
references are giv en b y nu mb er ac cording
to a list at th e ch ap ter’s end. A s a p racti-
cal matter, it is mu ch easier to fi nd, e.g.,
B ru aldi and R y ser (1 9 9 1 ) in th e b ib liogra-
p h y th an references to th e same b ook as
[4 ] in C h ap ter 1 , [5 ] in C h ap ter 2 , [1 3 ] in
C h ap ter 3 , [1 9 ] in C h ap ter 4 , and so on.
For one th ing, it is generally easier to fi nd a
b ib liograp h y at th e end of a b ook th an a list
of references at th e end of a ch ap ter. For
anoth er, B ru aldi and R y ser (1 9 9 1 ) is identi-
fi ab le w h erev er it may ap p ear, w h ereas [4 ],
[5 ], [1 3 ], [1 9 ], and so on, are less u sefu l.

N earing th e end of its career, a sw an,
if anc ient b eliefs are credib le, sings a song
of ex cep tional grace and b eau ty . M oderns
h av e adap ted th at image to refer to th e fi -
nal lasting ach iev ement, e.g., of a comp oser,
p erformer, c iv ilization, or c u ltu re. A p art
from h is still y ou th fu l v igor, th e most com-
p elling reason not to th ink of th is w onderfu l
b ook as R ich ard B ru aldi’s sw an song is th e
p ossib ility , gleaned from a h op efu l reading
b etw een th e lines of its p reface, th at th is
may b e, not th e last, b u t th e second v olu me
in a to-b e-continu ed series.
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N eu rons are th e cells th at form th e b asic
stru c tu ral u nit of th e nerv ou s sy stem. T h ere
are rou gh ly 1 0 11 neu rons in th e h u man
b rain, and th ese h av e a v ariety of sh ap es,
sizes, and electrop h y siological p rop erties.
N eu rons receiv e inp u ts from oth er neu rons
v ia ch emical and electrical sy nap ses, and
can resp ond b y generating an action p oten-
tial, or a sp ike, w h ich is th en commu nicated
to oth er neu rons. U ltimately , th e interac -
tion of neu rons th rou gh su ch action p oten-
tials allow s each of u s to (1 ) receiv e sensory
information from inside or ou tside ou r b ody ,
su ch as seeing th e letters on th is p age; (2 )
interp ret th is information, su ch as recogniz -
ing v isu al stimu li as w ords, u nderstanding
th e concep ts th e w ords conv ey , and relating
th ese to concep ts y ou h av e learned or re-
memb er; and (3 ) initiate motor resp onses if
necessary , su ch as tu rning to th e nex t p age
w h en y ou ’re done reading th is p age, or to
th e nex t b ook rev iew if y ou lose interest in
reading th is one.

N eu rons are also dy namical sy stems:
th ere is a set of v ariab les th at describ e th e
state of a neu ron, and a ru le th at describ es
h ow th ese v ariab les ev olv e. (W ell, it may
not alw ay s b e c lear w h at all of th e rele-
v ant v ariab les are, or w h at th e p rec ise ru le
is— more on th is later.) T h e most infl u en-
tial model of th e dy namics of a neu ron is
th e H odgkin– H u x ley eq u ations [1 ], w h ich
in sp ace c lamp ed form (i.e., w ith ou t sp atial
dep endence) are a set of fou r cou p led, non-
linear ordinary diff erential eq u ations w h ich
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came from careful consideration of the dy-
namics of the sq uid g iant ax on. M odels in
the style of the H odg k in– H ux ley eq uations
are referred to as conductance-b ased mod-
els, and they treat the neuronal memb rane
as an eq uiv alent electrical circuit, w ith the
memb rane, p rotein molecules emb edded in
the memb rane, and ionic p ump s modeled
as a cap acitor, nonlinear resistors, and b at-
teries, resp ectiv ely. A conductance-b ased
model consists of diff erential eq uations de-
scrib ing the time ev olution of the v oltag e
across the memb rane and g ating v ariab les,
the latter controlling the rate of fl ow of dif-
ferent ions across the memb rane throug h the
p rotein molecules. D iff erent conductance-
b ased models typ ically include diff erent
ionic currents, w hich can lead to diff erent
p rop erties and dynamics for the neurons.

A s the b ook under rev iew p ersuasiv ely
illustrates, the theory of dynamical sys-
tems p rov ides p ow erful tools for dev elop ing
and analyz ing conductance-b ased and other
related models of neurons, including iden-
tifying mechanisms for their b ehav ior and
mak ing ex p erimental p redictions. S uch an
ap p roach is not new : as the author read-
ily ack now ledg es, the b ook b uilds up on
p ioneering w ork found in [2 , 3 , 4 ] and else-
w here. B ut many of the results and insig hts
are new . Indeed, the b ook is a tour de force
on the use of dynamical systems concep ts to
understand the dynamics of sing le neurons.

The Dynamical Systems Approach to Un-

d erstand ing N eu rons. S up p ose that a neu-
ron is resting , w ith the v oltag e diff erence
across the memb rane staying constant in
time. In dynamical systems terms, this
corresp onds to the neuron b eing at a sta-

ble equ ilibriu m . F urthermore, sup p ose that
w hen a small p erturb ation is made (for ex -
amp le, a current inp ut from an electrode
or due to other neurons) the neuron un-
derg oes a small ex cursion b efore returning
to the resting state. H ow ev er, if a larg er
p erturb ation is made, the neuron fi res an
action p otential b efore returning to the the
resting state. A s the b ook arg ues, such ex-

citability occurs w hen the system is near a
bifu rcatio n , that is, a q ualitativ e chang e in
the dynamics as a p arameter is v aried. F ur-
thermore, the b ook describ es how diff erent
details of the dynamics of ex citab le neu-
rons can b e classifi ed according to the typ e

of b ifurcation that the system is close to,
and how this aff ects the neuron’s comp u-
tational p rop erties. T his includes a careful
treatment of the q uestion of w hether or not
thresholds ex ist for p erturb ations leading
to action p otentials for ex citab le neurons.

A ction p otentials can also occur p eriod-
ically in time for a neuron, for ex amp le,
w hen a suffi ciently larg e constant current
is injected. In dynamical systems terms,
this corresp onds to the neuron b eing in
a stable period ic o rbit. T he freq uency of
sp ik ing dep ends on the amount of current
w hich is injected; for some neurons this can
b e arb itrarily small, w hile for others there
is a nonzero minimum sp ik ing freq uency.
A g ain, the b ook illustrates how these and
other p rop erties can b e understood in terms
of the typ e of b ifurcation inv olv ed, in this
case, the one leading to p eriodicity. It also
show s how ex citab le and p eriodically sp ik -
ing neurons can b e understood b y consid-
ering the n u llclin es for the model, w hich
are the surfaces on w hich the deriv ativ e of
one of the v ariab les eq uals zero. (E q uilib -
ria ex ist at intersections of nullclines for all
v ariab les.) T his is p articularly true w hen
the model is p lanar and the nullclines cor-
resp ond to one-dimensional curv es.

N eurons can also disp lay bu rstin g b ehav -
ior, in w hich tw o or more sp ik es are follow ed
b y an interv al w ithout sp ik es, w hich mig ht
then rep eat. In many cases, such b ursting
can b e understood in terms of a dynamical
system w ith fast-slow b ehav ior, sp ecifi cally,

ẋ = f(x, u),(1 )

u̇ = µg (x, u),(2 )

w here x ∈ R
m describ e fast v ariab les re-

sp onsib le for sp ik ing , u ∈ R
k describ e slow

v ariab les w hich modulate the sp ik ing , and
µ � 1 rep resents the time-scale sep aration
b etw een the fast and slow v ariab les. F or
µ = 0 , the slow v ariab les u can b e v iew ed
as p arameters for the fast x sub system, and
b ifurcations of the fast sub system can b e
determined. W hen µ is small b ut fi nite,
the u v ariab les ev olv e slow ly, and it may b e
p ossib le to interp ret the dynamics of the full
system as “ drifting ” along the b ifurcation
diag ram of the fast sub system found for
µ = 0 . B uilding on the w ork b y the author
of [3 ] and others, the author classifi es the
typ es of b ursting b ehav ior in terms of the
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bifurcations, in the above interpretation,
w hich initiate and term inate spik ing . C om -
plem entary treatm ents of bursting neurons
are g iven in [5 ].

Models for Neurons. T he book also pro-
m otes the use of several d iff erent classes
of m od els for neurons. B efore evaluating
these, let m e ed itorialize a bit on the q ues-
tion, “ Is a g iven m od el of a neuron a g ood
m od el? ” Id eally one w ould lik e to accu-
rately capture the entire electrophy siolog y
of the neuron. Ind eed , if this is all m od eled
correctly , presum ably the behavior of the
m od el w ill g ive the correct behavior of the
real neuron. B ut this is not alw ay s possi-
ble. D espite their cleverness and hard w ork ,
ex perim entalists m ay not have w ork ed out
all of the currents that are relevant to the
behavior of a particular ty pe of neuron. O r,
even if they have, the d ata m ay represent
an “ averag e” over d iff erent neurons or d if-
ferent operating cond itions, rather than the
d y nam ics of a “ real” neuron. F urtherm ore,
m od els for these currents are not d erived
from “ fi rst principles” : they are really the
result of fi tting d ata, and should thus be
view ed as em pirical d escriptions. T his point
w as very nicely stated in H od g k in and H ux -
ley ’s paper (on pag e 5 4 1 of [1 ]):

T he ag reem ent [of the m od el and
the ex perim ents] m ust not be tak en
as evid ence that our eq uations are
any thing m ore than an em pirical d e-
scription of the tim e-course of the
chang es in perm eability to sod ium
and potassium . A n eq ually satis-
factory d escription of the voltag e
clam p d ata could no d oubt have
been achieved w ith eq uations of very
d iff erent form , w hich w ould proba-
bly have been eq ually successful in
pred icting the electrical behavior of
the m em brane.

S o let’s instead sug g est that a g ood m od el
should reprod uce the “ im portant” behav-
ior of the neuron, say , the q uantitative (or
at least q ualitative) features of the tim e
series of the voltag e across the m em brane
in response to d iff erent ty pes of stim uli.
It should also lead to the id entifi cation of
m echanism s w hich ex plain the neuron’s be-
havior, and it should m ak e pred ictions that
can be ex perim entally tested .

O ne class of m od els that the book d is-
cusses is that of minimal models. F or ex am -
ple, a m inim al m od el for period ic spik ing
could be obtained by starting w ith a m od el
w hich has a stable period ic orbit and re-
m oving g ating variables or currents until
one obtains a m od el w hich also d isplay s pe-
riod ic spik ing , but w ould not if any m ore
g ating variables or currents w ere rem oved .
M inim al m od els are often planar, and can
be und erstood from the g eom etry of the
nullclines. S ince d iff erent currents can lead
to sim ilar nullclines, it is not surprising
that d iff erent electrophy siolog ical m od els
can have sim ilar d y nam ics. B ut althoug h
such m inim al m od els are useful for illustrat-
ing k ey m echanism s for neuronal behavior
w hile retaining electrophy siolog ically rele-
vant variables, the approach seem s too cav-
alier to be ultim ately satisfy ing . F irst of all,
one m ig ht feel uneasy about rem oving cur-
rents that biolog ists k now are present and
believe to be im portant. M ore im portantly ,
it is not clear if a m inim al m od el w ill cor-
rectly capture the response properties of the
neuron to d iff erent ty pes of stim uli. S o m in-
im al m od els m ig ht be useful for ped ag og y ,
but m ay be not for serious m od eling .

O n the other hand , the follow ing sim ple
phenom enolog ical m od el d iscussed in d epth
hold s m uch g reater prom ise:

v̇ = I + v
2

− u,(3 )

u̇ = a(bv − u),(4 )

w ith the ad d itional rule that if v ≥ 1 , then
the variables are reset as

(5 ) v ← c , u ← u + d.

H ere, v ∈ R is a voltag e-lik e variable, u ∈ R

is a phenom enolog ical variable w hich m od -
els slow currents that m od ulate the spik ing ,
and a, b , c , and d are d im ensionless param e-
ters. T his m od el can be view ed as a g ener-
alization of integ rate-and -fi re m od els, but
has the ad vantag e that it d y nam ically cap-
tures the upstrok e of an action potential,
althoug h not the d ow nstrok e. T he book
show s that, by tuning the param eters, it is
possible to m ak e this m od el d isplay a hug e
variety of ex perim entally observed neuronal
behaviors. Ind eed , it is claim ed that this
m od el can q uantitatively reprod uce “ sub-
threshold , spik ing , and bursting activity of
all k now n ty pes of cortical and thalam ic
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neurons in response to pulses of DC cur-
rent.” A b onus is th a t, a s a pla na r m od el,
it is possib le to g eom etrica lly interpret th e
d y na m ica l m ech a nism s for th ese b eh a v iors.
In m y opinion, th is m od el d eserv es furth er
stud y a nd w id er use.

T h is b ook a lso b riefl y d iscusses canonical

m od e ls for fa m ilies of neurons th a t sh a re
com m on properties. H ere, “ a m od el is
ca nonica l for a fa m ily if th ere is a piecew ise
continuous ch a ng e of v a ria b les th a t tra ns-
form s from th e fa m ily into th is one.” T h is
m ig h t not b e a n inv ertib le ch a ng e of v a ri-
a b les, b ut th e ca nonica l m od el reta ins m a ny
im porta nt fea tures of th e fa m ily , a nd th us
a llow s one to stud y univ ersa l properties of
fa m ilies of neurons. T h e ca nonica l m od el
fra m ew ork is d ev eloped in m ore d eta il in [6 ].

Pedagogy. T h is b ook cov ers b oth neu-
roscience a nd d y na m ica l sy stem s th eory
sta rting from th e b a sics, a nd th e ty pica l
S IA M R ev iew rea d er w ill only ra rely b e
ov erw h elm ed b y th e b iolog ica l d escriptions.
(F or ex a m ple, I found th e ex pla na tions of
th e b eh a v ior of th e m inim a l m od els in term s
of electroph y siolog y to b e a b it ted ious.) O f
course, it w ould b e h elpful if th e rea d er h a d
som e b a ck g round in neuroscience a nd d y -
na m ica l sy stem s, b ut it is not necessa ry .
T h e tex t h a s a n inform a l sty le th a t m a k es
it q uite rea d a b le. A lso, th ere a re sum m a ries
a nd ex ercises a t th e end of th e ch a pters, in-
clud ing som e g ra d ed a s b eing M .S . or P h .D.
lev el. N ota b ly , d eta iled solutions a re g iv en
a t th e end of th e b ook for nea rly a ll of th e
non-M .S . or non-P h .D. ex ercises! T h is pro-
v id es a g rea t w a y to ch eck if y ou und ersta nd
th e m a teria l.

A s m ig h t b e ex pected for a b ook a b out
th e “ g eom etry of ex cita b ility a nd b ursting ,”
th ere a re m a ny fi g ures. A ctua lly , th is is a n
und ersta tem ent: th ere a re ov er 4 0 0 fi g ures,
w h ich a re a ll of h ig h q ua lity . M a ny of th e
fi g ures illustra te th e ph a se spa ce g eom etry
of a certa in m od el, or g iv e com pa risons of
ex perim enta l a nd com puted tim e series of
a neuron’s v olta g e. T h ere a re a lso som e
“ fun” fi g ures, such a s pictures of pioneers
of th e d y na m ica l sy stem s a pproa ch to neu-
roscience, includ ing J oh n R inzel on a m o-
torcy cle a nd B a rd E rm entrout w ith a pa rrot
on h is h ea d . T h ere a re a lso ca rtoons of th e
a uth or in d iff erent situa tions, for ex a m ple,

in th e follow ing a ctua l conv ersa tion w ith h is
b oss. A uth or: “ I a m a m a th em a ticia n. A ll I
need is pa per, a pencil, a nd a tra sh b a sk et!”
B oss: “ T oo b a d y ou’re not a ph ilosoph er,
y ou w ould n’t need th e tra sh b a sk et!”

It is a lso w orth noting th a t k ey pa pers
a nd b ook s from th e S ov iet litera ture a re
cited , a g rea t serv ice to th ose of us w h o
w ould fi nd it d iffi cult to na v ig a te th roug h
th is b od y of w ork .

F in al T h ou gh t s . T h e b ook und er rev iew
cla im s th a t it is “ m ore a m b itious, focused ,
a nd th oroug h in d ea ling w ith neurons a s
d y na m ica l sy stem s” th a n oth er b ook s on
m a th em a tica l a nd com puta tiona l neuro-
science, such a s [7 , 8 , 9 ]. T h is is certa inly
true, a nd it succeed s in sh ow ing th a t th e
concepts of d y na m ica l sy stem s th eory (such
a s eq uilib ria , period ic orb its, nullclines, sta -
b ility , a nd b ifurca tions) prov id e a pow erful
fra m ew ork for und ersta nd ing th e b eh a v ior
of neurons g eom etrica lly .

A “ w ea k ness” of th e b ook is th a t it fo-
cuses too ex clusiv ely on th e d y na m ics of
sing le neurons. (It sh ould b e noted th a t
a lth oug h th e b ook seem s ex h a ustiv e— a nd
to som e it m ig h t seem ex h a usting — in th is
reg a rd , it is not com plete in its trea tm ent of
sing le neurons. M ost nota b ly , neurons ty pi-
ca lly h a v e a com plex b ra nch ed spa tia l struc-
ture w h ich a ff ects th eir d y na m ics, a point
m entioned in th e b ook b ut not d ev eloped in
d eta il.) Y es, sing le neurons a re interesting
a nd im porta nt, b ut a ll of th e a m a z ing th ing s
th a t our b ra ins d o a re th e result of th e inter-
a ctions of netw ork s of neurons. A s h a s b een
a m ply d em onstra ted in resea rch b y m a ny
people, d y na m ica l sy stem s tech niq ues ca n
a lso b e used to h elp to und ersta nd such net-
w ork s. H a v ing sa id th is, a v ery g ood ch a p-
ter on “ S y nch roniz a tion” is a v a ila b le from
th e a uth or’s w eb site— a ppa rently som e of
th e rev iew ers a nd th e pub lish er felt th a t it
w a s “ off -topic” for a b ook a b out sing le neu-
rons, a nd th a t its inclusion w ith th e rest of
th e b ook w ould m a k e it too long . T h is on-
line ch a pter prim a rily cov ers ph a se m od els
for neurons, includ ing isoch rons, ph a se re-
sponse curv es, a nd ph a se-d iff erence m od els
for w ea k ly coupled neurons. T h is is im por-
ta nt m a teria l presented in a v ery rea d a b le
w a y , b ut a fter such a th oroug h trea tm ent of
sing le neurons, one na tura lly w a nts m ore.
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Overall, the focus on single neurons limits
the b ook ’s usefulness as a tex tb ook for a
general course on mathematical or comp u-
tational neuroscience.

A fi nal p oint: the author of the b ook un-
d er review is the E d itor-in-C hief of S cholar-
p ed ia [1 0 ], an online ency clop ed ia focused
p rimarily on neuroscience and d y namical
sy stems, and w hich could b e view ed as an
“ unoffi cial sup p lement” to the b ook . (D is-
closure: I have coauthored several articles
for S cholarp ed ia.) E ach S cholarp ed ia arti-
cle is initially authored b y an ex p ert on the
top ic and refereed , b ut then can b e ed ited
b y any one, w ith the ed its incorp orated into
the article up on ap p roval of the curator of
the article (ty p ically the original author).
T his setup allow s the articles to continually
evolve and imp rove. A q uick surf around
this site show s that there are many top ics
that should b e of interest to mathematical
neuroscientists b ut that are not covered b y
the b ook und er review . F air enough. W hat
the b ook d oes cover, it covers very w ell. It
and S cholarp ed ia d eserve a w id e aud ience!
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The Nonlinear Universe: Chaos, Emer-

g enc e, L ife. By A lw yn C. Scott. Sp r in g e r, Be r lin ,

2 0 0 7 . $ 6 9 .9 5 . x iv +3 6 4 p p ., h a r d c o v e r. ISBN
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A lw y n S cott (1 9 3 1 – 2 0 0 7 ) comp leted this
summary of his life’s stud y in D ecemb er
2 0 0 6 and , sad ly , he d ied shortly thereafter.
T his history b ook w ond erfully summarizes
id eas that w ere so imp ortant to him in a w ay
that is largely accessib le to “ general read -
ers w ho w ould und erstand science and for
university und ergrad uates w ho w ould b e-
come researchers in or teachers of science.”
It also d isp lay s his humanity , charm, and
b road -reaching interests and k now led ge.
T he 1 0 8 7 references he lists w ill give those
seek ing more information much op p ortu-
nity to d o so, in ad d ition to consulting his
more technical monograp hs Nonlinear Sci-

ence: E m ergence and D ynam ics of C oh erent

Stru ctu res (Ox ford U niversity P ress, 2 0 0 3 )
and Neu roscience: A M ath em atical P rim er

(S p ringer, 2 0 0 2 ) and T h e E ncycloped ia of

Nonlinear Science (R outled ge, 2 0 0 5 ) that
he ed ited . H is 1 9 6 1 M IT thesis on the d y -
namics of E sak i (tunnel) junctions req uired
a nonlinear mod el and his sub seq uent en-
gineering w ork on active solid -state d evices
led him to stud y the sine-G ord on eq uation.
B y the 1 9 8 0 s, A l w as highly active at L os
A lamos and elsew here in the vigorously
d evelop ing, highly interd iscip linary , and


