
Theproblemofglobalanalysis

Example

Ṡ=µ(N−S)−βSI/N

İ=βSI/N−γI

Ṙ=γI−µR

WhatisR0forthissystem?

Counttimeinunitsofτ=t/γ.Letρ=µ/γ,x=S/N,y=I/N.

ẋ=ρ(1−x)−R0xy

ẏ=R0xy−y



Globalanalysis

Poincare-Bendixson

Systemsgettrappedintwodimensions.

Bendixson-Dulac

If
∂(φẋ)

∂x
+

∂(φẏ)

∂y

hasconstantsignoveraregion,thentherearenoclosedorbits

whollycontainedinthatregion(divergencetheorem).

Dulacfunctionforthissystemisφ=1/x



Globalanalysis

Lyapunovfunctions

TheideaistofindafunctionVthatdoesnotincreaseunderthe

dynamicalflow:

V̇=Vxẋ+Vyẏ≤0

First,considerthe‘epidemic’casediscussedearlier(ρ=0).

ẋ=−βxy

ẏ=βxy−y

Wecanexplicitlysolvefortheorbitsofthissystem:

dy=(1/(βx)−1)dx

y−y0=log(x/x0)/β−(x−x0)

Thusthequantityy+x−log(x)/βisconservedoverorbits.



Globalanalysis

Lyapunovfunctions

Inspiredbytheconservedquantityinthe‘epidemic’case,wetry

theLyapunovfunction

V=x−x̄logx+y−ȳlogy

Ifweletxandyflow,wehave:

V̇=ẋ(1−x̄/x)+ẏ(1−ȳ/y)

=(ρ(1−x)−βxy)(βx−1)/(βx)+(βx−1)y(1−ρ(1−1/β)/y)

=
−ρ(βx−1)

2

βx

ThusVwill(virtually)alwaysdecreaseuntilitreachesthe

equilibrium,sotheequilibriumisgloballyattractive,whichwe

alreadyknew.



Ourfriendthetranscriticalbifurcation

Abifurcationpointisapointinparameterspacewherethereisa

qualitative(topological)changeinthebehaviorofsolutionsofa

dynamicalsystem.

Abifurcationdiagramshowschangesinthebehaviorofasystem

(oftentheasymptoticbehavior)asparameterschange.

Thetranscriticalbifurcationisverycommoninecology:itisthe

typicalwayinwhichaspecieschangesfromgoingextinctina

systemtoinvadingthesystem.
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Amulti-groupmodelofafataldisease

Ṡi=bi−ΛiSi−µiSi

İi=ΛiSi−µi(σi+1)Ii,

wherebiistheratethatnewsusceptiblesarerecruitedintogroupi,

Λiistheforceofinfectionasseenbygroupi,µiisthedeathrate,

andσirepresentsdisease-induceddeath.

Assumemixingratesareunaffectedbydeaths:

Λi=ci

∑
jcjτijIj

∑
jcjTj

Thetransmissionfromgroupitojisgivenbyτij.
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Backwardsbifurcationsinamulti-groupmodelof

afataldisease

Backwardsbifurcationshappenpreciselywhenthediseasecan

invadeatR0=1.Thisimpliesthatthediseasehelpsitselfby

invading(thenumberofinfectionsperinfectionincreasesfrom1).

Thiscanonlyhappenifthereissomemechanismtoincreasethe

reproductivenumberRwhichisstrongerthanthereductioninR

duetoreductionintheproportionofthepopulationsusceptible.



Forwardbifurcation,R0=1
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Forwardbifurcation,R0<1
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Forwardbifurcation,R0>1
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Backwardbifurcation,R0=1
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Backwardbifurcation,R0>1
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Backwardbifurcation,R0<1
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Backwardsbifurcationsinamulti-groupmodelof

afataldisease

Canonlyhappenifthediseasechangesthepopulationstructurein

awaythatbenefitsitsownspread.

Thisinturncanonlyhappenifthegroupswhoaremostaffected

bythedisease(avictimgroup)aredifferentfromthosethatare

mosteffectiveatspreadingthedisease(acoregroup).

Howrealisticisthis?Notsomuch,butitwasnecessaryto

understandthemechanismbeforewecouldthinkrealisticallyabout

thequestion.



Mechanismsforbackwardsbifurcationsindisease

models

•Disease-inducedchangesinpopulationstructure

•Behavioralchanges

•Interactionsbetweenlevelofinfectionandimmunereactions



Calculatingthesignofthetranscritical

bifurcation

Inonedimension:

ẋ=f(x,µ)x.

Thisisatypicalecologicalformulation,asopposedtothemore

genericformulationformostotherareasofdynamics—

ẋ=f(x,µ).Itisthepercapitanatureoftheequationthatleadsto

theubiquityofthetranscriticalbifurcation.

Bifurcationwhenf(0,µ̂)=0.Signgivenby

∂

∂x
f(0,µ̂)



Calculatingthesignofthetranscritical

bifurcation

Inmultipledimensions:

Ẏ=F(Y,µ)Y.

TranscriticalbifurcationwhenF(0,µ̂)hassingle,simplezero

eigenvector.Thecriterionissimilartothe1-dcase:

W
∂F(εV)

∂ε
(0,µ̂)V.

whereVandWarethedominanteigenvectors.
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InsearchoftheHopfbifurcation

Transcriticalandsaddle-nodeoccurwhenasingleeigenvalue

travelsthrough0.

ThenextsimplestthingthatcanhappenisaHopfbifurcation,

whereapairofcomplexeigenvaluescrossestheimaginaryaxis.

The‘forward’Hopfbifurcationleadstolocal,cyclicbehavior.The

‘backward’Hopfbifurcationleadstonon-localbehavior.



InsearchoftheHopfbifurcation(makingdisease

modelsoscillate)

•Stochasticity(demographic,parametric)

•Externalforcing

•Timedelays

•Discrete-timemodels



Quarantinemeaslesmodel

Ṡ=µ(N−S)−βSI/N

İ=βSI/N−γI

Q̇=γI−φQ

Trick:N=S+I+R,sothatwhenchildrenarequarantined,

otherscompensatebymixingmorewithremainingones.
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