Dynamical Systems with Symmetry - ME225DS
Winter 2008

Homework #6 - Due Thursday, March 20, Jeff’s mailbox

1. (50 pts total) The normal form equations for the Hopf bifurcation with O(2) symmetry,
truncated at cubic order, are

dl = ()\—i—z'w)al +A(’&1’2—|— \a2|2)a1 +B\a1\2a1, (1)
ag = ()\‘Fi(x))&g —|—A(|a1|2+ |a2|2)a2+B|a2|2a2. (2)
Here \ and w are real, and A = Ar +iA; and B = By + iB; are complex.

(a) (10 pts) Verify that these equations are equivariant with respect to the actions

Ty : (a1, az) — (e ay, eay) ¢ € [0,2m),
K (a1, as) — (ag,a1),
)

N, : (ay,a3) — (e%ay1, e ay) o €[0,2m).

(b) (10 pts) Let

91 92
5 .

a; = r€e’ as = ro€’
Rewrite (1,2) as differential equations for ry, 7y, 0y, 65.

(c) (15 pts) You'll notice that the (71,72) equations from (b) have decoupled from the

0 equations, so we can study them as a two-dimensional dynamical subsystem. Find all
fixed points for this subsystem, identify the conditions on the parameters that must be
satisfied for them to exist, and calculate their stability properties.

(d) (15 pts) Use the above results to verify that the possible bifurcation diagrams for this

system are given by Figure 1.

2. (50 points total) The normal form equations for the Hopf bifurcation with D, symmetry,
truncated at cubic order, are

2y = (AFiw)zy + A2+ [z )2y + Blay 2y + 07122, (3)
So= (vbiw)e + A(s P+ |5 P)e 4 Bl e+ 0zt (4)

Here \ and w are real, and A = Agp+iA;, B = Br+1iB;, and C = Cr +iC} are complex.
(a) (10 pts) Verify that these equations are equivariant with respect to the actions
k- (Z+7Z*) - <Z+7 _Z*>7 Ka - (Z+7Z*> - (Z*72+)7

Ny i (24, 2-) — €2y, 2_), o € [0,2m).



(b) (10 pts) Let
2y = 1% cos(0/2)e" @V, 2 =1rY%sin(0/2)e! -0 V/2,

and define a new time 7 according to dr/dt = r. Rewrite (3,4) as differential equations
for r,0, ¢, and 1.

(c) (15 pts) You'll notice that the (0, ¢) equations from (b) have decoupled from the other
equations, so we can study them as a two-dimensional dynamical subsystem. Find all
fixed points for this subsystem. Relate these fixed points to the periodic solutions for (3,4)
guaranteed to bifurcate from the trivial solution from the equivariant Hopf bifurcation
theorem. Under what conditions on the parameters B and C' do periodic solutions not
guaranteed by the equivariant Hopf bifurcation theorem exist?

(d) (15 pt) Numerically solve the (6, ¢) equations for B = —2.8—3i, C' = —1+2i. What is
the attractor in this subsystem? What does this correspond to in the full (3,4) equations?
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Figure 1: Possible bifurcation diagrams for the normal form equations for the Hopf bifur-
cation with O(2) symmetry, truncated at cubic order.



