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����ofmathematicsandallwhomake

emptyprophecies.Thedangeralreadyexists

thatmathematicianshavemadeacovenant

withthedeviltodarkenthespiritandconfine

mantothebondsofHell.

—St.Augustine



R0Revisited

R0isthenumberofpeoplewhowouldbeinfectedbyaninfectious

individualinasusceptiblepopulation

Inasusceptiblepopulation:

R0=βcD.

βProbabilityoftransmission

cContactRate

DAverageDurationofinfection

atequilibrium:

1=βcDS.

Thus

S=1/R0.

Number‘affected’isV=1−S=1−1/R0.
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HostHeterogeneity

•‘Parametric’Heterogeneity

–Susceptibility

–Transmission

–ContactRate

•SpatialHeterogeneity

•DemographicHeterogeneity
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Amulti-groupgonorrheamodel

Assumepeoplearedifferentiatedonlybymixingrate,andrescale

sothattheeffectivemixingrateisequivalenttothe‘subgroup

reproductivenumber’.

İ(a)=a(N(a)−I(a))Λ(a)−I(a)

where

Λ(a)=

∫
p(a,b)

I(b)

N(b)
db

istheproportionofgroupa’scontactsthatareinfectious.

Themixingfunctionp(a,b)mustsatisfy:
∫

p(a,b)db=1.

and

p(a,b)aN(a)=p(b,a)bN(b).



Amulti-groupgonorrheamodel

TheparametersherearethedistributionN(a)andthemixing

functionsp(a,b).

Itwilloftenbemoreusefultotrytoestimatethemomentsofthese

functionsratherthanthefunctionsthemselves,andtorelateR0

andtheproportionaffectedtothesemoments(usingapproximate

relationships).



Randommixing

Ifpeoplemixrandomly,thenp(a,b)willdependonlyonsubgroup

b’simportanceinthemixingpool:

p(a,b)=
bN(b)

∫
cN(c)dc

.

Themodelbecomes:

İ(a)=a(N(a)−I(a))Λ−I(a)

whereΛisnowtheconstantmixing-weightedproportionofthe

populationthatisinfectious:

Λ=

∫
aI(a)da

∫
aN(a)da



Next-generationframework

R0istheeigenvalueoftheoperatorthattakesthedistributionof

casesinthisgenerationtothedistributionofcasesinthenext

generation.

R0Î(a)=aN(a)Λ̂(a)

Wecanalsouseanext-generationapproachfortheequilibrium:

Ĩ(a)=a(N(a)−I(a))Λ̃(a)

Intherandom-mixingcase,Λisaconstant,so

Î(a)=aN(a),

byinspection.



Next-generationframework

Recalling:

Λ=

∫
aI(a)da

∫
aN(a)da

,

wehave

R0=

∫
a
2
N(a)da

∫
aN(a)da

.

Thisisthemixing-weightedaverageofthesubgroupreproductive

numbers.

WecanalsowriteR0=µ(1+C
2
),whereµandC=σ/µarethe

meanandCVofthedistributionN(a).
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Assortativemixing

Assortativemixingisusuallyapproximatedwiththesomewhat

bizarreconstructof‘preferredmixing’,whichisnotnecessarilya

badapproximation:

p(a,b)=ρδ(a,b)+(1−ρ)
bN(b)

∫
cN(c)dc

.

Thus

Λ(a)=ρ
I(a)

N(a)
+(1−ρ)Λ.



Assortativemixing

R0satisfies

(1−ρ)

∫a
2
N(a)

R0−aρ
da

∫
aN(a)da

,

andwecancalculateathresholdquantity

T0=

(1−ρ)

∫a
2
N(a)

1−aρ
da

∫
aN(a)da

.



Whatflattenstheendemiccurve?(random

mixing)

Homogeneous:

R0=βDc

1=βDcS

S=1/R0

Heterogeneous:

R0=βDĉ

1=βDc̃Sa

c̃<ĉ

S>Sa>1/R0



Whatelseflattenstheendemiccurve?

Infectedpeople’ssexualpartnersaremorelikelythanaveragetobe

infected,leadingtowastedcontacts(fromthepointofviewofthe

disease).

DeterministicAssortativeMixingThetendencyofpeopleto

mixwithpeoplewhoareinsimilarneighborhoodsorsocial

groups.

StochasticDemographicEffectsThetendencyofpeopleto

mixwithpeoplewhoareinthesameneighborhoodsorsocial

groups.


