Ergodic theory of equivariant diffeomorphisms:

Markov partitions and Stable Ergodicity

Michael Field Matthew Nicol

Author address:

Department of Mathematics, University of Houston, Houston, TX 77204-3008, USA E-mail address: mf@uh.edu

Mathematics Department, University of Surrey, Guildford, UK

E-mail address: m.nicol@surrey.ac.uk

Contents

Chapter 1. Introduction 1

Chapter 2. Equivariant Geometry and Dynamics 9 2.1. Lie groups, Γ-manifolds and representations 9 2.1.1. Compact Lie groups 9 2.1.2. Γ-manifolds 10 2.2. Equivariant dynamical systems 13 2.2.1. Discrete dynamical systems 13 2.2.2. Skew and principal extensions 14 2.2.3. Continuous dynamical systems 14 2.3. Local theory 14 2.4. Invariant subspaces and transversality 15 2.5. Attractors & basic sets for equivariant diffeomorphisms 16

Chapter 3. Technical preliminaries 19 3.1. Geometry of group actions and maps 19 3.1.1. Isotropy types and strata 19 3.1.2. Orbit structure of twisted products 22 3.1.3. Equivariant vector fields 22 3.1.4. Equivariant maps of twisted products 23 3.2. Equivariant subshifts of finite type: Γ finite 24 3.2.1. Subshifts of finite type 24 3.3. Hölder continuity and the Ruelle operator 25 3.4. Equilibrium states 27

Part 1. Markov partitions 29

Chapter 4. Markov partitions for finite group actions 31 4.1. Hyperbolicity 31 4.1.1. Local product structure 32 4.2. Markov partitions & Equivariant symbolic dynamics 33 4.2.1. Symbolic dynamics for Γ-basic sets 36 4.2.2. Markov partitions on Λ/Γ 38 4.3. Examples of symmetric hyperbolic basic sets: Γ finite 41 4.3.1. Equivariant horseshoes 41

4.3.2. Equivariant attractors 42 4.4. Existence of Γ-regular Markov partitions 43

Chapter 5. Transversally hyperbolic sets 47 5.1. Transverse hyperbolicity 47 5.1.1. Examples of transversally hyperbolic sets 49 5.2. Properties of transversally hyperbolic sets 50 5.3. Γ-expansiveness 52 5.4. Stability properties of transversally hyperbolic sets 53 5.5. Subshifts of finite type and attractors 54 5.6. Local product structure 55 5.7. Expansiveness and shadowing 56 5.8. Stability of basic sets 58

Chapter 6. Markov partitions for basic sets 59 6.1. Rectangles 59 6.2. Slices 60 6.3. Pre-Markov partitions 60 6.4. Proper and admissible rectangles 62 6.5. Γ-regular Markov partitions 64 6.6. Construction of Γ-regular Markov partitions 67

Part 2. Stable Ergodicity 71

Chapter 7. Preliminaries 73 7.1. Metrics 73 7.2. The Haar lift 73 7.3. Isotropy and ergodicity 74 7.4. Γ-regular Markov partitions 74 7.4.1. Holonomy transformations for basic sets 75 7.5. Measures on the orbit space 75 7.6. Spectral characterization of ergodicity and weak-mixing 77

Chapter 8. Livšic regularity and ergodic components 79 8.1. Livšic regularity 79 8.2. Structure of ergodic components 81

Chapter 9. Stable Ergodicity 85 9.1. Stable ergodicity: Γ compact and connected 85 9.2. Stable ergodicity: Γ semisimple 88 9.3. Stable ergodicity for attractors 89 9.4. Stable ergodicity and SRB attractors 90

Appendix A. On the absolute continuity of ν 93

Appendix. Bibliography 97

Abstract

We obtain stability and structural results for equivariant diffeomorphisms which are hyperbolic transverse to a compact (connected or finite) Lie group action and construct ‘Γ-regular’ Markov partitions which give symbolic dynamics on the orbit space. We apply these results to the situation where Γ is a compact connected Lie group acting smoothly on M and F is a smooth (at least C^2) Γ-equivariant diffeomorphism of M such that the restriction of F to the Γ- and F - invariant set Λ ⊂ M is partially hyperbolic with center foliation given by Γ-orbits. On the assumption that the Γ-orbits all have dimension equal to that of Γ, we show that there is a naturally defined F - and Γ-invariant measure ν of maximal entropy on Λ (it is not assumed that the action of Γ is free). In this setting we prove a version of the Livšic regularity theorem and extend results of Brin on the structure of the ergodic components of compact group extensions of Anosov diffeomorphisms. We show as our main result that generically (F, Λ, ν) is stably ergodic (openness in the C^2-topology). In the case when Λ is an attractor, we show that Λ is generically a stably SRB attractor within the class of Γ-equivariant diffeomorphisms of M.

Received by the editor February 13, 2003.

1991 Mathematics Subject Classification. 58F11, 58F15.

Key words and phrases. Stable ergodicity, partially hyperbolic, equivariant, Bernoulli, attractor.

MJF supported in part by NSF Grants DMS-1551704 and DMS-0071735. MJN supported in part by the LMS and the Nuffield Foundation. Both authors would like to thank Keith Burns, Mark Pollicott, Andrew Török, Charles Walkden, Lai-Sang Young and Marcelo Viana for helpful conversations and communications.

Introduction

Following the work of Grayson, Pugh & Shub [35], there has been considerable interest in stable ergodicity for non-hyperbolic systems. Pugh & Shub [65] have asked about when it is possible to establish openness or stability of ergodicity. In particular, they have suggested that if hyperbolicity holds transverse to a center foliation of M (“partial hyperbolicity”), then stable ergodicity may hold generically. Results along these lines for volume preserving diffeomorphisms are presented in [35, 65, 74] (see also Brin & Pesin [13], for partial hyperbolicity). We refer the reader to the survey article [15] by Burns, Pugh, Shub and Wilkinson for a survey of recent results on stable ergodicity as well as technical background.

A natural context for partial hyperbolicity is that of skew (or principal) extensions of hyperbolic systems by a compact Lie group Γ. In 1975, Brin [12] proved the genericity of stable ergodicity for compact Lie group extensions of (transitive) Anosov diffeomorphisms. Specifically, Brin showed that there was an open and dense set of transitive compact Lie group extensions of an Anosov diffeomorphism [12, Theorem 2.2]. Since the base map is Anosov, it follows from [13, Corollary 5.3] that every transitive extension is Kolmogorov and, a fortiori, ergodic.

More recently, using somewhat different methods, Adler, Kitchens & Shub [2] reproved a variant of Brin’s result that applied to circle extensions of Anosov diffeomorphisms of a torus. Specifically, they showed that if T : K^n→K^n is an Anosov diffeomorphism of the torus K^n, then there is an open (C^0-topology) and dense (C^∞-topology) subset U of C^∞(K^n, K ) such that if f ∈ U then the map T_f : K × K^n→K × K^n, T (k, x) = (kf(x), T x), is ergodic. Following this result, Parry & Pollicott [58] proved the stability and genericity of mixing for Hölder toral extensions over aperiodic (topologically mixing) subshifts of finite type and for toral extensions of mixing hyperbolic systems subject to a simple cohomological condition. Field & Parry [31] proved the stability and genericity of ergodicity (and mixing) for a large class of compact Lie group extensions of mixing hyperbolic systems and also 1

showed that stable ergodicity holds generically for all compact connected semisimple Lie group extensions. While the results of Field & Parry apply to smooth extensions if Γ is semisimple or the extension is of a connected hyperbolic set, the results of Parry & Pollicott for toral extensions over subshifts of finite type apply only to Hölder continuous extensions. Indeed, the space of stably ergodic Hölder extensions contains no smooth – even C^1 - extensions! However, recent work of Field, Melbourne & Török [29] gives optimal genericity and stability results for smooth compact connected Lie group extensions over completely general basic sets. In another direction, Burns & Wilkinson [16] have shown that stably ergodic compact Lie group extensions over a large class of Anosov diffeomorphisms are stably ergodic within the class of volume preserving diffeomorphisms.

From the viewpoint of equivariant dynamics, and symmetry breaking, it is particularly interesting to study systems where the group action is not free. Indeed, when Γ is finite, this situation has been extensively studied, especially in the context of symmetry breaking and bifurcation theory [33]. When Γ is compact, it is natural to ask about Γ-invariant subsets Λ of a Γ-equivariant dynamical system which are hyperbolic transverse to the action of Γ (see Field [22, 23]). Hyperbolicity transverse to group orbits forces the dimension of Γ-orbits in Λ to be constant (and typically equal to the dimension of Γ). However, even if all Γ orbits have dimension equal to that of Γ, the action of Γ on Λ may not be free. In particular, Λ may contain singular orbits – orbits with nontrivial isotropy. If we assume that Γ-orbits in Λ have dimension equal to that of Γ, then singular orbits in Λ have finite isotropy group. We remark that if Λ contains a singular orbit then Λ cannot be conjugate to a skew or principal extension.

In this work, we prove a number of foundational results about the ergodic theory of diffeomorphisms equivariant with respect to a compact Lie group Γ. Specifically, we study compact invariant sets that are hyperbolic transverse to the group action or transversally hyperbolic. Even when Γ is finite (and so hyperbolicity transverse to the group action is equivalent to hyperbolicity) subtle dynamics can occur. For example, if Γ is finite and Λ is a hyperbolic (basic) set for a Γequivariant diffeomorphism, we show that Λ/Γ admits a finite Markov partition but typically dynamics on Λ/Γ is not expansive. As a wellknown example of this phenomenon, we cite the pseudo-Anosov diffeomorphism of the 2-sphere derived by taking the orbit space quotient of the Thom-Anosov diffeomorphism of the 2-torus K^2 by the group Z_2 generated by the map induced on K^2 by minus the identity map of R^2.

Our paper naturally divides into two parts. The results in part one are the responsibility of the first author, those in part two are the work of both authors. In the first part of the paper (Chapters 3 through 6), we derive the structural theory for ‘basic’ sets of a Γequivariant C^1-diffeomorphism. Our main result is to construct Markov partitions on the orbit space of a basic set. This result may be regarded as a tentative first step towards constructing ‘Markov partitions’ for more general partially hyperbolic sets. The construction of Markov partitions on the orbit space involves some technical difficulties, even in the case when Γ is finite. This is not so surprising since expansiveness fails on the orbit space and expansiveness is typically used to prove the existence of Markov partitions (for hyperbolic sets). In part two of the paper (Chapters 7 through 9) we use the existence of Markov partitions on the orbit space as an important step in the verification of generic stable ergodicity for ‘transversally hyperbolic’ basic sets – that is, basic sets that are hyperbolic transverse to the group action. More specifically, we use the results on Markov partitions for an absolute continuity argument used in the proof of a Livšic regularity theorem. In turn, Livšic regularity is used as a key ingredient in our proofs of generic stable ergodicity. We also obtain results on the existence of SRB measures on transversally hyperbolic attractors. Throughout, we allow non-free group actions, but require that group orbits have the same dimension. In particular, our results cover systems, such as twisted products, that cannot be realized as skew products or principal extensions.

We now describe the contents of this work in more detail. For the convenience of the reader who may not be familiar with either equivariant dynamics or equivariant geometry, we devote Chapters 2 and 3 to a review of some basic results on Lie groups, smooth group actions and equivariant dynamics that we need in the sequel. Chapter 2 comprises a rapid overview of some of the main fact about Lie groups, group actions and equivariant dynamics. Readers familiar with Lie theory may still wish to skim quickly through this chapter to check on notational conventions. In Chapter 3, section 3.1, we look more closely at the geometry of Γ-manifolds, including the stratifications by (normal) isotropy type. In section 3.2, we review the theory of Γ-equivariant subshifts of finite type, where Γ is a finite group. We conclude the chapter with brief sections detailing the routine extensions of results on the Ruelle transfer operator and equilibrium states to the equivariant setting.

Chapter 4 is devoted to the theory of Markov partitions for basic sets Λ invariant by a finite Lie group. Readers who are mainly interested in the case of compact connected groups Γ can safely skim through section 4.2 and omit section 4.3 on finite groups. (Note, however, that while the main result of section 4.2 on the existence of Markov partitions on the orbit space is not used later, some of the constructions and definitions are used in Chapter 6.) In section 4.2, we construct Γ-invariant Markov partitions on Λ such that the corresponding symbolic dynamics is given by a Γ-equivariant subshift of finite type and the associated coding map preserves isotropy type. In particular, no information about symmetry type is lost in the coding. This type of Markov partition induces Markov partitions on closures of orbit strata and so the dynamics on Λ comes with a natural filtration induced from the Γ-action (this is a characteristic result of equivariant dynamics and is modeled after results in [20]). This type of Markov partition is special to finite group actions. In the remainder of the chapter, we consider the more difficult problem of determining the dynamics on the orbit space Λ/Γ. Our main result is the construction of Markov partitions on Λ that induce Markov partitions on Λ/Γ and that allow us to construct a symbolic dynamics on Λ/Γ (even though dynamics on Λ/Γ is not expansive unless the action of Γ on Λ is free).

In Chapter 5, we begin our study of partially hyperbolic basic sets invariant by a compact (non-finite) Lie group. In section 5.1, we define the concept of transversal hyperbolicity (hyperbolicity transverse to the Γ-action). Transverse hyperbolicity implies that Λ is partially hyperbolic with center foliation given by the Γ-orbits. In sections 5.2 – 5.4 we establish some basic properties and constructions associated with transverse hyperbolicity, notably the bracket operation and expansiveness (in the sense of Hirsch, Pugh and Shub [37]) and stability. In section 5.5 we present some examples based on twisted products. In section 5.6, we give our definition of a basic set for an equivariant diffeomorphism F . We say a compact F -invariant set Λ is a basic set if it Γ-invariant, hyperbolic transitive to the Γ-action, has a ‘local product structure’, and the induced map on Λ/Γ is transitive. We conclude the chapter by verifying that a version of shadowing holds and that relative periodic orbits are dense.

In Chapter 6, we define our concept of Markov partition for Γ-basic sets invariant by a compact (connected) Lie group of transformations. We call these partitions of Λ ‘Γ-regular’ Markov partitions. We show that if Λ admits a Γ-regular Markov partition, then there is a symbolic dynamics on the orbit space. We conclude the chapter and Part I by proving the existence of Γ-regular Markov partitions for an arbitrary

Γ-basic set. Although the proof uses some of the results of Chapter 4, on Markov partitions for basic sets invariant by a finite group, the construction is not at all a simple extension of these results. Indeed, unlike what happens for finite groups, the group Γ never acts freely on the set of rectangles of a Γ-regular Markov partition. Indeed, each rectangle is a closed Γ-invariant subset of Λ. A further technical complication is that we need to prove a strong enough result so as to be able to verify the absolute continuity results needed in Part 2.

In the second part of the work we describe persistent ergodic properties of diffeomorphisms equivariant with respect to a compact Lie group. We allow non-free group actions, but require that group orbits have the same dimension. In particular, our results cover systems that cannot be realized as skew products or principal extensions. Our basic assumption will be that of transverse hyperbolicity, that is hyperbolicity transverse to the group action.

For the remainder of the introduction, assume that Γ is a compact connected Lie group acting smoothly on the manifold M. Let h denote Haar measure on Γ and F be a Γ-equivariant diffeomorphism of M. We usually assume that F is C^s, ∞ ≥ s ≥ 2, although some of our results hold with weaker smoothness assumptions on F . Let Λ ⊂ M be compact and F - and Γ-invariant. Set F |Λ = Φ and let ϕ denote the map induced by Φ on the orbit space Λ/Γ. We assume that Λ is transversally hyperbolic for Φ and note that if transverse hyperbolicity holds for one smooth lift of ϕ, then it holds for all smooth lifts of ϕ.

Using the local product structure on Λ, we prove a version of the Livšic Regularity Theorem (Theorem 8.1.1) [45, 46] (for related generalizations see [59, 52, 53, 63]). More precisely, we consider the induced map ϕ on Λ/Γ and consider its symbolic dynamical description as a subshift of finite type. We equip this system with the Parry measure (equivalently the measure of maximal entropy) and Haar lift this measure to obtain an Φ-invariant measure ν on Λ which is a measure of maximal entropy. The measure ν will be an invariant measure for all elements of D^s_ϕ(Λ). We prove a Livšic regularity theorem relative to this measure. Although we emphasize the case of the Parry measure, our results hold for the Haar lift of any ϕ-invariant equilibrium state defined by a Γ-invariant Hölder continuous potential on Λ. In Proposition 8.2.1 we generalize results of Brin on the structure of ergodic components of compact group extensions of Anosov diffeomorphisms to our setting.

Our genericity results apply to spaces of equivariant mappings covering ϕ. Before we state our main results, we need to give a more precise description of these spaces. Let r ∈ (0, s] and D^r_ϕ(Λ) denote the space of Γ-equivariant lifts of ϕ which extend to C^r Γ-equivariant diffeomorphisms of M. We give D^r_ϕ(Λ) the C^r-topology. If Ψ ∈ D^r_ϕ(Λ), then Ψ is ν-measure preserving. Closely related to D^r_ϕ(Λ), we define the space C^r_Γ(Λ, Γ) of C^r ‘cocycles’ on Λ. Thus, C^r_Γ(Λ, Γ) is the space of C^r maps f : Λ→Γ such that f(γx) = γf(x)γ^{−1}, all x ∈ Λ, γ ∈ Γ. We give C^r_Γ(Λ, Γ) the C^r-topology. Elements of C^r_Γ(Λ, Γ) provide the natural generalization of cocycles to situations where Λ is not a product. Given f ∈ C^r_Γ(Λ, Γ), we define Φ_f ∈ D^r_ϕ(Λ) by Φ_f (x) = f(x)Φ(x). While we do not claim that every element of D^r_ϕ(Λ) may be written in the form Φ_f , for some fixed Φ, it is the case that if Ψ, Ψ̃ ∈ D^r_ϕ(Λ) are sufficiently C^0 close, then there exists f ∈ C^r_Γ(Λ, Γ) such that Ψ̃ = Ψ_f .

Theorem 1.1. Let r ∈ (0, s], s ≥ 2. There exists an open and dense subset U_r of C^r_Γ(Λ, Γ) such that for all f ∈ U_r, (Φ_f , Λ, ν) is ergodic (in fact, Bernoulli if ϕ is topologically mixing). If r ≥ 2, U_r is C^2-open in C^r_Γ(Λ, Γ).

Although we stated Theorem 1.1 in terms of the space C^r_Γ(Λ, Γ) of cocycles, the result applies equally to the space D^r_ϕ(Λ) of diffeomorphisms covering ϕ. Theorem 1.1 is proved in Chapter 8 (Theorem 9.1.4) using the Livšic Regularity, Theorem 8.1.1, Proposition 8.2.1 and results from [29].

In Theorems 9.2.1, 9.3.1 of Chapter 8, we show that Theorem 1.1 can be strengthened to obtain C^0 openness in case Λ is an attractor. In these cases we only require Φ to be C^1 and the proof is similar to Brin’s original construction for extensions of Anosov diffeomorphisms [12, §2].

If Λ is an attractor, we show the density of stably Sinai-Ruelle- Bowen (SRB) attractors within the class of smooth (at least C^2) Γequivariant diffeomorphisms (Theorem 9.4.3). Our proof of this result depends on a result of Ledrappier and Young [44] giving absolute continuity of conditional measures on the unstable manifolds with respect to Lebesgue.

We conclude this introduction by pointing out that there is now quite an extensive set of results on ergodicity and absolute continuity properties of measures on attractors when all Liapunov exponents are non-zero. See, for example, Pugh and Shub [64] and the recent work of Alves, Bonatti and Viana [3, 6]. All of these works, however, make some kind of hyperbolicity assumption on the central directions. In our case, we are considering diffeomorphisms which restrict to isometries on central directions (on account of the presence of the group action). As Shub and Wilkinson [72] have recently illustrated, measure (volume) preserving perturbations breaking this structure can lead to a dramatic breakdown of absolute continuity.

Equivariant Geometry and Dynamics

In this chapter we give an overview of the general theory of dynamical systems equivariant by a compact Lie group as well as discuss some necessary foundational material from the theory of compact Lie groups and Γ-manifolds. Experts on Lie theory and group actions need only skim most of this chapter for notational conventions.

2.1. Lie groups, Γ-manifolds and representations

2.1.1. Compact Lie groups. We review a little of the structure theory of compact Lie groups (for more details and proofs we refer to [14] or [32]).

Suppose first that Γ is connected. If Γ is abelian, then Γ is isomorphic to the n-torus K^n , where K denotes the group of complex numbers of unit modulus (or SO(2) or S^1) and n = dim(Γ).

We recall that Γ is semisimple if Γ has finite center and Γ is simple if Γ contains no proper normal subgroups. The classical compact Lie groups SO(n), (special orthogonal group, n ≥ 3), SU(n), (special unitary group, n ≥ 2), and Sp(n) (symplectic group, n ≥ 2), provide examples of compact connected semisimple groups. The quotient of anyone of these groups by its center defines a simple group.

Example 2.1.1. The center of SO(m) is Z_2 = ⟨−I⟩ if m is even, and is trivial if m > 1 is odd. Hence SO(2n + 1) is simple, n ≥ 1. ♥

The only other compact simple groups are the exceptional simple Lie groups G_2, F_4, E_6, E_7, E_8. If Γ is simple, then the universal cover Γ̃ is compact semisimple.

If Γ is any compact connected Lie group, there exist m ≥ 0, compact simple groups Γ_1, . . . , Γ_p, and a finite covering homomorphism

ϕ : K^m × Γ̃_1 × . . . × Γ̃_p→Γ,

Up to order, K^m , Γ_1, . . . , Γ_p are uniquely determined by Γ.

If Γ is compact but not connected then the identity component Γ_0 of Γ is a normal subgroup of Γ and Γ/Γ_0 is finite. 9

Every closed subgroup of a Lie group has the structure of a Lie group. A compact Lie group has the (unique) structure of a real algebraic group. In particular, every compact Lie group can be realized as an algebraic subgroup of SO(n), for sufficiently large n.

Given g_1, . . . , g_N ∈ Γ, let ⟨g_1, . . . , g_N ⟩ denote the closure (in Γ) of the subgroup generated by g_1, . . . , g_N . If ⟨g_1, . . . , g_N ⟩ = Γ, we say g_1, . . . , g_N are topological generators of Γ. If Γ is connected and abelian, then Γ ≈ K^n . It follows from Kronecker’s theorem that K^n may be topologically generated by one group element [14]. Kronecker’s theorem gives necessary and sufficient conditions for ⟨g⟩ = K^n and it follows from these conditions that the topological generators of K^n form a full-measure subset with no interior points. If Γ is connected and non-abelian, we need two group elements to generate Γ and the set of generators forms a full-measure subset of Γ^2. If, in addition, Γ is semisimple, the set of pairs of group elements that topologically generate Γ forms a Zariski open subset of Γ^2 [42, 27].

Finally, every compact Lie group Γ admits a unique left- and righttranslation invariant probability measure h – Haar measure. We often average over Haar measure to produce “Γ-invariant” objects.

2.1.2. Γ-manifolds. Let M be a connected smooth differential manifold. Denote the group of C^∞ diffeomorphisms of M by Diff(M). Suppose that Γ is a Lie group. A smooth Γ-action on M consists of a continuous momomorphism ρ : Γ→Diff(M) such that the evaluation map M × Γ→M; (x, g)→ρ(g)(x) is smooth^1. If we are given a smooth Γ-action on M, we say that M has the structure of a Γ-manifold. In future we set ρ(g)(x) = gx, g ∈ Γ, x ∈ M.

Henceforth we assume that Γ is compact.^2 If x ∈ M, let Γx = {gx | g ∈ Γ} denote the Γ-orbit of x. Every Γ-orbit is a compact Γinvariant submanifold of M [10]. The isotropy subgroup of Γ at x is Γ_x = {g ∈ Γ | gx = x}. The isotropy subgroup is a closed, therefore Lie, subgroup of Γ. If y = gx ∈ Γx then Γ_y = gΓ_xg^{−1} – that is, Γ_y and Γ_x are conjugate subgroups of Γ. We denote the conjugacy class of Γ_x in Γ by (Γ_x). If all isotropy subgroups are conjugate, we say the action of Γ is monotypic. Denote the identity element of Γ by e. The action of Γ on M is free if Γ_x = {e} for all x ∈ M. Obviously, a free action

1Only continuity of the evaluation map is needed as smoothness follows from a result of Bochner-Montgomery [48, Chapter V].

2If Γ is not compact, many of the results we describe continue to hold under the assumption that the action of Γ is proper. That is, the map (g, x) → (x, gx) is a proper mapping [55].

2.1. LIE GROUPS, Γ-MANIFOLDS AND REPRESENTATIONS 11

is monotypic. We say that the action of Γ is transitive if Γx = M for some (any) x ∈ M.

Let M/Γ denote the orbit space of M. That is, the quotient space of M by the relation x ∼ y if and only if x, y lie on the same Γ-orbit. While M/Γ is Hausdorff, M/Γ generally cannot be given the structure of a smooth manifold. However, if the action of Γ is free, M/Γ has the natural structure of a smooth manifold, the orbit map p : M→M/Γ is smooth and p : M→M/Γ has the structure of a principal Γ-bundle.

Examples 2.1.2. (1) Every Lie group Γ has the structure of a Γmanifold with Γ-action defined by left-translation: ρ_L(g)(γ) = gγ. Right translation also gives Γ the structure of a Γ-manifold ρ_R(h)(γ) = γh^{−1}. We can combine these actions to define a Γ × Γ-action on Γ by (g, h)γ = gγh^{−1}. All three actions are transitive. However, only the actions ρ_L, ρ_R are free.

(2) Let H be a closed subgroup of Γ. Then the homogeneous space Γ/H has the natural structure of a smooth Γ-manifold with the Γ action on cosets γ[H] defined by left^3 multiplication: γ[H] → gγ[H]. The action of Γ is obviously transitive and not free (unless H = {e}). By restriction, any closed subgroup K of Γ defines a smooth K-action on Γ/H. This action will, in general, neither be free nor transitive. For example, if we embed SO(2) as the subgroup of SO(3) that fixes (say) the z-axis in R^3, then SO(3)/SO(2) is diffeomorphic to the two-sphere S^2. The associated action of SO(3) on S^2 is the standard action defined by rotations of R^3. If we take K = SO(2), then the action of K on S^2 is given by rotation about the z-axis. In this case, K_{(0,0,±1)} = SO(2) and all other points of have trivial isotropy. If instead we take K to be the group order 24 consisting of the orientation preserving symmetries of the unit cube (with faces parallel to the coordinate planes and center at the origin), then possible isotropy groups for K are Z_2, Z_3, Z_4 and the trivial group. The use of homogeneous spaces is a standard way to construct Γ-manifolds. For other methods, based on plumbing and geometric techniques we refer to [10].

(3) Let N be any smooth manifold. The product N ×Γ has the natural structure of a Γ-manifold with Γ-action defined by left translation: g(n, γ) = (n, gγ), g ∈ Γ, (n, γ) ∈ N × Γ. Obviously the action of Γ on

3We might also have considered right multiplication.

N × Γ is free. More generally, the total space E of a Γ-principal bundle π : E→N has the structure of a Γ-manifold. In this case, the projection π : E→N is locally a product U ×Γ and if y ∈ E, then π^{−1}(π(y)) = Γy. This simple construction of Γ-manifolds plays an important role later when we come to construct skew product dynamical systems. (4) Let H be a closed subgroup of Γ and suppose that N is a smooth H manifold. We define a free action of H on the product N × Γ by h(n, ρ) = (hn, ρh^{−1}), (h ∈ H, ρ ∈ Γ, n ∈ N) The twisted product N ×_H Γ is the orbit space (N × Γ)/H. Let [n, ρ] ∈ N ×_H Γ denote the H-orbit through (n, ρ) ∈ N ×Γ. The twisted product N ×_H Γ has the natural structure of a Γ-manifold with Γ-action defined by g[n, ρ] = [n, gρ], (g, ρ ∈ Γ, n ∈ N). Moreover, the orbit map N ×Γ→N ×_H Γ is an H-principal bundle over N ×_H Γ.

The action of H on N is not free if and only if the action of Γ on N ×_H Γ is not free. If, for example, we let Z_2 act on (−1, 1) as multiplication by ±1 and regard Z_2 as the subgroup of K generated by e^{ıπ}, then (−1, 1)×_{Z2} K is diffeomorphic to the Möbius band. The center circle of the Möbius band is a singular K -orbit. Generally, twisted products give local models for Γ-manifolds. Indeed, every Γ-manifold is a finite union (with identifications) of twisted products (for more details on structural theorems for Γ-manifolds, see [39, Chapter 4]). (5) Let ρ : Γ→O(n) be a continuous homomorphism. Then we have an associated action of Γ on R^n by isometries defined by (g, v) → ρ(g)(v), g ∈ Γ, v ∈ R^n. This action, which is smooth, is called a representation of Γ on R^n (or just a Γ-representation of degree n). Any smooth action of Γ on R^n by linear maps can be regarded as a Γ-representation (average an inner product for R^n over Γ).

(6) Let M be a compact Γ-manifold. If we average a smooth riemannian metric for M over Γ using Haar measure, we may give M the structure of a smooth riemannian Γ-manifold. The Γ-action on M lifts to a Γ-action on the tangent bundle of M such that g : T_xM→T_{gx}M is a linear isometry for all x ∈ M, g ∈ Γ. Let α = Γx be a Γ-orbit, x ∈ M. Denote the normal bundle of α by q : N→α. Then q : N→α is Γ-vector bundle over α. In particular, each fiber N_x of N has the structure of a Γ_x-representation. If we fix x ∈ α, there exists a Γ-vector bundle isomorphism χ : N→N_x ×_{Kx} Γ defined by χ^{−1}([v, g]) = gv, g ∈ Γ, v ∈ N_x. As we indicate shortly, we can often reduce the study of

2.2. EQUIVARIANT DYNAMICAL SYSTEMS 13

dynamics in the neighborhood of an invariant Γ-orbit to dynamics on a twisted product. In turn, this dynamics can often be lifted to a skew product. These constructions play a very important role in equivariant dynamics. ♥

2.2. Equivariant dynamical systems

Suppose that Γ is a compact Lie group and M, N are smooth connected Γ-manifolds. A map f : M→N is Γ-equivariant or equivariant if f(gx) = gf(x), (x ∈ M, g ∈ Γ). If the Γ-action on N is trivial, we say that a Γ-equivariant map f : M→N is G-invariant or just invariant.

Examples 2.2.1. (1) Suppose that (R^n, Γ) is a Γ-representation and F : R^n→R^n is Γ-equivariant. Then fF : R^n→R^n will be Γequivariant for all invariant f : R^n→R.

(2) Let M be a Γ-manifold and x ∈ M. Then Γx is a Γ-invariant closed submanifold of M. The map gx → g[Γ_x] defines a Γ-equivariant diffeomorphism between Γx and the homogeneous space Γ/Γ_x. (3) If f : M→N is Γ-equivariant, then Γ_{f(x)} ⊃ Γ_x, all x ∈ M. If f is 1:1, then Γ_{f(x)} = Γ_x. If M is a group orbit and f : M→M is Γ-equivariant, then f is 1:1 and f(y) ∈ N(Γ_y)(y), all y ∈ Γx. ♥

2.2.1. Discrete dynamical systems. Suppose that Γ is a compact Lie group and M is a compact Γ-manifold. Let Diff^r_Γ(M) denote the group of C^r Γ-equivariant diffeomorphisms of M, ∞ > r > 0, and Diff_Γ(M) denote the group of C^∞ Γ-equivariant diffeomorphisms of M.

Let f ∈ Diff^r_Γ(M) and suppose that x ∈ M is a fixed point of f. It follows by equivariance that gx is also a fixed point of f, all g ∈ Γ, and so Γx is fixed for f. We briefly consider the issue of the stability of f-invariant orbit Gx under perturbations of f in Diff^r_Γ(M), r ≥ 1 (for more details see [20, 25, 26]). If Γ is finite, then Γx will be a finite set of fixed points and the natural condition to require of x is that x is a hyperbolic fixed point of f. It is easy to verify that x is a hyperbolic fixed point if and only if gx is a hyperbolic fixed point, g ∈ Γ. When Γ is not finite, more precisely if Γ_x is of dimension strictly less than Γ, then points on Γx can never be hyperbolic. Further, it is no longer reasonable to expect that fixed points will generally persist under perturbation by f. Specifically, let N(Γ_x) denote the normalizer of Γ_x in Γ and r_x denote the rank^4 of the group N(Γ_x)/Γ_x. If r_x > 0, we can make arbitrarily small smooth perturbations f^′ of f along Γx such that

4The dimension of a maximal torus in the identity component of N(Γ_x)/Γ_x.

f^′ has no fixed points on Γx even though f^′(Γx) = Γx. For this reason, when Γ is infinite, it is more natural to study f-invariant Γ-orbits rather than orbits of fixed points. The natural stability condition to require of f-invariant Γ-orbits is normal hyperbolicity. It is not hard to show that invariant normally hyperbolic Γ-orbits persist under perturbation of f. Moreover, if Γx is an invariant Γ-orbit of f and f(x) = gx, then Γx is normally hyperbolic if and only if the spectrum of D(g^{−1}f)(x) contains exactly dim(Γx) eigenvalues of unit modulus [20, 25]. We may similarly develop the stability theory of periodic invariant Γ-orbits. Of course, if we let f̃ : M/Γ→M/Γ denote the homeomorphism induced by f on the orbit space, then a Γ-orbit α will be an invariant periodic orbit for f if and only if α ∈ M/Γ is a periodic point of f̃.

2.2.2. Skew and principal extensions. Let f : N→N be a C^r diffeomorphism (no equivariance). A C^r-cocycle on N is a C^rmap β : N→Γ. Let C^r(N, Γ) denote the group of C^r-cocycles on N. Associated to every β ∈ C^r(N, Γ), we may define f_β ∈ Diff^r_Γ(N × Γ) by f_β(n, g) = (f(n), gβ(n)), (n ∈ N, g ∈ Γ). We refer to f_β as a Γ-extension of f. In this case, every fixed or periodic point of f gives rise to an invariant or periodic invariant F -orbit of f_β. Hyperbolicity of fixed or periodic points of f is equivariant to normal hyperbolicity of the corresponding invariant Γ-orbits of f_β.

If π : E→N is a Γ-principal bundle over N, then any F ∈ Diff^r_Γ(E) which covers f (πF = fπ) is called a principal Γ-extension of f. We define the C^r cocycles to be the group C^r_Γ(E, Γ) of C^r maps β : E→Γ such that β(gx) = gβ(x)g^{−1}, g ∈ Γ, x ∈ E. Given F ∈ Diff^r_Γ(E), β ∈ C^r_Γ(E, Γ), we define F_β ∈ Diff^r_Γ(E) by F_β(x) = β(x)F (x), x ∈ E.

2.2.3. Continuous dynamical systems. Since continuous equivariant dynamical systems do not play a major role in this work, we give minimal details. If M is a compact Γ-manifold, then the Γ-action on M lifts to a Γ action on the tangent bundle T M of M. Let C^r_Γ(T M) denote the space of C^r Γ-equivariant vector fields on M, r ≥ 0. If X ∈ C^r_Γ(T M), r ≥ 1, we let Φ^X_t denote the corresponding flow on M. It follows from the Γ-equivariance of X and the uniqueness theorem for differential equations that Φ^X_t ∈ Diff^r_Γ(M), all t ∈ R.

2.3. Local theory

In this section, we restrict mainly to discrete dynamical systems. Suppose that α = Γx is an invariant Γ-orbit for f ∈ Diff^r_Γ(M). Choose a G-invariant riemannian metric on M and identify the normal bundle N of α with the orthogonal complement of T α in T M. It follows from

2.4. INVARIANT SUBSPACES AND TRANSVERSALITY 15

the equivariant version of the tubular neighborhood theorem (see [10, Chapter VI]), that there exists a Γ-equivariant diffeomorphism q of N onto an open Γ invariant neighborhood U of α in M. The normal bundle N is Γ-vector bundle isomorphic to the twisted product N_x×_{Γx} α (N_x ×_{Γx} α has the structure of a Γ-vector bundle over α). It follows that for the local study of the dynamics on f near α, we can restrict attention to equivariant diffeomorphisms F of N_x ×_{Γx} α which cover the map f : α→α. A further simplification is obtained by noting that since F is equivariant, it is uniquely determined by its values on a fiber of N_x×_{Γx} α, say N_x. If we set S_y = q(N_y), y ∈ α, then S_y is a differentiable slice for the action of Γ at y^5. Again, the values of f on U are uniquely determined by f|S_y, any y ∈ α. Typically, we do perturbation theory for f near α by restricting f to a slice S, perturbing f|S to f^′ and then extending f^′ Γ-equivariantly to U. In this way, for example, we can prove that invariant Γ-orbits (or periodic Γ-orbits) are generically normally hyperbolic. We remark that for flows, we can always lift dynamics on the twisted product N_x ×_{Γx} α to the skew extension N_x×α. Generally, this is not possible for discrete dynamical systems unless the diffeomorphism f is equivariantly isotopic to the identity map. We refer to [20, 25] for more details as well as a statement of a Kupka-Smale density theorem. We remark that the theory for vector fields and flows is somewhat easier than that for discrete dynamical systems.

2.4. Invariant subspaces and transversality

If the action of Γ on M is free (M is a skew or principal Γ-extension over M/Γ), then M/Γ is a smooth manifold and every discrete or continuous smooth dynamical system on M drops down to a smooth dynamical system on the orbit space M/Γ. Conversely, smooth flows on M/Γ always lift to smooth Γ-equivariant flows on M. For discrete systems, there may be topological obstructions to lifting from M/Γ to M. In any event, the only new features seen in equivariant dynamics on M come from the fact that there may be ‘drift’ along Γ-orbits in M. Thus the geometric theory of equivariant dynamics on M can effectively be reduced to the study of the way the ‘base’ dynamics on M/Γ interacts with the effect of drift along Γ-orbits. For this reason Lie group extensions of prescribed base dynamics are frequently used as mathematical models of physical systems with Lie group symmetry. If the action of Γ on M is monotypic, then let H be an isotropy group of the action

5That is, S_y is Γ_y-invariant, S_x ∩ S_y ≠ ∅ if and only if x = y, γS_y = S_{γy}, γ ∈ Γ, and ΓS_x is an open neighborhood of α. Since S_y is Γ_y-equivariantly diffeomorphic to N_y, we can assume the action of Γ_y on S_y is linear [10, Chapter VI].

and let M^H denote the fixed point set of the action of H on M. Then K = N(H)/H acts freely on the compact manifold M^H and we reduce to the previous case.

Matters are different if the action of Γ is not monotypic. Let I = I(M) denote the set of isotropy groups for the action of Γ on M. If H ∈ I, let M_H = {x ∈ M | Γ_x = H}. Then M_H is a submanifold of M which is invariant by all Γ-equivariant diffeomorphisms and flows on M. Consequently, {M_H | H ∈ I} defines a partition of M into submanifolds invariant by all Γ-equivariant diffeomorphisms and flows. Typically, the principal (minimal) isotropy group of a Γ-action is (e). The corresponding Γ-invariant set, which we denote M_N , is then an open and dense submanifold of M. If Γ is connected or Γ contains no reflections, then M_N is connected [10]. Γ-orbits not in M_N are called singular.

Example 2.4.1. Let C be the group of orientation preserving symmetries of the unit cube in R^3. Points lying on the coordinate axes have isotropy group in (Z_4), on axes through opposite vertexes have isotropy group in (Z_3), on axes through midpoints of opposite edges have isotropy group in (Z_2), the origin has isotropy group C, and all other points have trivial isotropy. Every C-equivariant flow on R^3 leaves all axes as well as the origin fixed. A consequence is that the origin has to be an equilibrium point and if the origin is hyperbolic then it must either be a sink or source. ♥

In general, the presence of subspaces invariant by all dynamical systems implies the possibility of stably non-transverse intersections of invariant manifolds. All of this is handled by equivariant transversality theory [4, 5, 19, 26]. Although we shall not make use of this theory here, it is worth pointing out that one important feature of equivariant dynamics is the possibility of structurally stable heteroclinic cycles of non-transverse intersections of invariant manifolds of fixed or period points [34]. In simple cases, heteroclinic cycles can be attractors. Attractors of this form stably exhibit non-ergodic averages. This feature of equivariant dynamics should be contrasted with the expected generic behavior in asymmetric systems (cf the Palis conjecture [56]).

2.5. Attractors & basic sets for equivariant diffeomorphisms

The main aim of this work is to study basic sets of Γ-equivariant diffeomorphisms that extend the class of skew and principal extensions. In particular, we want to allow the possibility that Γ does not act freely (or monotypically) on the basic set. In [28], we constructed transitive hyperbolic attractors for diffeomorphisms and flows equivariant with

2.5. ATTRACTORS & BASIC SETS FOR EQUIVARIANT DIFFEOMORPHISMS17

respect to a finite group. In that work, attractors were invariant by a subgroup H of Γ which always acted freely on the attractor. In other work [22], we have constructed geometric realizations of Γ-invariant subshifts of finite type. For these constructions we allowed Γ to be a general compact group and we also permitted at least some singular Γ-orbits. Even when Γ is finite, the presence of singular orbits is often associated to the presence of non-uniformly hyperbolic structure. This is seen in the Z_2-symmetric Lorenz attractor and in attractors related to solenoids [31]. In the present work we focus on uniform hyperbolic behavior in the presence of singular Γ-orbits.

CHAPTER 3

Technical preliminaries

3.1. Geometry of group actions and maps

Henceforth, Γ will always denote a compact Lie group with identity e. If H is a (closed) subgroup of Γ, let N(H) and C(H) respectively denote the normalizer and centralizer of H in Γ. Let d_Γ be a metric on Γ which is invariant under left and right translations by elements of Γ (see Examples 2.1.2(1) and average any smooth riemannian metric on Γ using Haar measure for Γ × Γ).

3.1.1. Isotropy types and strata. We recall some facts about orbit strata for Γ-actions [71]. Let M be a smooth Γ-manifold. Given x ∈ M, let (T_xM, Γ_x) denote the representation of Γ_x ∈ I induced on the tangent space T_xM of M at x. Since T_xΓx is Γ_x-invariant, we have an associated representation (N_x, Γ_x) of Γ_x on the normal space N_x = T_xM/T_xΓx at x to Γx. We define an equivalence relation ∼ on the set of all representations (N_x, Γ_x), x ∈ M, by (N_x, Γ_x) ∼ (N_y, Γ_y) if and only if Γ_x and Γ_y are conjugate subgroups of Γ and the representations (N_x, Γ_x) , (N_y, Γ_y) are isomorphic. (If M is a Γ-representation, then (N_x, Γ_x) ∼ (N_y, Γ_y) if and only if Γ_x, Γ_y are conjugate subgroups of Γ.) We call an equivalence class of ∼ an isotropy type for the action of Γ on M and let O = O(M, Γ) denote the set of isotropy types. We occasionally abuse notation and write “H ∈ τ” to mean that for some x ∈ M, Γ_x = H and (N_x, Γ_x) ∈ τ (there is no ambiguity if M is a Γ-representation). If M is compact or a representation, then O is finite. Given τ ∈ O, let M_τ denote the set of points with isotropy type τ. We refer to M_τ as an orbit stratum and note that M_τ is a smooth Γ-invariant submanifold of M.

If H ∈ I, then M^H (the fixed point set of H) and M_H (the subset of M^H with isotropy group H) have the structure of smooth N(H)- manifolds.

Example 3.1.1. If (V, Γ) is a Γ-representation and H ∈ I, then V_H is an open and dense subset of V^H . Indeed, let v ∈ V_H and choose a slice S_v for the action of Γ at v. Then for all w ∈ S_v, Γ_w ⊂ H and so Γ_w = H for all w ∈ S_v ∩ V^H . This proves that V_H is an open subset of 19

V^H . Density is now easy if Γ is a finite group (V_H = V^H \∪_{J∈I,J⊋H} V^J ). If Γ is infinite, let u ≠ v ∈ V_H and ℓ ⊂ V^H be the line through u, v. If w ∈ ℓ ∩ ∂V_H , then it follows by taking a slice at w that points of ℓ near, but not equal to w, have isotropy H. It follows that ℓ ∩ V_H is open and dense in ℓ and hence that V_H is open and dense in V^H .

If M is a Γ-manifold and H ∈ I, then M_H is always a non-empty open subset of M^H . However, M_H will generally not be a dense subset of M^H . ♥

Let τ ∈ O. Since M_H ⊂ M^H and ΓM^H = ∪_{H∈τ} M^H is closed, it follows that

(3.1) M_τ ⊂ ∪_{H∈τ} M^H .

Remark 3.1.2. We have equality in (3.1) for Γ-representations (V, Γ) (since by Example 3.1.1, V_τ = ΓV_H , H ∈ τ). ♦

Examples 3.1.3. (1) Let C denote the group of orientation preserving symmetries of the cube (see Example 2.4.1), Let τ = (Z_4). In this case R^3_τ consists of the of the three coordinate axes, less the origin, and so R^3_τ = ∪_{H∈τ} (R^3)^H \ {0}, where the union is over the three conjugate copies of Z_4 in C.

(2) Let K act on the unit sphere S^3 ⊂ C^2 according to θ(z_1, z_2) = (e^{ıpθ}z_1, e^{ıqθ}z_2), where p, q are strictly positive integers. If p = q = 1, K acts freely on S^3 and we recover the Hopf fibration S^3→S^3/K = S^2. If p = 1, q > 1, the action on S^3 has one singular K -orbit with isotropy type (Z_p). If (p, q) = 1, p, q > 1, then the action on S^3 has two singular K -orbits with isotropy types (Z_p), (Z_q). Neither of these non-free actions on S^3 can be represented as twisted products of K with a compact surface. ♥

We define a partial order on O by τ < η if ∂M_τ ∩ M_η ≠ ∅. If τ < η, it follows, using slices, that there exist H ∈ τ, J ∈ η such that H ⊊ J.

Remark 3.1.4. If (V, Γ) is a Γ-representation, then τ < η if and only if there exist H ∈ τ, J ∈ η such that H ⊊ J. This is not the case for general Γ-manifolds. ♦

If M is connected, there exists a unique minimal isotropy type Π for the order on O – the principal isotropy type. The principal orbit stratum M_Π is open and dense in M and connected if there are no orbit strata of codimension 1 in M. Let M_S = M \ M_Π and refer to orbits in M_S as singular orbits.

Remark 3.1.5. Suppose that M is connected. If Γ is finite, it follows from the differentiable slice theorem that Π consists of a unique pair (P, m), where P is a normal subgroup of Γ and m is a trivial P - representation. Since P must fix all points in M_Π, it follows that P acts trivially on M. Hence, it is no loss of generality to replace Γ by Γ/P and assume that Γ acts freely on M_Π. If Γ is infinite, then Π may contain infinitely many distinct isotropy groups. Suppose that (P, m) ∈ Π and consider M^P . Since P is a normal subgroup of N(P ), N(P )/P acts freely on M_P ⊂ M^P . In general, it is not true that smooth (at least C^1) N(P )/P -equivariant vector fields (resp diffeomorphisms) on M^P extend to smooth Γ-equivariant vector fields (resp diffeomorphisms) on M (for an example, see [71, Example 11.10]). However, if we assume that all Γ-orbits have the same dimension, then it is easy to show that every smooth N(P )/P -equivariant vector field (resp diffeomorphism) on M^P extends uniquely to a smooth Γ-equivariant vector field (resp diffeomorphism) on M. Typically we shall be studying compact Γinvariant subsets Λ of M such that the Γ-orbits of points in Λ all have the same dimension, say d ≤ dim(Γ). If d ≠ dim(Γ), we can replace M by M(d) – the subset of M consisting of all points x such that dim(Γx) = d. The previous considerations then apply to the principal stratum of M(d). As a consequence of these remarks, we will usually assume in the sequel that Γ acts freely on the principal orbit stratum and that all isotropy groups for the action are finite. ♦

Following [26, §9.3], we define a filtration of M associated to the order on O.

Definition 3.1.6. An isotropy type τ ∈ O is k-submaximal if k is the largest integer such that there exist isotropy types η_1, . . . , η_k ∈ O satisfying (a) η_1 is maximal; (b) η_k = τ; (c) η_1 > . . . > η_k.

Let M_k = M_k(M) denote the set of k-submaximal isotropy types and N be the largest integer such that M_N ≠ ∅. The set M_1 consists of the maximal isotropy types and, provided M is connected, M_N consists of the principal isotropy type Π. For k ≥ 1, define M_k = ∪_{τ ∈Mk} M_τ , M^k = ∪^k_{i=1}M_i. Set M_0 = M^0 = ∅. The next result is a simple consequence of our definitions and slice theory.

Lemma 3.1.7. (1) M^1 ⊊ . . . ⊊ M^N = M. (2) M^j is a closed Γ-invariant subset of M, 1 ≤ j ≤ N. (3) M_j is a smooth Γ-invariant submanifold of M, 1 ≤ j ≤ N. (4) ∂M_j ⊂ M^{j−1}, 1 ≤ j ≤ N.

Our notation extends naturally to the case when Λ is a Γ-invariant subset of M. In this case, however, Λ may not have a unique minimal isotropy type, even if Λ contains points of M-principal isotropy. If Λ is closed, then parts (1,2,4) of Lemma 3.1.7 hold if we replace M_j by Λ_j = M_j ∩ Λ and M^j by Λ^j = M^j ∩ Λ.

3.1.2. Orbit structure of twisted products. Let H be a closed subgroup of Γ and suppose that Z is an H-space. Form the twisted product Λ = Z ×_H Γ and note that Λ has the structure of a Γ-space. Of course, if Z is an H-manifold, Λ is a Γ-manifold (see Examples 2.1.2(3)).

If x = [z, γ] ∈ Z ×_H Γ, then Γ_x = γH_zγ^{−1}, where H_z is the isotropy group at z for the action of H on Z. It follows that we can identify O(Z, H) with O(Z ×_H Γ, Γ). With this identification, we have (Z ×_H Γ)_τ ≈ Z ×_H Γ_τ for all τ ∈ O.

Let S = {[z, e] | z ∈ Z}. Then S is an H-invariant subset of Z ×_H Γ. Every Γ-orbit of a point in Z ×_H Γ meets S in a unique H-orbit. If every H orbit is finite, each intersection with S will consist of a finite set of points and every Γ-orbit will have the same dimension.

We use the following elementary result repeatedly in the sequel.

Lemma 3.1.8. Let H be a closed subgroup of Γ and suppose that Z is an H-space. The natural H-equivariant inclusion Z ⊂ Γ ×_H Z induces a natural homeomorphism Z/H ≈ (Γ ×_H Z)/Γ.

3.1.3. Equivariant vector fields. For simplicity of notation, we usually assume that diffeomorphisms are smooth – that is, C^∞. However, all of the results in Part I hold under the assumption that diffeomorphisms are C^s, ∞ ≥ s ≥ 1. In Part II, we frequently need to assume that diffeomorphisms are of class C^s, s ≥ 2.

Let C^0_Γ(T M) and C^∞_Γ (T M) respectively denote the spaces of continuous and smooth Γ-equivariant vector fields on M. If Λ is a Γ-invariant compact subset of M, let C^0_Γ(T_ΛM) denote the space of continuous Γequivariant sections of T_ΛM = T M|Λ. Let C^∞_Γ (T_ΛM) denote the subspace of C^0_Γ(T_ΛM) consisting of vector fields which extend to smooth vector fields on M.

For each x ∈ M, let T_x = T_xΓx and set T = ∪_{x∈M} T_x. Obviously, T is a Γ-invariant subspace of T M. If f ∈ Diff_Γ(M), Tf : T→T. Let d ∈ N and define M(d) = {x ∈ M | dim(Γx) = d}. Using slices, one may easily verify that M(d) is a smooth Γ-invariant submanifold of M (use [22, Lemma A, §3]). Clearly, T|M(d) is a smooth Γ-subbundle of T M|M(d). More generally, if Λ ⊂ M(d) is Γ-invariant, then T_Λ = T|Λ has the structure of a (continuous) Γ-subbundle of T_ΛM. Set T (M) = {X ∈ C^∞_Γ (T M) | X(x) ∈ T_x, x ∈ M}. (Vector fields in T (M) are everywhere tangent to Γ-orbits.) If Λ ⊂ M is a closed Γ-invariant set, let T^0_Λ (M) denote the space of continuous Γ-equivariant sections of T |Λ and T_Λ(M) denote the subspace of T^0(Λ) consisting of vector fields which are restrictions of elements of T (M).

Suppose that f ∈ Diff_Γ(M). Let f̃ : M/Γ→M/Γ denote the map induced by f on the orbit space M/Γ. Define

D_f (M) = {g ∈ Diff_Γ(M) | g̃ = f̃}

Obviously, if g, h ∈ D_f (M), then gh^{−1} ∈ D_I (M), where I = I_M denotes the identity map of M. Note that f ∈ D_I (M) if and only if f(x) ∈ Γx, all x ∈ M.

3.1.4. Equivariant maps of twisted products. Let H be a closed subgroup of Γ and Z be an H-space. Let H act on Γ via conjugation (h(γ) = hγh^{−1}, h ∈ H, γ ∈ Γ). If f : Z→Z and ϕ : Z→Γ are continuous and H-equivariant, then we may define the continuous Γ-equivariant map f_ϕ : Z ×_H Γ→Z ×_H Γ by f_ϕ([z, γ]) = [f(z), γϕ(z)], ((z, γ) ∈ Z × Γ). Of course, f_ϕ is just induced from the skew extension of f to Γ × Z with cocycle ϕ. At the orbit space level, we have ~f_ϕ = f̃, where ~f_ϕ is the map induced by f_ϕ on (Z ×_H Γ)/Γ and f̃ the map induced by f on Z/H. Suppose now that P is a smooth H-manifold and that all H-orbits are finite. Set P ×_H Γ = M. Let f ∈ Diff_H (P ). Define e ∈ C^∞_H (P, Γ), by e(p) = e, p ∈ P . If we define I_ϕ ∈ Diff_Γ(M) by I_ϕ([x, γ]) = [x, γϕ(x)], ((x, γ) ∈ P × Γ), then we have the decomposition f_ϕ = I_ϕ ∘ f_e, for all cocycles ϕ ∈ C^∞_H (P, Γ). Obviously, ~f_ϕ = ~f_e and ~I_ϕ is the identity map of P/H.

Lemma 3.1.9 ([21],[22, Lemma C]). Let ϕ ∈ C^∞_H (P, Γ). There is an open neighborhood U of f_ϕ in D_f (M) and a continuous (C^∞-topology) map ρ : U→C^∞_H (P, Γ) such that for all h ∈ U, h = I_{ρ(u)} ∘ f.

Remarks 3.1.10. (1) We may take U to be the set consisting of diffeomorphisms isotopic to f_ϕ within D_f (M) [22, Lemma D]. (3) Lemma 3.1.9 fails if Γ-orbits are not of constant dimension. ♦

Using slices, we have the following straightforward application of Lemma 3.1.9.

Proposition 3.1.11. Let M be a compact Γ manifold and suppose that all Γ-orbits are of the same dimension. Given f ∈ Diff_Γ(M), there exists an open neighborhood U of f ∈ D_f (M) and a continuous (C^∞- topologies) map ϕ : U→C^∞_H (P, Γ) such that for all u ∈ U, u = I_{ϕ(u)} ∘ f.

3.2. Equivariant subshifts of finite type: Γ finite

Throughout this section we assume Γ is a finite group. Some of what we discuss here is presented in greater detail in [22, §2].

3.2.1. Subshifts of finite type. For n ≥ 1, let n = {1, . . . , n} and S_n denote the associated symmetric group. Let M(n) = M denote the set of n × n 01 matrices. If A ∈ M, we let σ : Σ_A→Σ_A denote the associated subshift of finite type. Topologize Σ_A as a subspace of n^Z (Tychonov product topology).

Suppose that ψ : Γ→S_n is a permutation representation of Γ. Associated to ψ we have actions of Γ on M and n^Z defined by γ(A)(i, j) = A(ψ(γ)(i), ψ(γ)(j)), (γ ∈ Γ, A ∈ M, i, j ∈ n), γ(x)_i = ψ(γ)(x_i), x ∈ n^Z, −∞ < i < ∞. Let M^Γ denote the fixed point set of this action and observe that if A ∈ M^Γ then Σ_A is a Γ-invariant subset of n^Z. The next lemma is a trivial consequence of our definitions.

Lemma 3.2.1. Let A ∈ M. Then σ : Σ_A→Σ_A is a Γ-equivariant homeomorphism if and only if A ∈ M^Γ.

Remark 3.2.2. It is shown in [1] that every subshift of finite type which admits a finite group action Γ commuting with the shift map is conjugate to a subshift σ : Σ_A→Σ_A of finite type with A ∈ M^Γ. ♦

Example 3.2.3. Let Γ be a subgroup of S_n. If the action of Γ on n is not free (that is, there exists j ∈ n such that Γ_j ≠ {e}), then #O(n^Z, Γ) ≥ 2. Otherwise, Γ acts freely on n^Z. First observe that a point in n^Z containing all symbols always has trivial isotropy. If Γ_j ≠ {e}, then j̄ · j̄ ∈ n^Z has isotropy Γ_j ≠ {e} and so #O(n^Z, Γ) ≥ 2. On the other hand, every point (x_i) ∈ n^Z has trivial isotropy, if and only if Γ_j = {e}, all j ∈ n. In this case, Γ acts freely on n^Z and so #O(n^Z, Γ) = 1. ♥

Example 3.2.4. Set X = n^Z and suppose that Γ ⊂ S_n acts freely and transitively on n. Clearly, |Γ| = n and Γ acts freely on n^Z. Let σ̃ : X/Γ→X/Γ denote the map induced on the orbit space by σ. Then there is a homeomorphism h : X/Γ→X conjugating σ and σ̃. A similar result holds for subshifts σ : Σ_A→Σ_A of finite type provided that A ∈ M^Γ. The proof amounts to a re-coding of X. Specifically, set n^2 = p and let p denote the set of all pairs (i, j), i, j ∈ n. We may embed X as a subshift of finite type in p^Z using the natural embedding ι : n^Z→p^Z defined by ι((x_i)) = ((x_ix_{i+1})). Let A denote the associated 01 matrix. Obviously, ισ = σ^′ι, where σ^′ denotes the shift on p^Z. The action

3.3. HÖLDER CONTINUITY AND THE RUELLE OPERATOR 25

of Γ on n extends to a free action on p (and so also on p^Z). Let p : p→ñ denote the orbit map. Since Γ acts freely on p, |ñ| = n. Define ρ : X→ñ^Z by ρ((x_i)) = (p(x_ix_{i+1})). Obviously ρ is continuous, surjective, Γ-invariant and commutes with the shift maps. Hence ρ induces a continuous surjection h : X/Γ→ñ^Z such that hσ̃ = σh. It remains to prove that h is injective. It follows from the definition of ι that for each (i, j) ∈ p, A((i, j), (i^′, j^′)) = 1, if and only if i^′ = j. Suppose z ∈ ñ^Z and choose y = (y_i) ∈ ι(X) such that ρ(y) = z. Acting by an element of Γ, we may assume that y_0 = (1, j). But then y_1 is determined as the unique pair (i^′, j^′) such that p(i^′, j^′) = z_1 and i^′ = j. Proceeding inductively, we see that the y_i are uniquely determined once we have made a choice for y_0. It follows that for all z ∈ ñ^Z, ρ^{−1}(z) consists of precisely one Γ-orbit and so h is injective. As pointed out to us by the referee, there is a much simpler proof if Γ is abelian: define the Γ-invariant map h : n^Z→Γ^Z by h((x_i)) = (γ_i), where γ_i is the unique element of Γ such that γ_i = x_{i+1}. ♥

Definition 3.2.5 ([22, §2]). Suppose that Σ is a compact metric Γ-space and α : Σ→Σ is a Γ-equivariant homeomorphism. We say that the pair (Σ, α) is a Γ-subshift of finite type if, for some n ≥ 1, there exist a representation ψ of Γ in S_n, A ∈ M(n)^Γ and an equivariant homeomorphism h : Σ_A→Σ such that α = h ∘ σ ∘ h^{−1}.

3.3. Hölder continuity and the Ruelle operator

We recall some standard definitions and properties about subshifts of finite type. For proofs and more details we refer to Bowen [9], Parry & Pollicott[58, Chapter 1], or Katok & Hasselblatt [38, Chapter 1]. Henceforth, we shall assume A is irreducible. Let d the period of A and recall that A is aperiodic if d = 1.

Lemma 3.3.1. Suppose A ∈ M^Γ is irreducible with period d. There is a partition X_1 ∪ . . . ∪ X_d of Σ_A into open and closed sets such that for 1 ≤ ℓ ≤ d

(a) σ(X_ℓ) = X_ℓ′ , (ℓ^′ ≡ ℓ + 1 mod d). (b) σ^d|X_ℓ corresponds to an aperiodic matrix. (c) Γ acts as a permutation group on {X_1, . . . , X_d}.

Remark 3.3.2. It is easy to find examples to show that Γ can act trivially or non-trivially on {X_1, . . . , X_d}. ♦

Example 3.3.3. Suppose that T = ψ(Γ) is a transitive subgroup of S_n. Let A ∈ M and suppose that at least one non-diagonal entry of A is not zero. Then A is irreducible. If, in addition, A has a non-zero diagonal entry then A is aperiodic. ♥

Suppose that (X, σ) is a subshift of finite type. For x, y ∈ X, define N(x, y) = max{i | x_j = y_j, |j| < i}. Given θ ∈ (0, 1), let d_θ be the metric on X defined by d(x, y) = θ^{N(x,y)}, (x, y ∈ X). The metric space (X, d_θ) is complete and defines the Tychonov topology on X.

Let F_θ = F_θ(X) denote the space of continuous C -valued Lipschitz functions on the metric space (X, d_θ). Given f ∈ F_θ(X), let |f|_∞ denote the supremum norm of f and |f|_θ denote the infimum over all Lipschitz constants C for f. If we define ‖f‖_θ = |f|_∞ + |f|_θ, then (F_θ(X), ‖‖_θ) is a Banach space. Let F_θ(X)^Γ denote the closed subspace of F_θ(X) consisting of Γ-invariant functions.

Given A ∈ M, we let (X^+, σ) denote the associated one-sided subshift of finite type.

The previous results and definitions generalize in the obvious way to one-sided shifts. In particular, let d^+_θ denote the metric on X^+ corresponding to d_θ and let F_θ(X^+) denote the corresponding space of Hölder continuous functions on X^+. We recall there is a natural inclusion map F_θ(X^+) → F_θ(X).

Proposition 3.3.4 ([58, Proposition 1.2]). Let f ∈ F_θ(X). There exist h ∈ F^√_θ(X), g ∈ F^√_θ(X^+) such that f = g + h − h ∘ σ. If f ∈ F_θ(X)^Γ, we may further require that both h and g are Γ-invariant.

Proof. Only the last part is not in [58]. In order to obtain h, g Γ-invariant, we average the functions h, g defined in [58] over Γ. □ Let f ∈ F_θ(X^+) be R-valued. Let L_f : F_θ(X^+)→F_θ(X^+) denote the Ruelle operator defined by

L_f w(x) = Σ_{y∈σ}−1_{(x)} e^{f(y)}w(y), (w ∈ F_θ(X^+), x ∈ X).

We recall (part of) Ruelle’s theorem, with (trivial) additions to take account of the presence of a Γ-action.

Theorem 3.3.5 (Ruelle [58, Theorem 2.2]). Let f ∈ F_θ(X^+) be real valued and A ∈ M^Γ be aperiodic. Then

(a) The operator L_f has a simple maximal positive eigenvalue β and corresponding strictly positive eigenfunction h. If f is Γinvariant, so is h.

(b) The remainder of the spectrum of L_f is contained in a disk of radius smaller than β.

(c) There is a unique probability measure μ such that L^⋆_f μ = βμ (that is, ∫ L_f v dμ = β ∫ v dμ, all v ∈ C^0(X^+)). If f is Γinvariant, so is μ.

3.4. EQUILIBRIUM STATES 27

3.4. Equilibrium states

We continue to assume that (X, σ) is a subshift of finite type and A is aperiodic. Using the results of 3.3, one may show that associated to each R-valued f ∈ F_θ(X) there is a unique equilibrium state (measure) on X. We recall, without proof, the main definitions and results we need from [9, Chapter 4], [58, Chapter 3].

Fix f ∈ F_θ(X). Let μ be a σ-invariant probability measure on X and denote the measure theoretic entropy of σ by h_μ(σ). The pressure of f is defined by

P (f) = sup_μ {h_μ(σ) + ∫ f dμ}, where the supremum is taken over all σ-invariant probability measures. We say that a σ-invariant probability measure m is an equilibrium state (for f) if P (f) = h_m(σ) + ∫ f dm. Theorem 3.4.1 ([58, Theorem 3.5]). Every f ∈ F_θ(X) has a unique equilibrium state m. Further,

(a) Relative to m, σ is Bernoulli (in particular, ergodic and strong mixing).

(b) f, f^′ ∈ F_θ(X) have the same equilibrium state if and only if there exists c ∈ R such that f is cohomologous to f^′ + c.

(c) If f is cohomologous to g ∈ F^√_θ(X^+), then P (f) = log β, where β is the maximal eigenvalue of the Ruelle operator L_g.

If f is Γ-invariant, then the corresponding equilibrium measure is Γinvariant.

Part 1

Markov partitions

CHAPTER 4

Markov partitions for finite group actions

4.1. Hyperbolicity

For the present we assume that Γ is finite. Let M be a (compact) riemannian Γ-manifold with associated Γ-invariant metric d on M. Let f ∈ Diff_Γ(M) and Λ ⊂ M be compact, Γ- and f-invariant. Throughout this and subsequent sections, we make frequent use of the notational conventions established in Chapters 2 and 3.

Suppose that Λ is hyperbolic. Then there is a continuous f-invariant splitting E^s ⊕ E^u of T_ΛM and Tf|E^s, Tf|E^u satisfy the usual asymptotic estimates (we refer to Katok & Hasselblatt [38] for standard definitions and results on hyperbolicity). The next result follows easily using equivariance and uniqueness of the bundles E^s, E^u.

Lemma 4.1.1. The bundles E^s, E^u are Γ-invariant subbundles of T_ΛM.

Set I = I(Λ). Since Γ is finite, so is I. Given H ∈ I, define

E^{s,H} = T_ΛH M^H ∩ E^s, E^{u,H} = T_ΛH M^H ∩ E^u.

Lemma 4.1.2. For each H ∈ I, E^{s,H} , E^{u,H} are continuous N(H)- vector bundles over M^H . Further,

(a) T_ΛH M^H = E^{s,H} ⊕ E^{u,H} .

(b) Λ^H is a hyperbolic subset of f|M^H with associated hyperbolic splitting E^{s,H} ⊕ E^{u,H} .

(c) If Λ^H is not finite, then E^{s,H} and E^{u,H} are proper subbundles of T_ΛH M^H .

Proof. Fix H ∈ I. Since M^H , Λ^H are N(H)-invariant subsets of M, we may regard E^s, E^u as N(H)-vector bundles over Λ^H . For x ∈ Λ^H , T_xM has the structure of an H-representation and so we may write T_xM = U ⊕ V, where U is the trivial factor of T_xM and V is the sum of the non-trivial sub H-representations of T_xM. Since U = T_xM^H , we see that T_xM^H = E^{s,H}_x ⊕ E^{u,H}_x . Obviously, the asymptotic estimates drop to the splitting E^{s,H} ⊕E^{u,H} and so Λ^H has the required hyperbolic structure. The final statement follows since f|M^H ∈ Diff(M^H ). □

Let δ > 0 and x ∈ Λ. We define (4.1) W^s_δ (x) = {y ∈ M | d(f^n(x), f^n(y)) ≤ δ, n ∈ N }. We similarly define W^u_δ (x) using f^{−1}. It is well-known that for sufficiently small δ > 0, independent of x ∈ Λ,

(1) W^s_δ (x), W^u_δ (x) are smooth disks through x, tangent to E^s, E^u at x, (2) W^s_δ (x) ∩ W^u_δ (x) = {x}.

Moreover, W^s_δ (x), W^u_δ (x) depend continuously on x ∈ Λ. We refer to W^s_δ (x), W^u_δ (x) as the local stable and unstable manifolds through the point x. In the sequel we often write W^s_{loc}(x), W^u_{loc}(x) and suppress reference to the constant δ. In any case, whether we write W^{s/s}_δ (x), or W^{s/u}_{loc} (x), we always assume that δ is chosen sufficiently small so that properties 1, 2 above hold.

Let W^s(x), W^u(x) denote the corresponding global stable and unstable manifolds. It follows from Γ-equivariance that for all γ ∈ Γ, x ∈ Λ we have W^s(γx) = γW^s(x), W^u(γx) = γW^u(x). If H ∈ I, x ∈ Λ^H , then W^s(x) ∩ M^H is the stable manifold at x of f|M^H . Similarly for the unstable manifold at x. If x ∈ Λ_H , then W^s(x) ∩ M^H ⊂ M_H , similarly for the unstable manifold at x.

4.1.1. Local product structure.

Definition 4.1.3 ([38, page 272]). The hyperbolic set Λ has local product structure if there exists δ = δ_Λ > 0 such that W^s_δ (x)∩W^u_δ (y) ⊂ Λ for all x, y ∈ Λ.

Remarks 4.1.4. (1) It follows from the existence of local product structure that there exists 0 < a < δ such that if x, y ∈ Λ and d(x, y) < a then W^s_δ (x) ∩ W^u_δ (y) consists of a single point z = [x, y]. Further, there exists c > 1 such that d(x, z), d(z, y) ≤ cd(x, y) for all x, y ∈ Λ, d(x, y) < a. (2) If f ∈ Diff_Γ(M) and Λ is Γ-invariant, then [ , ] is Hölder continuous and Γ-equivariant relative to the diagonal action of Γ on Λ × Λ [38, Chapter 19. §1]. (3) Local product structure is equivalent to local maximality [38, §18.4]. ♦

Definition 4.1.5. Let f be a smooth equivariant diffeomorphism of M. A subset Λ of M is a Γ-basic set for f if

(a) Λ is a compact f- and Γ-invariant set. (b) Λ is a hyperbolic set for f. (c) Λ has local product structure.

(d) The induced map f̃ : Λ/Γ→Λ/Γ is transitive.

Remarks 4.1.6. (1) If Λ is Γ-basic, we have a finite decomposition Λ = ∪^k_{i=1}Λ_i into topologically transitive components. Each Λ_i is a basic set for f, where the latter use of the term ‘basic’ is the conventional one, that is a topological Markov chain [38, Definition 6.4.18]. If we define Σ_i = {γ ∈ Γ | γΛ_i = Λ_i}, then the Σ_i form a set of conjugate closed subgroups of Γ. (2) It follows from (1) and the transitivity of f̃ on Λ/Γ that an open dense subset of Λ consists of points with the same isotropy type. If particular, if Λ is a basic set (that is, Λ = Λ_1), then an open and dense subset of Λ consists of points with the same isotropy group (necessarily a normal subgroup of Γ). In either case, Λ has a unique minimal isotropy type. (3) Note that a Γ-invariant basic set is a Γbasic set which is basic (that is, topologically transitive). Later, when we consider compact connected groups Γ, sets are typically connected, Γ-invariant and never hyperbolic. Consequently, there is little risk of confusion with the standard use of the term ‘basic’, and we shall drop the prefix ‘Γ’ and just refer to basic sets. ♦

4.2. Markov partitions & Equivariant symbolic dynamics

Definition 4.2.1. Let Λ be a Γ-basic set. A closed set R ⊂ Λ is a proper rectangle if R = R^∘ and x, y ∈ R ⇒ [x, y] ∈ R. (R^∘ denotes the interior of R in Λ.)

If x ∈ R ⊂ Λ, we define W^s(x, R) = W^s_δ (x) ∩ R, W^u_δ (x, R) = W^u_δ (x) ∩ R, where we assume that 0 < diameter(R) ≪ δ. We apply this definition when R is either a rectangle or the interior of a rectangle.

We recall the definition and properties of Markov partitions for basic sets. More details may be found in [8, 9, 47] or [38, §18.7].

Definition 4.2.2. A finite set R of proper rectangles is a Markov partition for f : Λ→Λ if ∪_{R∈R}R = Λ and, for all R, S ∈ R, (a) R^∘ ∩ S^∘ = ∅, if R ≠ S. (bs) x ∈ R, f(x) ∈ S^∘ ⇒ f(W^s(x, R)) ⊂ W^s(f(x), S). (bu) x ∈ R, f^{−1}(x) ∈ S^∘ ⇒ f^{−1}(W^u(x, R)) ⊂ W^u(f^{−1}(x), S).

Let R be a Markov partition. Given R ∈ R, define ∂^sR = {x ∈ ∂R | W^s(x, R) ⊂ ∂R}, ∂^uR = {x ∈ ∂R | W^u(x, R) ⊂ ∂R}. If we define ∂^sR = ∪_{R∈R}∂^sR, and ∂^uR = ∪_{R∈R}∂^uR, then (4.2) f(∂^sR) ⊂ ∂^sR, f^{−1}(∂^uR) ⊂ ∂^uR.

Let Λ be a Γ-basic set and R be a Markov partition for f : Λ→Λ. Define mesh(R) = max_{R∈R} diameter(R). For each H ∈ I(Λ), define

R^H = {R^H | R ∈ R and (R^∘)^H = R^H }.

Without further conditions on R, R^H may not be a Markov partition for f : Λ^H →Λ^H . Indeed, R^H may be empty. Given R ∈ R, let Γ_R = {γ ∈ Γ | γR = R}. Definition 4.2.3. A proper rectangle R is Γ-admissible if (a) Γ_R = Γ_{x̄}, for at least one x̄ ∈ R^∘. (b) If R ∩ γR ≠ ∅, then γ ∈ Γ_R.

A Markov partition R for the Γ-equivariant map f : Λ→Λ is Γadmissible if each R ∈ R is Γ-admissible.

Definition 4.2.4. Let R be a Markov partition for f : Λ→Λ. We say that R is a Γ-invariant Markov partition if

(a) R is Γ-admissible.

(b) Γ permutes the elements of R.

(c) For all H ∈ I(Λ), R^H is a Markov partition for f : Λ^H →Λ^H .

Lemma 4.2.5. Let R satisfy conditions (a,b) of Definition 4.2.4. In order that R be a Γ-invariant Markov partition, it suffices that for all H ∈ I(Λ), ∪_{R∈R}H R^H = Λ^H .

Proof. Fix H ∈ I(Λ) and let R ∈ R^H . Since it follows from the Γ-equivariance of [ , ] that R^H is a rectangle, it suffices to prove that (R^H )^∘ = R^H . Since (R^∘)^H is an open subset of Λ^H , we have (R^∘)^H ⊂ (R^H )^∘, where the interior of R^H is taken in Λ^H . Taking closures, it follows that (R^∘)^H ⊂ (R^H )^∘. But (R^∘)^H = R^H and so R^H ⊂ (R^H )^∘. Since the reverse inclusion is trivial, it follows that (R^H )^∘ = R^H . □

Theorem 4.2.6 ([8, 9]). Let f ∈ Diff_Γ(M) and Λ be a Γ-basic set for f. Given ε > 0, there exists a Γ-invariant Markov partition R for f : Λ→Λ with mesh(R) < ε.

Proof. The only statement not already in [8, 9] is the assertion that we can require the Markov partition to be Γ-invariant. In order to show this, we modify the construction given in [8] (see also the remark following the proof where we indicate an alternative construction based on shadowing). The idea is to start with a covering M of M by (interiors of) proper rectangles such that (a) Γ permutes the elements of M, (b) each rectangle R ∈ M is Γ-admissible, and (c) (R^∘)^H = R^H , all H ∈ I(Λ), R ∈ M. If these conditions hold, we say M is a Γcover. The naturality of the construction used in [8] implies that if we start with a Γ-cover, then the resulting Markov partition will be Γ-invariant (for condition (c) we use Lemma 4.1.2(c)). In what follows, we ignore the issue of the mesh of the partition. Indeed, exactly the same methods used in [8] (or [9]) show that the Markov partition can be constructed so as to have arbitrarily small mesh.

Let x ∈ Λ. We construct a proper Γ_x-invariant rectangle R containing x. Let A, B be Γ_x-invariant closed disk neighborhoods of x in W^u_ε (x), W^s_ε (x) respectively. We define R = [A, B]. Clearly, R is proper, Γ_x-invariant and x ∈ R^∘. Moreover, if x ∈ Λ^H , then R^H = [A^H , B^H ] is also a proper rectangle (but now for f|M^H ). All of this follows from the equivariance of the bracket [ , ]. We call a rectangle R constructed in this way a ‘basic’ rectangle.

We will construct a Γ-cover of Λ by basic rectangles. Let Λ^1 ⊂ . . . ⊂ Λ^N = Λ denote the filtration of Λ by submaximal isotropy type. Our construction proceeds by an upward induction on submaximal isotropy type. At stage i, we suppose that we have constructed a set R_i of basic rectangles for Λ such that (a) ∪_{R∈Ri} R^∘ ⊃ Λ^i; (b) Γ-acts on R_i;

(c) If R ∈ R_i \ R_{i−1}, then R ∩ Λ^{i−1} = ∅.

Suppose i = 1. Let I_1 ⊂ I(Λ) denote the set of maximal isotropy groups. Then Λ^1 = ∪_{H∈I1} Λ^H and each Λ^H is a compact subset of Λ. Let Ĩ_1 = {H_1, . . . , H_k} be a set of representatives for the conjugacy classes of the groups in I_1. Let Λ̃^1 = ∪^k_{i=1}Λ^{Hi} . Since Λ̃^1 is compact, we can choose a finite set of basic rectangles, say R̃_1, such that the interiors of the rectangles in R̃_1 cover Λ̃^1, the interior of every rectangle meets Λ̃1 and, if R ∈ R̃_1, then R ∩ ΛH ≠ ∅ if and only if Γ_R = H. Let R_1 = {γR | γ ∈ Γ, R ∈ R̃_1}. It follows from our construction that R_1 satisfies (a,b). Suppose next that we have constructed R_{i−1} satisfying (a,b,c), 1 < i < N. Observe that the complement in Λ^i of the union of the interiors of the rectangles in R_{i−1} is a compact Γ-invariant set, say Λ̂^i. We now just repeat the construction we gave for i = 1 but now applied to Λ̂^i. Since the cover R_N of Λ is obviously a Γ-cover, Bowen’s construction carries through to yield the required Γ-invariant Markov partition for Λ. □

Remark 4.2.7. An alternative construction of Γ-invariant Markov partitions can be based on shadowing [9]. For sufficiently small γ > 0 (we follow the notation and terminology of [66, 9.6]), we construct a finite γ-dense Γ-invariant subset of Λ which induces γ-dense Γ-invariant subsets of all the orbit strata. The construction is the obvious upward induction on orbit strata and the rest of proof follows [66]. ♦

4.2.1. Symbolic dynamics for Γ-basic sets. Let f ∈ Diff_Γ(M), Λ be a Γ-basic set for f and R be a Γ-invariant Markov partition for Λ. Suppose that R contains n rectangles which we label R_1, . . . , R_n. Let A denote the associated n × n 0-1 matrix and σ : Σ_A = Σ→Σ denote the resulting subshift of finite type. Since Γ acts on R, it follows that Σ is a Γ-subshift of finite type.

More generally, let Λ^1 ⊂ . . . ⊂ Λ^N = Λ be the filtration of Λ by submaximal isotropy type. Since R is Γ-invariant, R determines a Γinvariant Markov partition R^j for f : Λ^j→Λ^j, 1 ≤ j ≤ N. Hence, we may define an associated subshift σ : Σ^j →Σ^j , 1 ≤ j ≤ N. Of course, Σ^N = Σ. For future reference, note that if τ ∈ M_ℓ(Λ) then

(4.3) Σ_H = Σ^k_H , k ≥ ℓ, H ∈ τ.

Theorem 4.2.8 ([9],[58, Appendix III]). The map π : Σ→Λ defined by π(x) = ∩^∞_{k=−∞}f^{−k}(R_{xk} ) is well-defined. Furthermore,

(a) π is Hölder continuous and surjective. (b) π is 1:1 on a residual subset of Σ. (c) #π^{−1}(x) ≤ n^2 for all x ∈ Λ. (d) fπ = πσ. (e) π is Γ-equivariant.

(f) Every isotropy group in Λ occurs as the isotropy group of a point in Σ.

Proof. Everything except (e,f) is proved in [8, 9]. Statement (e) is immediate from the fact that Γ acts on R. It remains to prove (f). Suppose H ∈ I(Λ). Since R is a Γ-invariant Markov partition, it follows that R^H is a Markov partition for f : Λ^H →Λ^H . Now use (b) and the fact that if Λ_H ≠ ∅, then Λ^H contains interior points with isotropy H. □ Theorem 4.2.9. Let Λ be a Γ-basic set for f and π : Σ→Λ be as in Theorem 4.2.8. Then π preserves isotropy type. That is, for all τ ∈ O(Λ), we have π^{−1}(Λ_τ ) = Σ_τ .

In particular, I(Σ) = I(Λ).

Proof. It suffices to show that if H ∈ I(Λ), then π^{−1}(Λ^H ) = Σ^H . We prove this by an upward induction over the submaximal isotropy type of H ∈ I(Λ). We present the first stage of the induction, leaving the general step to the reader. Suppose then that H ∈ I(Λ) is maximal. It follows by Γ-equivariance of π that π^{−1}(Λ^H ) ⊃ Σ^H . Since R is Γinvariant and H is maximal, if R ∈ R and R ∩ Λ^H ≠ ∅, then Γ_R = H. Consequently, if x = (x_i) ∈ π^{−1}(Λ^H ), then Γ_{Rxi} = H, all i ∈ Z (otherwise π(x) /∈ Λ^H ). Hence π^{−1}(Λ^H ) = Σ^H . □

Examples 4.2.10. (1) Suppose f ∈ Diff_Γ(M) and Λ is a Γ-basic set for f. As an immediate consequence of our results, there exist a subgroup H of Γ and compact Ξ ⊂ Λ such that

(1) Ξ is H-invariant and Γ(Ξ) = Λ.

(2) Ξ is a basic set for f. In particular, f|Ξ has a dense orbit. (3) If ϕ : Λ→R is Hölder and Γ-invariant then there is a unique Γ-invariant measure μ_ϕ on Λ such that m = μ_ϕ|Ξ is the equilibrium measure of ϕ|Ξ. Further, {mγ | γ ∈ Γ} is the ergodic decomposition of μ_ϕ.

(2) Suppose that Λ is a basic set for f ∈ Diff_Γ(M). Suppose that Γ contains an involution η such that M^η = Fix(η) is connected and separates M into two connected components. Then

Λ ∩ M^η ≠ ∅ =⇒ Λ ⊂ M^η.

Suppose Λ ⊄ M^η . Taking the spectral decomposition of f|Λ, it is no loss of generality to assume that f|Λ is topologically mixing. Now we derive a contradiction by choosing open subsets U, V of Λ which lie in different connected components of M \ M^η. ♥

Proposition 4.2.11. Let Λ be a Γ-basic set for f and π : X = Σ→Λ be as in Theorem 4.2.8. For each non-minimal H ∈ I(Λ), we can find an open neighborhood U_H of Λ^H in Λ such that if x ∈ U^H \Λ^H , there exists n ∈ Z such that f^n(x) /∈ U^H .

Proof. The result follows from Theorem 4.2.9. □ We recall that f : Λ→Λ is expansive if there exists ε > 0 such that if x, y are distinct points of M, with x ∈ Λ, then there exists n ∈ Z such that d(f^n(x), f^n(y)) > ε. If f is Γ-equivariant, then it is natural to say that f is “Γ-expansive” if there exists ε > 0 such that if α, β are distinct Γ-orbits, then there exists n ∈ Z such that d(f^n(α), f^n(β)) ≥ ε. However, if the Γ-action is not free then f is generally not Γ-expansive

Example 4.2.12. Let Z_2(κ) act on 3 = {−1, 0, 1} by κ(−1) = 1, κ(0) = 0. Let Λ = 3^Z denote the corresponding Z_2-equivariant full shift on three symbols. We can realize Λ as the basic set of a Z_2-equivariant diffeomorphism f : R^2→R^2, where Z_2 acts on R^2 as minus the identity map (see [22, §2, Example]). Let I^s, I^u denote open intervals, centered at zero, contained in the y- and x-axes respectively. We may suppose f is chosen so that W^s_ε (0) = I^s, W^u_ε (0) = I^u and f is linear on I^u × I^s. Let ρ > 0. We shall find a pair of Z_2-orbits whose iterates under f are always of distance less than ρ apart. Let y ∈ I^s, x ∈ I^u, where x, y > 0 and (x, ±y) ∈ Λ. Then (x, −y) ∈ W^s(x, y) and (−x, y) ∈ W^u(x, y). Choose N > 0 so that d(f^N (0, y), d^N (0, −y)) < ρ. Then choose x small so that f^n(±x, y) ∈ I^u × I^s, and d(f^n(x, y), f^n(−x, y)) < ρ, 0 ≤ n ≤ N. But then d(f^n(x, y), f^n(x, −y)) < ρ, n ≥ N. Since d(f^n(x, y), f^n(−x, y)) < ρ, n ≤ N, it follows that the distance between the Z_2-orbits of (x, y) and (x, −y) is always less than ρ. ♥

Remarks 4.2.13. (1) It follows from example 4.2.12 that the dynamics on the orbit space Λ/Γ will not usually be expansive. This has been observed previously [18]. Later, we consider to what extent shadowing properties hold on Λ/Γ. (2) If dynamics on the orbit space is not expansive and Λ is zero dimensional (equivalently, a subshift of finite type), then dynamics on Λ/Γ cannot be topologically conjugate to a subshift of finite type [47, Proposition 11.9] ♦

Using Theorem 4.2.8, we may extend a number of well-known results from ergodic theory to the equivariant context. As an example, we cite

Theorem 4.2.14 ([9]). Let Λ be a Γ-invariant hyperbolic basic set for the equivariant diffeomorphism f. Suppose that ϕ : Λ→R is Hölder and Γ-invariant. Then ϕ has a unique equilibrium state μ_ϕ, μ_ϕ is Γinvariant, ergodic and even Bernoulli if f|Λ is topologically mixing.

4.2.2. Markov partitions on Λ/Γ. Although every Γ-invariant Markov partition on Λ determines an equivariant symbolic dynamics on Λ, we cannot generally use the coding of f : Λ→Λ to determine a coding of f̃ : Λ/Γ→Λ/Γ. In order to do this, we require new conditions on Markov partitions.

Definition 4.2.15. Let Λ be a Γ-basic set. A Markov partition R for Λ is Γ-regular if

(a) Γ acts freely on R.

(b) If R, S ∈ R and f(R) ∩ S^∘ ≠ ∅ then f(R) ∩ γS^∘ = ∅ for all γ ≠ e. (c) For all γ ≠ e, R ∈ R, R ∩ γR ⊂ Λ_S.

Remark 4.2.16. Notice that it follows from (a) that R ∩ γR is contained in ∂R ∩ ∂(γR) for γ ≠ e. Combined with (c), this implies R ∩ γR ⊂ ∂R ∩ ∂(γR) ∩ Λ_S. ♦ The proof of the following lemma is a simple consequence of (b).

Lemma 4.2.17. Suppose that R is a Γ-regular Markov partition. Let A denote the associated 1-matrix. Then if a_{ij} = 1, a_{iγ(j)} = 0, for all γ ≠ e.

In the sequel, we refer to a 01-matrix possessing this property as Γ-regular.

We adopt some notational conventions that prove useful in the sequel. If X ⊂ Λ, we set p(X) = X̃. Thus, Λ̃ = Λ/Γ. If X̃ is a closed subset of Λ̃, we define X̃^σ = X̃ \ (Λ̃_S ∩ ∂X̃).

Associated to a Γ-regular Markov partition R of Λ we define R̃ = {R̃ = p(R) | R ∈ R}. Obviously R̃ is a cover of Λ/Γ and, since Γ acts on R, R̃^∘ ∩S̃^∘ = ∅ unless R = γS, some γ ∈ Γ. Note that R̃ \R̃^σ ⊂ ∂R̃.

Lemma 4.2.18. Let R̃ ∈ R̃. For each α ∈ R̃^σ, the sets W^s(α, R̃) = pW^s(x, R), W^u(α, R̃) = pW^u(x, R), are defined independently of the choice of R ∈ R, such that p(R) = R̃, and x ∈ R such that p(x) = α.

Proof. It follows from (c) that, once R is chosen, R ∩ α consists of a single point. The remainder of the statement follows trivially from equivariance. □ The same argument also proves

Lemma 4.2.19. Let R be Γ-regular. For each R̃ ∈ R̃, we have a well-defined continuous map [ , ] : R̃^σ × R̃^σ→R̃, characterized by [α, β] = W^s(α, R̃) ∩ W^u(β, R̃). In terms of the bracket on Λ, [α, β] = [x, y], where x ∈ R ∩ α, y ∈ R ∩ β and p(R) = R̃.

Since R is a Markov partition on Λ, it follows from the previous two lemmas that R̃ is a Markov partition on Λ/Γ. Specifically,

Proposition 4.2.20. If R is Γ-regular, then (1) ∪~_{R∈}~_RR̃ = Λ/Γ. (2) R̃^∘ = R̃, all R̃ ∈ R̃. (bs) α ∈ R̃, f̃(α) ∈ S̃^∘ ⇒ f̃(W^s(α, R̃)) ⊂ W^s(f̃(α), S̃). (bu) α ∈ R̃, f̃^{−1}(α) ∈ S̃^∘ ⇒ f̃^{−1}(W^u(α, R̃)) ⊂ W^u(f̃^{−1}(α), S̃).

Suppose that R is a Γ-regular Markov partition for the Γ-basic set Λ. Let A denote the associated 01 matrix A, and Σ_A ⊂ n^Z the corresponding subshift of finite type, where n is the number of rectangles in R. The next proposition uses condition (a) of our definition of Γ-regular Markov partition.

Proposition 4.2.21. Let R be a Γ-regular Markov partition for the Γ-basic set Λ. Denote the associated subshift of finite type by Σ_A ⊂ n^Z. There is a natural free action of Γ on Σ_A and the projection map π : Σ_A→Λ is Γ-equivariant.

Remark 4.2.22. Unlike what happens for Γ-invariant Markov partitions, π does not preserve isotropy type (unless the action of Γ on Λ is free). ♦

Lemma 4.2.23. Suppose that Σ_A ⊂ n^Z is the Γ-subshift of finite type defined by the Γ-regular 01-matrix A. Let ρ : n→ñ denote the corresponding orbit map (thus ñ = n/|Γ|). Then

(a) If we let Ã be the ñ × ñ 01 matrix defined by the condition Ã(i, j) = 1 if and only if there exist I, J ∈ n such that ρ(I) = i, ρ(J) = j, and A(I, J) = 1, then Σ_A/Γ ≈ Σ~_A.

(b) The orbit map p : Σ_A→Σ_A/Γ is given by

p((x_i)) = (ρ(x_i)), ((x_i) ∈ Σ_A).

Proof. A trivial exercise (cf Example 3.2.4). □

Proposition 4.2.24. Let R = {R_i | i ∈ I} be a Γ-regular Markov partition for the Γ-basic set Λ. Denote the associated subshift of finite type by Σ_A ⊂ n^Z. Let f̃ denote the induced homeomorphism induced by f on Λ/Γ. Set R̃ = {R̃_i = p(R_i) | i ∈ I}. Define π̃ : Σ~_A→Λ/Γ by

π̃((x̃_i)) = ∩_{i∈Z}f̃^{−i}(R̃_i).

Then

(a) π̃ : Σ~_A→Λ/Γ is a well defined Hölder continuous surjection.

In particular, π̃(x) consists of a single point for all x ∈ Σ~_A. (b) π̃ ∘ p = p ∘ π. Proof. Let (x̃_i) ∈ Σ~_A. Pick (x_i) ∈ Σ_A such that p((x_i)) = (x̃_i).

Define z = pπ((x_i)). Obviously, z is independent of the choice of (x_i). Further, since π((x_i)) = ∩_{i∈Z}f^{−i}(R_i), it follows that (x̃_i) = ∩_{i∈Z}f̃^{−i}(R̃_i). Hence, π̃ is a well-defined as a map and that π̃ ∘ p = p ∘ π. Since π and the orbit map p are surjective it follows that π̃ is surjective. It remains to prove that π̃ is Hölder continuous. Continuity is immediate. Since the action of Γ on Σ_A is free and Σ~_A is totally disconnected, it follows that the quotient p : Σ_A→Σ~_A admits a global Hölder continuous section ξ. But then π̃ = p ∘ πξ is a composite of Hölder continuous maps. □

Remark 4.2.25. Note that the conclusion of the Proposition holds under the assumption that R satisfies conditions (a,b). Of course, if (c)

4.3. EXAMPLES OF SYMMETRIC HYPERBOLIC BASIC SETS: Γ FINITE 41

Figure 1. Γ-invariant & Γ-regular Markov partitions

fails, then we will not generally be able to define a bracket operation on the sets R̃^σ. ♦

Example 4.2.26. We continue with the assumptions of Example 4.2.12. In Figure 1 (A), we show a Γ-invariant Markov partition for Λ ⊂ R^2. We have labeled the proper rectangles a, . . . , A, where X is the symmetric image of the rectangle x. We display a generating set of relations for the 01 matrix. Note that, by Γ-equivariance, (x, y) = 1 if and only if (X, Y ) = 1. This partition is not Γ-regular. For example, we have (b, d) = (b, D) = 1. In Figure 1 (B), we show a refined Γ-invariant Markov partition for Λ which is Γ-regular. Note that we could replace M, N and m, n by the two rectangles M ∪ N and m ∪ n and still have Γ-regularity. ♥

4.3. Examples of symmetric hyperbolic basic sets: Γ finite

We describe two classes of examples of symmetric hyperbolic sets. The first class comprises an equivariant version of the Smale horseshoe, the second a class of equivariant solenoids.

4.3.1. Equivariant horseshoes. We follow the notation of section 3.2. Our first result [22], shows that equivariant subshifts of finite type can be realized as indecomposable pieces of the omega set of equivariant Axiom A diffeomorphisms.

Theorem 4.3.1 ([22, §7]). Let A ∈ M(n)^Γ and (X_A, σ) be the associated subshift of finite type. Then we may construct a compact

Γ-manifold M and smooth Γ-equivariant diffeomorphism f : M→M such that

(a) f satisfies Axiom A.

(b) There is a compact Γ- and f-invariant hyperbolic subset Z of Ω(f) such that Z is a union of pieces from the spectral decomposition of Ω(f) and f|Z : Z→Z is Γ-equivariantly conjugate to (X_A, σ).

Remark 4.3.2. We may take M to be the unit sphere in an appropriate representation of Γ. ♦

4.3.2. Equivariant attractors. We review the results of Field et al [28] on the existence of symmetric hyperbolic attractors. We emphasize the case of diffeomorphisms, though the results have analogues for flows.

Let Λ be a compact subset of the Γ-manifold M. The symmetry group of Λ is the subgroup Γ_Λ of Γ leaving Λ invariant.

Theorem 4.3.3 ([28, Theorem 4.7]). Suppose that M is a connected Γ-manifold, dim(M) ≥ 4. Let M_0 denote the set of points with trivial isotropy type and assume that M_0 ≠ ∅. Let H be a subgroup of Γ which fixes a connected component of M_0. There exists a smooth Γ-equivariant diffeomorphism f of M such that f has a connected hyperbolic basic attractor A ⊂ M_0 with Γ_A = H. An analogous result for flows holds if dim(M) ≥ 5.

Remark 4.3.4. Using the methods of [28, §6], it is possible to construct hyperbolic attractors supported on orbit strata other than the principal stratum. Although this is not explicitly done in [28, §6], it is also possible to construct attractors which contain points of more than one isotropy type. We give a simple example below. We refer to [31] for an example of a non-uniformly hyperbolic Z_2-invariant attractor. ♦

Example 4.3.5. We recall that the classical solenoid S_2 is defined as the inverse limit of the expanding map f : S^1→S^1, f(θ) = 2θ [75]. Let Z_2 act on R^3 as (x, y, z) → (x, −y, −z). We show that S_2 can be realized as a hyperbolic Z_2-invariant attractor of a Z_2-equivariant diffeomorphism of R^3 and that the action of Z_2 on S_2 is not free.

The map f is obviously equivariant with respect to the Z_2-action on S^1 defined by θ → −θ. The Z_2-action lifts to the action on S_2 defined by (θ_0, θ_1, . . .) → (−θ_0, −θ_1, . . .). The fixed point set of this action is {0^pπ^∞ | p ≥ 0} ∪ {0^∞} (0^p denotes 0 repeated p times).

Let D = {z ∈ C | |z| ≤ 1} and set T = D × S^1 (the solid torus). We define a Z_2 action on T by (z, θ) → (z̄, −θ) and note that T equivariantly embeds in R^3 – the ‘core’ of the torus map be mapped to the unit circle in the (x, y)-plane. If we define F : T→T by F (z, θ) = (^z_4 +^1_2 exp(ıθ), 2θ), then F is a Z_2-equivariant embedding. Let Λ = ∩_{n≥0}F^n(T). The compact set Λ is a hyperbolic F - and Z_2-invariant subset of T. There is a Z_2-equivariant homeomorphism χ : S_2→Λ such that F χ = χf̂, where f̂ : S_2→S_2 is the homeomorphism of S_2 induced by f. Finally, the map F : T→T is Z_2-equivariantly isotopic in R^3 to the identity map of T and so extends by the equivariant isotopy theorem to a smooth Z_2-equivariant diffeomorphism of R^3 (we refer to [29] for more details on this construction). ♥

4.4. Existence of Γ-regular Markov partitions

Our aim in this section is to prove the following basic result.

Theorem 4.4.1. Let f : Λ→Λ be a Γ-basic set, Γ-finite. Let ε > 0 and suppose that the subset Λ_Π ⊂ Λ of points with trivial isotropy is open and dense in Λ. Then Λ admits a Γ-regular Markov partition M with mesh(R) < ε.

Proof. Our proof of Theorem 4.4.1 depends on constructing a refinement of a Γ-invariant Markov partition of Λ.

It follows from Theorem 4.2.6 that we may choose a Γ-invariant Markov partition R of Λ such that mesh(R) < ε. Let Λ_S = Λ ∩ M_S denote the set of singular Γ-orbits in Λ. Define

R^1 = {R ∈ R | R ∩ Λ_S ≠ ∅}, R^2 = R \ R^1.

It follows from Theorem 4.2.9 that R^2 ≠ ∅.

Since R is a Γ-invariant Markov partition, Γ acts freely on R^2 and γR ∩ R = ∅, γ ≠ e, R ∈ R^2. Refining rectangles in R^2 if necessary, we can always assume that if S, T ∈ R^2 and f(S^∘) ∩ R^∘ ≠ ∅ then f(S^∘) ∩ γR^∘ = ∅, γ ≠ e. Let R^1 = ∪_{R∈R}1 R. Set U = R^1 \ ∪_{x∈ΛS} (W^s_{loc}(x) ∪ W^u_{loc}(x)). Using either the symbolic dynamics provided by R or the local product structure, it is easy to verify that U is an open and dense Γ-invariant subset of R^1. Provided ε > 0 is sufficiently small, given any x ∈ U, there exist smallest N = N(x), M = M(x) > 0 such that f^i(x) ∈ U, −M < i < N, and f^N (x), f^{−M} (x) /∈ R^1.

Fix R ∈ R^1, S, T ∈ R^2. For m, n ∈ N , define the following open subsets of R^∘: R(S)^∘_m = {x ∈ R^∘ ∩ U | m = M(x), f^{−M(x)}(x) ∈ S^∘}, R(T )^∘_n = {x ∈ R^∘ ∩ U | n = N(x), f^{N(x)}(x) ∈ T^∘}, R(S, T )^∘_{m,n} = R(S)^∘_m ∩ R(T )^∘_n.

Set R(S)^{∘∘} = ∪_{m≥1}R(S)^∘_m, R(T )^{∘∘} = ∪_{n≥1}R(T )^∘_n, R(S, T )^{∘∘} = R(S)^{∘∘} ∩ R(T )^{∘∘}, = ∪_{m,n≥1}R(S, T )^∘_{m,n}, = {x ∈ R^∘ ∩ U | f^{−M(x)}(x) ∈ S^∘, f^{N(x)}(x) ∈ T^∘}. Let R(S) denote the closure (in Λ) of R(S)^{∘∘}. We similarly define R(T ) and R(S, T ). Note that R(S, T ) contains R(S, T )^{∘∘} as an open and dense set and that, in general, R(S, T )^∘ ⊋ R(S, T )^{∘∘}.

Lemma 4.4.2. Let R ∈ R^1, S, T ∈ R^2. If x ∈ R^∘, f^{−M(x)} ∈ S^∘, f^N (x) ∈ T^∘, then for each i, −M < i < N, there exists a unique P_i ∈ R^1 such that f^i(x) ∈ P^∘_i .

Proof. Suppose there exists i, −M < i < N, such that f^i(x) ∈ ∂P . Since ∂P = ∂^sP ∪ ∂^uP , it follows that either f^i(x) ∈ ∂^sP or f^i(x) ∈ ∂^uP . Suppose that i > 0 and f^i(x) ∈ ∂^uP . It follows from (4.2) that x ∈ ∂^uR, contradicting our assumption that x ∈ R^∘. The other cases are similarly excluded. □ Lemma 4.4.3. Let R ∈ R^1, S, T ∈ R^2. If x ∈ R^∘, f^{−M} (x) ∈ S^∘, f^N (x) ∈ T^∘ then W^s(x, R^∘) ⊂ R(T )^∘, (4.4) W^u(x, R^∘) ⊂ R(S)^∘, (4.5) f^N (W^s(x, R(T )) ⊂ W^s(f^N (x), T ),

(4.6) f^{−M} (W^u(x, R(S))) ⊂ W^u(f^{−M} (x), S). (4.7)

Proof. It follows from Lemma 4.4.2, that for each i ∈ {1, N − 1}, there exists a unique P_i ∈ R^1 such that f^i(x) ∈ P^∘_i . But then f(W^s(f^i(x), T^∘_i )) ⊂ W^s(f^{i+1}(x), T^∘_{i+1}).

Hence f^N (W^s(x, R^∘) ⊂ W^s(f^N (x), T^∘), proving (4.4). The proofs of the remaining statements are similar and omitted. □ Lemma 4.4.4. Let R ∈ R^1, S, T ∈ R^2 and suppose R(S, T ) ≠ ∅.

Then R(S, T ) is a rectangle.

Proof. Since [ , ] is continuous, it suffices to prove that for all x, y ∈ R(S, T )^{∘∘}, [x, y] ∈ R(S, T ). Suppose then that x ∈ R(S, T )^∘_{m,n}, y ∈ R(S, T )^∘_{p,q}. Necessarily, x ∈ R(T )^∘_n, y ∈ R(S)^∘_p. Hence, by Lemma 4.4.3, [x, y] ∈ R(S, T )^∘_{p,n} ⊂ R(S, T ). Finally, since R(S, T )^{∘∘} is an open and dense subset of R(S, T )^∘, it is obvious that R(S, T )^∘ = R(S, T ). □ The next lemma follows trivially from our definitions.

Lemma 4.4.5. Let R ∈ R^1. (1) ∪_{S,T ∈R2} R(S, T ) = R. (2) If x ∈ R(S, T )^∘_{m,n}. If n > 1, there exists a unique R^′ ∈ R^1 such that f(x) ∈ R^′(S, T )^∘_{m+1,n−1}. If m > 1, there exists a unique R^{′′} ∈ R^1 such that f^{−1}(x) ∈ R^{′′}(S, T )^∘_{m−1,n+1}.

Lemma 4.4.6. Let R, R^′, R^{′′} ∈ R^1, S, T ∈ R^2.

(s) If x ∈ R(S, T ) and f(x) ∈ R^′(S, T )^∘, then x ∈ R(S, T )^∘ and f(W^s(x, R(S, T )) ⊂ W^s(f(x), R^′(S, T )). (s) If x ∈ R(S, T ) and f^{−1}(x) ∈ R^{′′}(S, T )^∘, then x ∈ R(S, T )^∘ and f^{−1}(W^u(x, R(S, T ))) ⊂ W^u(f^{−1}(x), R^{′′}(S, T )). Proof. Let f(x) ∈ R^′(S, T )^{∘∘}. It follows from Lemmas 4.4.3, 4.4.5 that x ∈ R(S, T )^{∘∘} and f(W^s(x, R(S, T )) ⊂ W^s(f(x), R^′(S, T )). If f(x) ∈ R^′(S, T )^∘, then f(x) ∈ (R^′)^∘ and so x ∈ R^∘. For some choice of p, q > 0, choose a sequence x_n→x such that x_n ∈ R(S, T )^∘_{p,q}, f(x_n) ∈ R^′(S, T )^∘_{p+1,q−1}. By the previous argument, we have f(W^s(x_n, R(S, T ))) ⊂ W^s(f(x_n), R^′(S, T )). Now let n→∞, proving (s). The proof of (u) is similar. □

Remark 4.4.7. If, in the proof of Lemma 4.4.6, x ∈ R^∘, f(x) ∈ S, it is not generally true that f(W^s(x, R)) ⊂ W^s(f(x), S). However, this implication does follow if there exists a sequence x_n→x such that (f(x_n)) ⊂ S^∘ (see, for example, [38, proof of Lemma 18.7.6]). ♦

Lemma 4.4.8. Let R ∈ R^1, S, T ∈ R^2, and γ ≠ Γ. (1) γR(S, T ) = (γR)(γS, γT ). (2) R(S, T ) ∩ γR(S, T ) ⊂ Λ_S . Proof. It follows immediately from the definition of R(S, T )^∘_{m,n} that γR(S, T )^∘_{m,n} = {γx ∈ γR | f^{−m}(x) ∈ S^∘, f^n(x) ∈ T^∘}. Setting γx = y and using the Γ-invariance of the functions M(x), N(x), f and the partition R, it follows easily that γR(S, T )^∘_{m,n} = (γR)(γS, γT )^∘_{m,n}. Hence γR(S, T )^{∘∘} = (γR)(γS, γT )^{∘∘} and, taking closures, (1) follows. Let γ ∈ Γ and suppose x ∈ R(S, T ) ∩ γR(S, T ) \ Λ_S . Then there exists m ∈ Z, such that f^m(x) ∈ S ∪ T , and |m| is minimal for this property. Without loss of generality, suppose m > 0 and so f^m(x) ∈ T . If x ∈ γR(S, T ), then f^m(x) ∈ γT . Since T ∈ R^2, γT ∩ T ≠ ∅ if and only γ = e, proving (2). □

Lemma 4.4.9. Let S, T ∈ R^2. Suppose that x ∈ S^∘, f(x) ∈ R(S, T )^∘. Then (s) f(W^s(x, S)) ⊂ W^s(f(x), R(S, T )).

(u) f^{−1}(W^u(f(x), R(S, T ))) ⊂ W^u(x, S).

The corresponding inclusions hold if x ∈ R(S, T )^∘, f(x) ∈ T^∘.

Proof. Suppose first that f(x) ∈ R(S, T )^{∘∘}. There exists p > 0 such that f^p(x) ∈ T^∘. Since R is a Markov partition, f^p(W^s(x, R) ⊂ W^s(f^p(x), T ) and so we have f(W^s(x, S)) ⊂ W^s(f(x), R(S, T )). If we only have f(x) ∈ R(S, T )^∘, we follow the argument of Lemma 4.4.6. The proof of (u) is immediate since f^{−1}(W^u(f(x), R)) ⊂ W^u(x, S). □ Let R^{12} = {R(S, T ) | R ∈ R^1, S, T ∈ R^2, R(S, T ) ≠ ∅}. It follows from Lemmas 4.4.4, 4.4.5, 4.4.6, 4.4.9 that M^′ = R^{12} ∪ R^2 is a Markov partition on Λ. However, M^′ will not generally satisfy condition (b) for Γ-regular partitions. However, it follows from Lemma 4.4.8 that condition (b) is satisfied for all rectangles in R^{12}.

To complete the proof of Theorem 4.4.1 it suffices to refine the partition R^2. To this end, we define for each R ∈ R^1, S, T ∈ R^2 S(R; T ) = {x ∈ S^∘ | f(x) ∈ R(S, T )^∘}, T ∈ R^2, R ∈ R^1, S_Δ = S \ ∪_{T ∈R}2_{,R∈R}1 S(R; T ). It is a routine exercise to verify that the sets S(R; T ), S_Δ are rectangles. Obviously S_Δ ∪_{R,T} S(R; T ) = S, for all S ∈ R^2. Let R^{21} = {S(R; T ), S_Δ | S, T ∈ R^2, R ∈ R^1}. It is straightforward to verify that the Markov intersection conditions hold between rectangles in R^{21} and rectangles in R^{12} ∪ R^{21}. Hence R^{12} ∪ R^{21} = M is a Markov partition. It follows from our constructions that M is Γ-regular.

CHAPTER 5

Transversally hyperbolic sets

Henceforth, we assume Γ is a non-finite compact Lie group acting smoothly on M. We follow the notations of 3.1.3.

5.1. Transverse hyperbolicity

Definition 5.1.1. Let M be a riemannian Γ-manifold and f ∈ Diff_Γ(M). A compact f- and Γ-invariant subset Λ of M is transversally hyperbolic for f if the following conditions hold.

(a) All Γ-orbits in Λ have dimension equal to the dimension of Γ. (b) There exists a Tf-invariant splitting E^s ⊕E^u ⊕T_Λ of T_ΛM into continuous subbundles, and constants c, C > 0, λ > 1 > μ, such that for all n ∈ N , ‖T_xf^n(v)‖ ≤ cμ^n‖v‖, (v ∈ E^s_x, x ∈ Λ) (5.1) ‖T_xf^n(v)‖ ≥ Cλ^n‖v‖, (v ∈ E^u_x, x ∈ Λ) (5.2)

Remarks 5.1.2. (1) A transversally hyperbolic set is partially hyperbolic in the sense of Brin & Pesin [13] (see also Pugh & Shub [65] and Lemma 5.1.3 below). We prefer the use of the term ‘transversally hyperbolic’ because the Γ-action automatically implies a highly regular center foliation (by Γ-orbits). The existence of a center foliation is not assumed in the definition of partial hyperbolicity. Indeed, a partially hyperbolic set may have no center foliation. (2) Condition (a) of Definition 5.1.1 is equivalent to requiring that all points in Λ have finite isotropy group. In fact, all the results of this section continue to hold if we weaken (a) to require only that all Γ-orbits of points in Λ have the same dimension (see Remark 3.1.5). ♦

Lemma 5.1.3. Suppose that Λ is transversally hyperbolic for f and let E^s ⊕ E^u ⊕ T_Λ denote the corresponding splitting of T_ΛM.

(a) We may choose a smooth Γ-equivariant riemannian metric on M with respect to which T f : T_Λ→T_Λ is an isometry: ‖T f(v)‖ = ‖v‖, (v ∈ T_Λ). (b) E^s, E^u are unique, Hölder continuous and Γ-invariant subbundles of T_ΛM.

Proof. Granted (a), the asymptotic estimates (5.1,5.2) easily yield the uniqueness of the splitting. Similarly, the Γ-invariance of the splitting follows from (5.1,5.2) and the Γ-equivariance of f. For the Hölder continuity of the bundles see, for example, [38, Chapter 19, §1]. It remains to prove (a). Fix a riemannian metric on Γ which is invariant by left and right translations. This metric induces a metric on Γ/H for all closed subgroups H of Γ. In particular, if dim(Γx) = dim(Γ) = g for all x ∈ Λ, we may define a smooth family {d_α|α ∈ M(g)/Γ} of riemannian metrics on the Γ-orbits in M(g). Each metric d_α depends only on our original choice of metric on Γ. A straightforward partition of unity argument shows that we can construct a smooth Γ-invariant riemannian metric d on M such that for every Γ-orbit α in Λ, d|α extends d_α (view d, d_α as symmetric tensor fields on M, α respectively). In particular, α will be a totally geodesic submanifold of M for all α ∈ Λ/Γ. With this choice of metric, d(f(γx), f(ηx)) = d(γx, ηx) for all x ∈ Λ, η, γ ∈ Γ. Hence, T f induces an isometry of T_Λ. □ Later we shall need results that imply a partially hyperbolic set is transversally hyperbolic. Before stating our main result, we need some preliminary definitions.

Suppose that f ∈ Diff_Γ(M) and Λ is a compact f- and Γ-invariant subset of the riemannian Γ-manifold M. Let E^s ⊕ E^u ⊕ C be a T finvariant splitting of T_ΛM into continuous subbundles.

For n ≥ 1, define

p_n = inf_{x∈Λ} inf_{‖v‖=1} ‖T^n_x f(v)‖, P_n = sup_{x∈Λ} sup_{‖v‖=1} ‖T^n_x f(v)‖.

The constants p_n, P_n measure the strongest contraction and expansion of T f^n|C. Define

(5.3) p = lim inf p^{1n}n , P = lim sup P^{1n}n .

It follows from the definition of p, P that there exist constants a, A > 0 such that ap^n‖v‖ ≤ ‖T^nf(v)‖ ≤ AP^n‖v‖, (v ∈ C, n ∈ N ). Definition 5.1.4. A splitting E^s ⊕ E^u ⊕ C of T_Λ is partially hyperbolic if we can find λ > 1 > μ satisfying (5.1,5.2) and (5.4) λ > P > p > μ, where P, p are defined by (5.3).

Remarks 5.1.5. (1) It follows from (5.1,5.2,5.4) that if E^s ⊕E^u ⊕C is a partially hyperbolic splitting, then E^s, E^u and C are Γ-invariant subbundles of T_ΛM. (2) It follows from Lemma 5.1.3 that if Λ is

5.1. TRANSVERSE HYPERBOLICITY 49

transversally hyperbolic, P = p = 1 and so the corresponding splitting is automatically partially hyperbolic. (3) In Definition 5.1.4, we have followed the definition of Pugh & Shub [65]. For the more general (and widely adopted) definition of Brin & Pesin, we refer to [13]. ♦

Proposition 5.1.6. Suppose that M be a riemannian Γ-manifold and f ∈ Diff_Γ(M). Let Λ be a compact f- and Γ-invariant subset of M and E^s ⊕ E^u ⊕ C be a partially hyperbolic splitting for T_ΛM. Let d = min_{x∈Λ} dim(Γx). If d is greater than or equal to the fiber dimension D of C, then C = T_Λ. In particular, if dim(Γ) = D, then Λ is transversally hyperbolic for f.

Proof. It is enough to prove that C = T_Λ. Let Λ_d = M(d) ∩ Λ. Then Λ_d is a non-empty compact Γ- and f-invariant subset of Λ. Just as in the proof of Lemma 5.1.3, we may choose a smooth Γ-invariant riemannian metric on M relative to which T f restricts to an isometry of T_{Λd} . It follows from (5.1,5.2) that C|Λ_d = T_{Λd} . Suppose Λ_d ≠ Λ. Let α = Γx ⊂ Λ \ Λ_d be a Γ-orbit of dimension d^′ > d. Suppose there exist δ^′ > 0 and a sequence (n_i) ⊂ N such that d(f^{ni} (α), Λ_d) ≥ δ^′. Just as in the proof of Lemma 5.1.3, we can fix a metric on Γ and choose a smooth Γ-equivariant riemannian metric on M such that all Γ-orbits in M(d^′) distance at least δ^′ from Λ_d have metric induced from that on Γ. Consequently, f^{ni} : α→f^{ni} (α) will be an isometry. Choosing a vector v ∈ T α \ C|α, we obtain a contradiction using (5.1,5.2). A similar argument applies if there exist δ^′ > 0 and a sequence (n_i) ⊂ N such that lim_i→_{−∞} d(f^{ni} (α), Λ_d) ≥ δ^′. If neither of these conditions hold, we can choose a sequence (n_i) ⊂ Z such that lim_i→_{±∞} d(f^{ni} (α), Λ_d) = 0. Set F = (E^s_x ⊕ E^u_x) ∩ T_x. Since d^′ > d, dim(F ) ≥ 1. Set F_i = T^{ni}_x f(F ), x_i = f^{ni} (x), i ∈ Z. Either F ⊂ E^s_x or not. If not, then as i→ + ∞, the angle between E^u_{xi} and F_i goes to zero. But this implies that f^{ni} is stretching directions along group orbits as i→∞ and f^{ni} (α) approaches Λ_d which is absurd. If F ⊂ E^s_x then the same argument applies with f replaced by f^{−1}. Hence Λ_d = Λ. □

5.1.1. Examples of transversally hyperbolic sets. The simplest examples of transversally hyperbolic sets are provided by invariant group orbits of diffeomorphisms.

Example 5.1.7. Suppose that α is an invariant Γ-orbit for f. Then α is normally hyperbolic if and only if α is transversally hyperbolic for f. A similar result holds if α is invariant by some power of f. We refer to [20, §3] for details. ♥

Most of our examples of transversally hyperbolic sets are based on the twisted product construction described in Examples 2.1.2(4).

Suppose that H is a finite subgroup of Γ and P is a smooth Hmanifold. Let f ∈ Diff_H (P ) and suppose that X is a compact Hinvariant hyperbolic subset of P . Denote the associated Tf-invariant hyperbolic splitting of T_X P by E^s ⊕ E^u.

Define M = P ×_H Γ and Λ = X ×_H Γ. Let F = f_e ∈ Diff_Γ(M), where e is the ‘identity’ cocycle.

Lemma 5.1.8. The set Λ ⊂ M is transversally hyperbolic for F .

Proof. Regard X and P as equivariantly embedded in M by the map ι(x) = [x, e], x ∈ P . Since X is an H-invariant hyperbolic subset of P , we have a splitting T_X P = E^s ⊕ E^u, where E^s, E^u are continuous H-invariant subbundles of T_X P . The bundles E^s, E^u extend Γ-equivariantly to Λ and E^s ⊕E^u ⊕T_Λ = T_ΛM is the required transversally hyperbolic splitting for F . □

5.2. Properties of transversally hyperbolic sets

Assume that a fixed choice of smooth Γ-invariant riemannian metric has been made for M. Let d( , ) denote the associated Γ-invariant metric on M.

The results we describe often follow from general results in [37, §7]. However, we sometimes give direct (simple) proofs that use the presence of the group action and the smooth foliation by group orbits.

The stable manifold theory for transversally hyperbolic sets follows from straightforward equivariant versions of the results in [37] (see also [20, 13]). Specifically, suppose that α ⊂ Λ is a Γ-orbit. There exist equivariantly smoothly immersed stable and unstable manifolds W^s(α), W^u(α) for Λ through α. Along α, the stable manifold is tangent to E^s ⊕ T, the unstable manifold to E^u ⊕ T. In particular, W^s(α) intersects W^u(α) transversally along α. Let ε > 0 and define local stable and unstable manifolds through α by W^s_ε (α) = {y ∈ W^s(α) | d(f^n(α), f^n(y)) ≤ ε, n ∈ N }, W^u_ε (α) = {y ∈ W^u(α) | d(f^{−n}(α), f^{−n}(y)) ≤ ε, n ∈ N }. Both W^s_ε (α) and W^u_ε (α) will be embedded Γ-invariant submanifolds of M, depending continuously on α ⊂ Λ. For sufficiently small ε > 0, the intersection of W^s_ε (α) and W^u_ε (α) will consist of a finite number of Γ-orbits, all Γ-orbits α (obviously, for a specific orbit α, we can choose ε > 0 such that W^s_ε (α) ∩ W^u_ε (α) = α).

Unless the action of Γ on Λ is free, it is not possible to remove the condition y ∈ W^{s/u}(α) from the definitions of the local stable and unstable manifolds of α.

5.2. PROPERTIES OF TRANSVERSALLY HYPERBOLIC SETS 51

Example 5.2.1. Let Λ ⊂ R_2 denote the Z_2(κ)-invariant full shift on the symbols {−1, 0, 1} as described in Example 4.2.12. If (x_i), (y_i) ∈ Λ, we define d((x_i), (y_i)) to be 2^{−j}, where j is the smallest positive integer such either that x_j = y_j, or x_{−j} = y_{−j}. Given ε > 0, choose p ∈ N such that 2^{−p} < ε and set m = 2p + 1. Consider x ∈ Λ of the form x = . . . a_n0_{mn} a_{n+1} . . . , where

(a) 0_{mn} is a string of m_n zeros, where m_n ≥ m, all n ∈ Z. (b) Each a_n is a non-empty finite string of nonzero symbols.

Set κa_n = ā_n and note that ā_n ≠ a_n. Let y = . . . b_n0_{mn} b_{n+1} . . ., where b_n ∈ {a_n, ā_n}. It follows by our construction that d(σ^jy, Z_2σ^j x) < ε, j ∈ Z. However, for ‘most’ choices of y, y /∈ W^s(Z_2x) ∩ W^u(Z_2x). ♥

Proposition 5.2.2. For sufficiently small ε > 0, independent of α, W^s_ε (α) = {y | ∃x ∈ α, d(f^n(x), f^n(y)) ≤ ε, n ∈ N }, W^u_ε (α) = {y | ∃x ∈ α, d(f^n(x), f^n(y)) ≤ ε, −n ∈ N }. Proof. The proof is similar to that of the corresponding result when there is no group action. □ The invariant manifolds of Γ-orbits are foliated by the strong stable and unstable manifolds in the usual way. Thus, if x ∈ α, the strong stable manifold of x is W^{ss}(x) = {y ∈ W^s(α) | d(f^n(x), f^n(y))→0, n→∞}. We have W^{ss}(γx) = γW^{ss}(x), (x ∈ α, γ ∈ Γ), W^s(α) = ∪_{x∈α}W^{ss}(x). We similarly define the strong unstable foliation {W^{uu}(x) | x ∈ α} of W^u(α). We have T_xW^s(x) = E^s_x, T_xW^u(x) = E^u_x. For all x ∈ Λ, W^{ss}(x) intersects W^u(Γx) transversally at x. Similarly, W^{uu}(x) intersects W^s(Γx) transversally at x. For ε > 0, and x ∈ α, we define W^{ss}_ε (x) = W^s_ε (α) ∩ W^{ss}(x), W^{uu}_ε (x) = W^u_ε (α) ∩ W^{uu}(x).

Remark 5.2.3. If x ∈ α, y ∈ M and d(f^n(x), f^n(y)) ≤ ε, n ∈ N , there exists x^′ ∈ α, d(x, x^′) ≤ ε, such that y ∈ W^{ss}(x^′) (Proposition 5.2.2). ♦

The next result will be useful when we define local product structures for transversally hyperbolic sets.

Proposition 5.2.4. Let Λ be transversally hyperbolic. We may choose a, ε > 0 and an open neighborhood A of e ∈ Γ such that if we define U = {(x, y) ∈ Λ^2 | d(x, y) < a} then there exist Hölder continuous maps [[ , ], [ , ]] : U→M and ρ_u, ρ_s : U→A such that for all

(x, y) ∈ U, [[x, y] = W^{ss}_ε (x) ∩ W^{uu}_ε (ρ_u(x, y)y), = W^{ss}_ε (x) ∩ W^u_ε (Ay), [x, y]] = W^{ss}_ε (ρ_s(x, y)x) ∩ W^{uu}_ε (y), = W^s_ε (Ax) ∩ W^{uu}_ε (y). Proof. For s > 0, let A denote the open d_Γ s-disk neighborhood of e ∈ Γ. For x ∈ Λ, r > 0, let N_x denote the orthogonal complement of T_xΓx in T_xM and D_x(r) denote the open r-disk, center 0 in N_x. Set D_x = exp(D_x(r)). Then we may choose r > 0, such that for all x ∈ Λ and y ∈ D_x, Γy ⋔ D_x and the intersection consists of finitely many points. Since the disks D_x are transverse to group orbits and all isotropy groups are finite, we may choose s > 0 sufficiently small so that D_x ∩ D_{γx} = ∅, for all γ ∈ A \ {e}, x ∈ Λ. Just as in the case when there is no group action, we may choose a, ε > 0 such that if U = {(x, y) ∈ Λ^2 | d(x, y) < a}, then for all (x, y) ∈ U, W^{ss}_ε (x) ⋔ W^u_ε (Ay), W^s_ε (Ay) ⋔ W^{uu}_ε (x) and both intersections consist of a single point contained in A(S_x). It follows from standard results on transversality that W^{ss}_ε (x) ∩ W^u_ε (Ay) = W^{ss}_ε (x) ∩ W^{uu}(ρ_u(x, y)y), where ρ_u(x, y) ∈ A depends continuously on (x, y) ∈ U. Similarly for the other intersection. Finally, for the Hölder continuity statement, we refer to [38, Chapter 19]. □

Remark 5.2.5. In general, if (x, y) ∈ U then W^{ss}_ε (x) ∩ W^u_ε (Γy) will consist of more than one point. The number of points in the intersection will be bounded by the maximal order of isotropy group for the action of Γ on Λ. Points in W^{ss}_ε (x) ∩ W^u_ε (Γy) will lie on distinct Γ-orbits. ♦

In the sequel we adopt the following convention. Whenever we write W^{s/u}ε (Γx) or W^{ss/uu}_δ (x), we always assume that ε, δ > 0 are chosen sufficiently small so that the conditions of Proposition 5.2.4 are satisfied.

5.3. Γ-expansiveness

Let ρ > 0 and let A_ρ denote the closed ρ-disk, center e, in Γ. Set P_ρ = {A_ρ(x) | x ∈ Λ}. We regard P_ρ as a plaquation of Λ (strictly, of the associated lamination of Λ [37, §7]).

We recall that a sequence x = (x_i)^∞_{i=−∞} ⊂ M is an α-pseudo-orbit if d(x_{i+1}, f(x_i)) < α, (i ∈ Z). Definition 5.3.1 (cf [37, §7]). We say that an α-pseudo-orbit x respects P_ρ if f(x_i) ∈ A_ρ(x_{i+1}), all i.

5.4. STABILITY PROPERTIES OF TRANSVERSALLY HYPERBOLIC SETS 53

Definition 5.3.2 (cf [37, §7]). The map f : Λ→Λ is Γ-expansive if there exist α, ρ > 0 such that if x, y are α-pseudo-orbits respecting P_ρ, and d(x_i, y_i) < ε, all i, then x_i ∈ A_ρ(y_i), all i. In particular, x, y determine the same sequence in Λ/Γ.

Theorem 5.3.3. If Λ is transversally hyperbolic then f : Λ→Λ is Γ-expansive.

Proof. In the terminology of [37], f : Λ→Λ is 0-normally hyperbolic to the lamination of Λ by Γ-orbits. Since this lamination is trivially smoothable, the result follows from [37, Theorem 7.4]. Alternatively, it is easy to give a simple direct proof. □

Corollary 5.3.4. Let Λ be transversally hyperbolic. There exist an open Γ-invariant neighborhood U of Λ in M and constants β, ρ > 0 such that whenever x ∈ Λ, y ∈ U and there exists a sequence (τ_n) ⊂ Γ such that for all n ∈ Z we have

(a) d_Γ(τ_n, τ_{n+1}) < ρ, (b) d(f^n(x), τ_nf^n(y)) < β, then y ∈ Γx.

Proof. Our condition on y implies that the f-orbit of y stays close to Λ. Just as in [38, Proposition 6.4.6], we may choose an open Γ-invariant neighborhood U of Λ such that if Λ^′ = ∩_{n∈Z}f^n(Ū), then T_Λ′ has a partially hyperbolic splitting. It follows from Proposition 5.1.6 that Λ^′ is transversally hyperbolic. Hence it is no loss of generality to take Λ = Λ^′ and assume that y ∈ Λ. Now apply Theorem 5.3.3 with x_i = f^i(x), y_i = τ_if^i(y), i ∈ Z. □

5.4. Stability properties of transversally hyperbolic sets

In 5.8, we give a sufficient condition for the persistence of transversal hyperbolicity under perturbations within Diff_Γ(M). For now we just verify stability of transversal hyperbolicity under perturbations by elements of D_I (M).

Let f ∈ Diff_Γ(M) and Λ be a compact f- and Γ-invariant subset of M. We define the linear isomorphism f_⋆ : C^0_Γ(T_ΛM)→C^0_Γ(T_ΛM) by f_⋆(X) = Tf ∘X∘f^{−1}, X ∈ C^0_Γ(T_ΛM). Observe that f_⋆(T^0(Λ)) = T^0(Λ). If all Γ-orbits in Λ are of dimension equal to that of Γ, then we can choose a Γ-invariant riemannian metric on M so that T f restricts to an isometry on T_Λ. It follows that the spectrum of f_⋆|T^0(Λ) lies on the unit circle.

Proposition 5.4.1. Let f, Λ be as above and suppose that all Γorbits in Λ have dimension g = dim(Γ). Then Λ is transversally hyperbolic if and only if there exists a splitting T^0(Λ) ⊕ K of C^0_Γ(T_ΛM)

with respect to which f_⋆ has matrix ( A B 0 F ) , where A has spectrum

on the unit circle and the spectrum of F : K→K is disjoint from the unit circle.

Proof. The proof is a straightforward equivariant generalization of the corresponding well-known characterization of hyperbolic sets (no group action). (See also [23, §2]). □

Theorem 5.4.2. Let f ∈ Diff_Γ(M) and suppose that Λ ⊂ M is compact and f- and Γ-invariant. If there exists g ∈ D_f (M) such that Λ is transversally hyperbolic for g, then Λ is transversally hyperbolic for all h ∈ D_f (M).

Proof. Without loss of generality, suppose Λ is transversally hyperbolic for f. Let g = η ∘ f, η ∈ D_I (M). A straightforward computation verifies that g_⋆ satisfies the hypotheses of Proposition 5.4.1. □

Example 5.4.3 (Skew products). Let M be a trivial Γ-manifold and consider the skew product M × Γ. Given f ∈ Diff(M) and a smooth cocycle ϕ : M→Γ, define f_ϕ ∈ Diff_Γ(M × Γ) by f_ϕ(γ, x) = (γϕ(x), f(x)), (γ ∈ Γ, x ∈ M) Thus f_ϕ is a Γ-extension of f or the skew product of f with Γ. It follows from Theorem 5.4.2 that if X ⊂ M is hyperbolic then Γ × X is transversally hyperbolic for all skew extensions of f. Similar remarks hold for principal bundle extensions of f. ♥

5.5. Subshifts of finite type and attractors

It is straightforward to generalize the definitions of subshift of finite type to include compact Lie group actions [22]. We briefly indicate some of the main points.

We say that a Γ-equivariant homeomorphism F : Λ→Λ is a Γsubshift of finite type if we can find a finite subgroup H ⊂ Γ, an H-equivariant subshift of finite type σ : X→X and a continuous skew H-equivariant map ϕ : X→H such that Λ ∼= X ×_H Γ and, relative to this isomorphism, F = σ_ϕ.

It may shown that every Γ-subshift of finite type can be realized as a finite union of indecomposable pieces of the Ω-set of a Γ-equivariantly structurally stable equivariant diffeomorphism [22].

5.6. LOCAL PRODUCT STRUCTURE 55

We can describe two large classes of transversally hyperbolic attractors for Γ-equivariant diffeomorphisms. The first class consists of (twisted) products or skew extensions of the hyperbolic attractors described in 4.3.2. A second class may be based on twisted products with Anosov diffeomorphisms. Details are given in [23].

Examples 5.5.1. (1) Let Λ ⊂ R^3 be the Z_2-invariant solenoid for the Z_2-equivariant diffeomorphism F of R^3 that was constructed in Example 4.3.5. Embed Z_2 as the center of SU(2) (generated by −I). Let ϕ : R^3→SU(2) be a smooth Z_2-invariant map. Since Z_2 is the center of SU(2), ϕ is Z_2-equivariant and so F_ϕ defines an SU(2)-equivariant diffeomorphism of the twisted product R^3 ×_{Z2} SU(2). The set Λ ×_{Z2} SU(2) is a transversally hyperbolic attractor for F_ϕ which has countably many singular SU(2)-orbits.

(2) Let T : T^2→T^2 be the Thom-Anosov map of the torus. Consider the Z_2-action induced on T^2 by −Id : R^2→R^2. Observe that Z_2 has four fixed points. Regard Z_2 as the subgroup of K generated by exp(ıπ). Let ϕ : T^2→K be a smooth cocycle. Then T_ϕ ∈ Diff_K (T^2 ×_{Z2} K ). Since T is Anosov (hyperbolic), T_ϕ is transversally hyperbolic. We note that T^2 ×_{Z2} K has 4 singular K -orbits. ♥

5.6. Local product structure

Let M be a riemannian Γ-manifold with associated metric d. Let exp : T M→M denote the exponential map of M. We assume (see Remark 3.1.5) that (a) Γ acts freely on the principal orbit stratum M_N of M, and (b) all Γ-orbits are of the same dimension (equivalently, all isotropy groups are finite).

Let f ∈ Diff_Γ(M) and suppose that Λ ⊂ M is transversally hyperbolic and Λ ∩ M_N = Λ_N is dense in Λ.

Definition 5.6.1. The transversally hyperbolic set Λ has local product structure if we can choose a Γ-invariant open neighborhood U_Δ of Δ(Λ) ⊂ Λ^2 such that [[x, y] ∈ Λ, all (x, y) ∈ U_Δ. (Equivalently, if [ , ]] takes values in Λ.)

Remarks 5.6.2. (1) An equivalent formulation of local product structure is that W^s_ε (Γx) ∩ W^u_ε (Γy) ⊂ Λ, for all (x, y) ∈ U_Δ. (2) Our definition of local product structure implies ε-local product structure [37, §7A]. ♦

Definition 5.6.3. Let f ∈ Diff_Γ(M). A Γ-invariant subset Λ of M is a transversally hyperbolic basic set, or just basic, for f if (a) Λ is a compact f-invariant set.

(b) Λ is a transversally hyperbolic set for f. (c) Λ has local product structure.

(d) f̃ : Λ/Γ→Λ/Γ has a dense orbit (topological transitivity).

5.7. Expansiveness and shadowing

Definition 5.7.1. Let β > 0 and x = (x_i)^∞_{i=−∞} ⊂ M. Let ρ ∈ (0, ρ_0]. We say that the f-orbit of x ∈ M equivariantly (β, ρ)-shadows x if there exists a sequence (γ_i) ⊂ A_ρ such that d(f^i(x), Π^i_{j=0}γ_jx_i) < β, (i ∈ Z). Remark 5.7.2. If Γ is finite, then equivariant (β, ρ)-shadowing is just β-shadowing. ♦

Proposition 5.7.3. Let Λ be a basic set of f ∈ Diff_Γ(M). For every β, ρ > 0, there exists α > 0, and a Γ-invariant open neighborhood U of Λ in M such that every α-pseudo-orbit x ⊂ U is equivariantly (β, ρ)-shadowed by the f-orbit of a point θ(x) ∈ Λ.

Proof. Using Proposition 5.2.4, Bowen’s (original) proof of the shadowing theorem [9, 3.6] extends without difficulty to prove the existence of (β, ρ)-shadowing orbits. Alternatively, one may apply [37, 7A.2]. □ Of course, when there is no group action it follows from expansiveness that for sufficiently small β > 0, the shadowing orbit θ(x) is unique. We shall show for sufficiently small β, ρ > 0, θ(x) is unique (mod Γ).

Theorem 5.7.4. Let Λ be a basic set of f ∈ Diff_Γ(M). For sufficiently small β, ρ > 0, there exists α > 0, and a Γ-invariant open neighborhood U of Λ in M such that every α-pseudo-orbit x ⊂ U is equivariantly (β, ρ)-shadowed by the f-orbit of a unique (mod Γ) point θ(x). Furthermore, θ(x) ∈ Λ.

Proof. If the f-orbits of y_1, y_2 equivariantly (β, ρ)-shadow an αpseudo-orbit x, then clearly the f-orbit of y_1 equivariantly (2β, 2ρ)- shadows the orbit (f^n(y_2)). Using Proposition 5.7.3, it is no loss of generality to assume y_1 ∈ Λ. For sufficiently small (β, ρ) we may apply Corollary 5.3.4 to deduce that y_2 ∈ Γy_1. □

Theorem 5.7.5. Let Λ be a basic set for f ∈ Diff_Γ(M). Then periodic points of f̃ : Λ/Γ→Λ/Γ are dense in Λ/Γ.

Proof. Let x ∈ Λ and δ > 0. It suffices to find y ∈ Λ such that Γy is periodic (for f̃) and d(Γx, Γy) < δ. Fix α, β, ρ > 0 so

5.7. EXPANSIVENESS AND SHADOWING 57

that we have uniqueness of (β, ρ)-orbits shadowing α-pseudo-orbits in Theorem 5.7.4. We may and shall assume that α + β < δ.

Since f̃ is topologically transitive we can pick a point z ∈ Λ (of trivial isotropy) such that the f̃-orbit of Γz is dense in Λ/Γ and d(x, z) < α. Choose n > 0 so that d(Γz, Γf^n(z)) < α. Composing f with an element of D_I (M), we may assume that d(z, f^n(z)) < α (if Γ is not connected, we may have to replace f^n by f^{np}, where p is bounded by the number of connected components of Γ). Let z be the α-pseudo-orbit defined by z_i = f^i(z), 0 ≤ i < n, = z_j , j = i mod n, i < 0, i ≥ n. Let y = θ(z) and (γ_i) ⊂ A_ρ be the associated sequence given by Theorem 5.7.4. For n ∈ Z, set τ_n = Π^n_{j=0}γ_j. For i ∈ Z, we have d(τ_if^i(y), z_i) ≤ β, d(τ_{i+n}f^{i+n}(y), z_{i+n}) ≤ β. Since z_{i+n} = z_i, it follows from the second inequality that d(τ^′_i f^i(f^n(ξy)), z_i) ≤ β, where ξ = τ^{−1}_n and τ^′_i = τ_{i+n}τ^{−1}_n , i ∈ Z. It follows that the f-orbit of f^n(ξy) (β, ρ)-shadows z. Hence, by uniqueness of shadowing, Γy = Γf^n(y). Clearly, d(Γx, Γy) ≤ α + β < δ. □

Definition 5.7.6. A Γ- and f-invariant subset Λ of f ∈ Diff_Γ(M) locally maximal if there exists a closed neighborhood V of Λ such that ∩_{n∈Z}f^n(V ) = Λ.

Theorem 5.7.7. Suppose that Λ is a Γ-invariant, compact transversally hyperbolic set for f ∈ Diff_Γ(M). Then Λ is locally maximal if and only if Λ has local product structure.

Proof. It is trivial (just as in the case where there is no group action) that locally maximality implies that Λ has local product structure. The proof of the reverse implication follows that in [50, Corollary 3.6]. Choose 1 > β, ρ > 0 small and α ∈ (0, β) such that every α-pseudo-orbit in Λ is uniquely (mod Γ) (β, ρ)-shadowed by an orbit in Λ. Choose δ ∈ (0, α/2) so that d(x, y) < δ implies d(f(x), f(y)) < α/2. Let V = {y ∈ M | d(y, Λ) ≤ δ}. If x ∈ ∩_{n∈Z}f^n(V ), then for each n ∈ Z, there exists x_n ∈ Λ such that d(f^n(x), x_n) ≤ δ. For n ∈ Z, we have

d(f(x_n), x_{n+1}) ≤ d(f(x_n), f^{n+1}(x)) + d(f^{n+1}(x), x_{n+1}), ≤ α/2 + δ ≤ α.

Hence (x_n) is an α-pseudo-orbit. By Theorem 5.7.4, there exists an orbit (f^n(y)) ⊂ Λ which (β, ρ)-shadows (x_n). It follows by uniqueness of shadowing that x ∈ Γy. □

5.8. Stability of basic sets

We conclude this chapter with a stability theorem for basic sets.

Theorem 5.8.1. Let Λ be a basic set for f ∈ Diff_Γ(M). There are neighborhoods U of f ∈ Diff_Γ(M) (C^1-topology), and U of Λ in M such that if g ∈ U, then Λ(g) = ∩_{n∈Z}g^nU is a basic set for g. Further, there is a homeomorphism ϕ_g : Λ/Γ→Λ(g)/Γ such that gϕ_g = ϕ_gf and ϕ_g depends continuously on g ∈ U.

Proof. Our proof of Theorem 5.8.1 is modeled on the presentation of the corresponding result for non-equivariant systems given by Newhouse [50, Theorem 3.7] (an alternative approach may be based on [37]). Just as in [50], we may choose a closed neighborhood U of Λ such that ∩_{n≤0}f^n(U) = W^s_e ps(Λ), ∩_{n≥0}f^n(U) = W^u_e ps(Λ) and ∩_{n∈Z}f^n(U) = Λ. If g is C^1 close to f, then Λ(g) = ∩_{n∈Z}g^n(U) is a transversally hyperbolic set for g. Since Λ(g) ⊂ U^∘. it follows that Λ(g) has a local product structure. In order to construct the conjugacy ϕ_g, we use Theorem 5.7.4 just as the shadowing lemma is used in the proof of [50, Theorem 3.7]. The only difference is that the conjugacy is now only well-defined on Γ-orbits. □

Remark 5.8.2. General stability results for partially hyperbolic sets are given in [37, §7]. See also [61, Theorem 5] for attractors. ♦

CHAPTER 6

Markov partitions for basic sets

6.1. Rectangles

Throughout this section we suppose that Λ is a basic set for f ∈ Diff_Γ(M). Let U_Δ = {(x, y) ∈ Λ | d(x, y) < a} denote the neighborhood of the diagonal in Λ^2 on which [[ , ], [ , ]] are defined and continuous (Proposition 5.2.4).

Suppose that X ⊂ M is a compact Γ-invariant set. We define δ(X) = sup{d(Γx, Γy) | x, y ∈ X} – the diameter of X transverse to the Γ-action.

Definition 6.1.1. A closed Γ-invariant subset R of Λ is a rectangle if (R0) δ(R) < a. (R1) R = R^∘.

(R2) There exists x_0 ∈ R such that (Γ_y) ≤ (Γ_{x0} ), all y ∈ R. (R3) For all x ∈ R^∘, y ∈ W^{uu}_ε (x) ∩ R, z ∈ W^{ss}_ε (x) ∩ R, [[y, z] ∈ R.

If, in addition, we have (RS3) x, y ∈ R^2 ∩ U_Δ =⇒ [[x, y] ∈ R, (equivalently, [x, y]] ∈ R), we say that R is a strict rectangle.

Following (R2), we let ρ(R) ∈ O(Λ) denote the unique maximal isotropy type of points in R. In the sequel, we refer to ρ(R) as the symmetry type of R. Set |ρ(R)| = |G|, where G ∈ ρ(R). If ρ(R) is trivial (|ρ(R)| = 1), all points in R have the same trivial isotropy type.

Example 6.1.2. Let x ∈ Λ and A ⊂ W^{uu}_ε (Γx), B ⊂ W^{ss}_ε (Γx) be closed Γ_x-invariant r-disk neighborhoods of x. Let R = Γ[[A, B]. Provided r > 0 is sufficiently small, R is a strict rectangle of symmetry type (Γ_x). ♥

Lemma 6.1.3. Let R be a strict rectangle. Choose δ > 0 satisfying 0 < δ(R) ≪ δ < a. Then for all x, y ∈ R, W^s_δ (Γx) ∩ W^u_δ (Γy) ⊂ R.

Proof. Suppose z ∈ W^s_δ (Γx) ∩ W^u_δ (Γy). Then z ∈ W^{ss}_δ (γx) ∩ W^u_δ (ηy) for some γ, η ∈ Γ. That is, z = [[γx, ηy] ∈ R. □

Given δ > 0, and a rectangle R, define

W^s(Γx, R) = W^s_δ (Γx) ∩ R, W^u(Γx, R) = W^u_δ (Γx) ∩ R.

(It is assumed that 0 < δ(R) ≪ δ.)

6.2. Slices

Let exp : T M→M denote the exponential map of the given Γinvariant riemannian metric on M. It follows by the equivariant tubular neighborhood theorem that for each x ∈ Λ, we can find a greatest r = r(x) > 0 such that exp Γ-equivariantly embeds the open r-disk subbundle N(r) of the normal bundle N = T Γx^⊥ of Γx as a tubular neighborhood of Γx. For every y ∈ Γx, exp(N(r)_y) = D(y, r) will be a slice at y of diameter 2r.

Recall that we have a partition {Λ_i | 1 ≤ i ≤ N} of Λ into points of the same submaximal isotropy type. In particular, Λ_1 consists of points of maximal isotropy type for the action of Γ on Λ and Λ_N = Λ_Π is the open dense subset of Λ on which Γ acts freely. We define closed Γ-invariant subsets Λ^k of Λ by

Λ^k = ∅, k = 0, = ∪^k_{j=1}Λ_j , 1 ≤ k < N.

For x ∈ Λ_k, define d_k(x) ∈ R by

d_k(x) = 1, k = 1, = d(x, Λ^{k−1}), 2 ≤ k ≤ N. Lemma 6.2.1. There exist constants c_1, . . . , c_N > 0 such that if x ∈ Λ_k \ Λ^{k−1}, then D(x, c_kd_k(x)) is a slice at x.

Proof. Since all group orbits are of the same dimension it is easy to choose r > 0 such that exp |N(r)_x is transverse to Γ-orbits for all x ∈ Λ. The rest of the argument proceeds by an upward induction on submaximal isotropy type. We omit the routine and straightforward details. □ Let D denote the family of all slices for Λ of the form D(x, s), s ∈ (0, c_kd_k(x)]. For each D(x, s) ∈ D, we set H = H_D = Γ_x. Thus, H_D is the maximal compact subgroup of Γ leaving D invariant.

6.3. Pre-Markov partitions

Definition 6.3.1. A finite set P of rectangles is called a pre- Markov partition for f : Λ→Λ if ∪_{R∈P} R = Λ and, for all R, S ∈ P, we have

(a) R^∘ ∩ S^∘ = ∅, R ≠ S.

6.3. PRE-MARKOV PARTITIONS 61 (bs) x ∈ R, f(x) ∈ S^∘ =⇒ f(W^s(Γx, R)) ⊂ W^s(Γf(x), S). (bu) x ∈ R, f^{−1}(x) ∈ S^∘ =⇒ f^{−1}(W^u(Γx, R)) ⊂ W^u(Γf^{−1}(x), S).

If the rectangles in P are all strict, we say that P is a strict pre-Markov partition.

Definition 6.3.2. Let P be a pre-Markov partition. We define the mesh of P by mesh(P) = max{δ(R) | R ∈ P}.

Proposition 6.3.3. Every basic set admits strict pre-Markov partitions R of arbitrarily small mesh . Furthermore, if mesh(R) is sufficient small, we can require that for each R ∈ R, there exists a slice D ∈ D through a point x ∈ R, ρ(R) = (Γ_x), such that R ⊂ Γ(D).

Proof. The proof is similar to that of Theorem 4.2.6. Using an induction over isotropy type, we construct a cover of Λ by interiors of strict rectangles. We then follow a straightforward generalization of Bowen’s original proof [8]. Alternatively, we can use a method based on shadowing (cf Remark 4.2.7). Specifically, for γ > 0 sufficiently small, choose a finite γ-dense subset B of Λ/Γ such that B intersects the quotient of each orbit stratum in a γ-dense set. Let Σ ⊂ B^Z denote the associated subshift of finite type [66, 9.6]. Although we do not have uniqueness of shadowing in Λ/Γ, Proposition 5.7.3 does naturally associate a point θ(z) to each pseudo-orbit in Σ. Lifting back to Λ we obtain a cover of Λ/Γ by rectangles. Just as in [66, 9.6], this cover can then be refined to a pre-Markov partition of Λ. □

Example 6.3.4. Let σ : 3^Z→3^Z be the Z_2-invariant full shift on three symbols (see Example 4.2.12). Regard Z_2 as a subgroup of S^1 and form the twisted product Λ = 3^Z ×_{Z2} S^1. Set f = σ_β , where β : 3^Z→S^1 is continuous. If we take the ‘standard’ three rectangle Markov partition for 3^Z, then the corresponding pre-Markov partition of Λ consists of just two rectangles, say R_0, R_1. In this case it is easy to see that ∩_{i∈Z}f^i(R_{ji} ) will consist of more than one S^1-orbit (unless, for example, j_i = 0 for all i ∈ Z). If instead we use the finer Markov partition for 3^Z consisting of 9 rectangles, the corresponding pre-Markov partition for Λ consists of five rectangles. Using Example 4.2.12, we again find that infinite intersections typically contain more than one S^1-orbit. ♥

Just as for rectangles when there is no symmetry, we may define ∂^sR, ∂^uR for a strict rectangle R. Then ∂R = ∂^sR∪∂^uR and ∂^sR, ∂^uR are closed Γ-invariant subsets of R. If P is a (strict) pre-Markov partition of Λ, define ∂^sP = ∪_{R∈P} ∂^sR, ∂^uP = ∪_{R∈P} ∂^uR. It is straightforward to verify that (6.1) f(∂^sP) ⊂ ∂^sP, f^{−1}(∂^uP) ⊂ ∂^uP. 6.4. Proper and admissible rectangles

In this section we give our extension of Γ-regular partitions to connected compact Lie groups (we leave the extension to general compact Lie groups to the reader). First, we need some preliminaries.

Throughout this section, A = A_ρ will always denote an open ρ-disk neighborhood of the identity in Γ, such that for all x ∈ Λ, and all γ ∈ Γ_x \ {e}, γA ∩ A = ∅. Given x ∈ Λ, choose a slice D ∈ D. Suppose that x ∈ D and for some η > 0, W^{ss}_η (x), W^{uu}_η (x) ⊂ ΓD. For small enough η > 0 (independent of D, x) we have W^{ss}_η (x), W^{uu}_η (x) ⊂ A(D). We define

W̃^s_η (x) = A(W^{ss}_η (x)) ∩ D, W̃^u_η (x) = A(W^{uu}_η (x)) ∩ D.

The submanifold W̃^s_η (x) is Γ_x-equivariantly diffeomorphic to W^{ss}_η (x). (A formal proof may be given using a Γ_x-equivariant local section ξ : W ⊂ Γ/Γ_x→Γ – see [25, §3].)

Definition 6.4.1. Let D ∈ D. A compact set S ⊂ D is a proper D-rectangle if

(a) S = S^∘ (interior relative to D).

(b) There exists η > 0 such that for all x, y ∈ S, W̃^u_η (x) ∩ W̃^s_η (y) consists of a single point, lying in S.

(c) If γ ∈ H_D, then either γS^∘ = S^∘ or γS^∘ ∩ S^∘ = ∅.

In the sequel, we set W̃^u_η (x) ∩ W̃^s_η (y) = ⟨x, y⟩, x, y ∈ S and note that ⟨ , ⟩ : S × S→S will be continuous.

Definition 6.4.2. A rectangle R ⊂ Λ is a proper rectangle if we can choose x ∈ R, with ρ(R) = (Γ_x), slice D = D(x, r) ∈ D, and a proper D-rectangle S such that R = ΓS.

Remarks 6.4.3. (1) If R = Γ(S) is a proper rectangle, then there exists a Γ-invariant subset R̂ ⊂ U_Δ of R^2 such that (a) If x, y ∈ R̂, then [[x, y], [x, y]] ∈ R, and (b) given x, y ∈ R^2 there exists γ ∈ Γ such that x, γy ∈ R̂. For example, R̂ = ΓS^2 ⊂ R^2. (2) Every strict rectangle is proper but the converse is false. A simple example may be based on Example 6.3.4 and is constructed by taking the twisted product Λ = 3^Z ×_{Z2} S^1 and a slice at the point (¯0, e), which we may identify

6.4. PROPER AND ADMISSIBLE RECTANGLES 63

with (a subset of) R^2. Referring to Figure 1, we take R to be the S^1- orbit of S_1 (or S_2). Since S_1 is a proper R^2-rectangle and S^∘_1 ∩ S^∘_2 = ∅, R is proper. However, R is certainly not strict. ♦

Figure 1. A proper rectangle which is not strict

We omit the straightforward proof of the following lemma.

Lemma 6.4.4. Every rectangle R can be written uniquely as a countable union ∪_{α∈I} R_α of proper rectangles R_α satisfying

(r1) R^∘_α ∩ R^∘_β = ∅, α ≠ β. (r2) ∪_{α∈I} R^∘_α = R^∘.

Let S be a proper D-rectangle and set H = H_D. Then Γ(S) is a proper rectangle and Γ(S)∩D = H(S) is a union of at most |H| proper D-rectangles. Conversely, if R is a proper rectangle contained in Γ(D), then R ∩ D will be an H-orbit of at most |H| proper D-rectangles.

If S is a proper D-rectangle, define W̃^s(S, x) = W̃^s_η (x) ∩ S, where as usual 0 < η(S) ≪ δ. We similarly define W̃^u(S, x). In general, ΓW̃^s(S, x) will be a proper subset of W^s(Γx, ΓS). We define ∂^sS, ∂^uS in the usual way. In particular, we have ∂S = ∂^sS ∪ ∂^uS. Without further conditions on S, it is easy to find examples of proper D-rectangles for which ∂ Γ(S) is a proper subset of Γ(∂^sS ∪ ∂^uS).

Definition 6.4.5. Let ε > 0. A proper D-rectangle S is said to be ε-admissible if for all x ∈ S^∘, and non-identity elements γ of H = H_D we have

(1s) γW̃^s_ε (x) ∩ S = ∅, (1u) γW̃^u_ε (x) ∩ S = ∅. (2) ∂S ∩ ∂γS ⊂ Λ_S. Generally, we say S is admissible if S is ε-admissible for some ε > 0.

A proper rectangle R is (ε-) admissible if we can write R = ΓS, for some (ε-) admissible proper D-rectangle S.

If S is an ε-admissible proper D-rectangle, we let S(ε, s) (resp S(ε, u)) be the set of points x ∈ S for which (1s) (resp (1u)) is satisfied. We similarly define R(ε, s), R(ε, u) for admissible proper rectangles. Obviously, R(ε, s) ∩ R(ε, u) ⊃ R^∘.

Remark 6.4.6. It may be shown that the definitions of R(ε, s), R(ε, u) are independent of choice of proper D-rectangle or slice D. ♦

Lemma 6.4.7. If the proper D-rectangle S is admissible then for all x ∈ S^∘ we have (1) γW̃^s(x, S)∩W̃^s(x, S) = ∅, γW̃^u(x, S)∩W̃^u(x, S) = ∅, γ ≠ e_H . (2) W̃^s_ε (x) ∩ S = W̃^s_ε (x) ∩ H_DS, W̃^u_ε (x) ∩ S = W̃^u_ε (x) ∩ H_DS. (3) ΓW̃^s(x, S) = W^s(Γx, ΓS), ΓW̃^u(x, S) = W^u(Γx, ΓS).

Furthermore, ∂ΓS = Γ∂S = Γ∂^sS ∪ Γ∂^uS. Proof. Since γx /∈ S^∘, (1,2,3) follow trivially from the definition of admissibility. Since ∂S ∩ ∂γS ⊂ Λ_S , it follows that no point of ∂S can be an interior point of HS, proving the final statement. □

Remark 6.4.8. If R = ΓS is an admissible rectangle, with S an admissible D-rectangle, we may define ∂^sR = Γ∂^sS, ∂^uR = Γ∂^uS. It follows from Lemma 6.4.7 that ∂R = ∂^sR ∪ ∂^uR. ♦

6.5. Γ-regular Markov partitions

Definition 6.5.1. Let ε > 0. An (ε-admissible) Γ-regular Markov partition R consists of a finite set of proper admissible rectangles such that

(1) ∪_{R∈R}R = Λ. (2) R^∘ ∩ S^∘ = ∅, R, S ∈ R, R ≠ S. (3s) If x ∈ R, f(x) ∈ S^∘, then f(W^s(Γx, R)) ⊂ W^s(f(x), S). (3u) If x ∈ R, f^{−1}(x) ∈ S^∘, then f^{−1}(W^u(Γx, R))⊂W^u(f^{−1}(x), S). (4) ∃ε > 0 for which ∪_{R∈R}R(ε, s) ⊃ Λ \ W^s_ε (Λ_S), ∪_{R∈R}R(ε, u) ⊃ Λ \ W^u_ε (Λ_S). Remark 6.5.2. In the sequel, when we refer to a Γ-regular Markov partition R, we mean that R is ε-admissible for some ε > 0. ♦

6.5. Γ-REGULAR MARKOV PARTITIONS 65

Example 6.5.3. Let S be the Z_2-regular Markov partition for the full Z_2-shift σ : 3^Z→3^Z→ that was constructed in Example 4.2.26 (see Figure 1(B)). Regard Z_2 as the subgroup of K generated by a rotation through π and form the twisted product Λ = 3^Z ×_{Z2} K . Let f : 3^Z→K be a continuous Z_2-invariant cocycle and let σ_f denote the corresponding K -equivariant homeomorphism induced on Λ. If we define R = {K S | S ∈ S}, then R is a K -regular Markov partition on Λ. ♥ Suppose R is a Γ-regular Markov partition. We define ∂^sR = ∪_{R∈R}∂^sR, ∂^uR = ∪_{R∈R}∂^uR. It is straightforward to verify that (6.2) f(∂^sR) ⊂ ∂^sR, f^{−1}(∂^uR) ⊂ ∂^uR. Let R ∈ R. Given x ∈ R, we may choose a slice D = D(R; x̄) such that x ∈ D and R ∩ D = R_D is a proper D-rectangle. Thus, we may take D to be a slice through a point x̄ of R such that (Γ_{x̄}) = ρ(R), x ∈ D and ΓD ⊃ R. Suppose x ∈ R, f(x) ∈ S^∘. It follows from (6.2) that x ∈ R^∘.

Choose associated slices D for R, E for S so that x ∈ D, f(x) ∈ E. Since D ∩ R consists of |H_D| proper D-rectangles, we may choose a (unique) proper D-rectangle R_• such that R = ΓR_• and x ∈ R^∘_•. Similarly, we may choose a unique proper E-rectangle S_• such that f(x) ∈ S^∘_• . Using the admissibility of the rectangles R, S together with properties (3s,u) for a Γ-regular Markov partition, it is straightforward to verify that, provided mesh(R) is sufficiently small (compared with the diameter of A), we have (6.3) f(R_•) ∩ S ⊂ A(S_•). We have an analogous result with f^{−1} replacing f.

Remark 6.5.4. The relation (6.3) corresponds to (b) of Definition 4.2.15 as it implies that f(R^∘_•) ∩ A(γS^∘_• ) = ∅ for all non-identity elements γ of H_E . ♦ Continuing with our assumption that R is a Γ-regular Markov partition of Λ, let p : Λ→Λ/Γ denote the orbit map. As we did for finite groups, we may define a partition R̃ of Λ/Γ by R̃ = {p(R) | R ∈ R}. Just as we did for finite groups, we define R̃^σ = R̃ \ p(Λ_S). Note that since Λ_S ∩ R ⊂ ∂R, (R̃^σ)^∘ = R̃^∘.

Lemma 6.5.5. Let R̃ ∈ R̃. For each α ∈ R̃^σ, the sets W^s(α, R̃) = pW^s(x, R), W^u(α, R̃) = pW^u(x, R), are defined independently of the choice of R ∈ R, such that p(R) = R̃, and x ∈ R such that p(x) = α.

Proof. Similar to that of Lemma 4.2.18, using the admissibility of R. □

Lemma 6.5.6. Let R ∈ R. Let D be a slice through a point of R with isotropy ρ(R) and suppose that R ∩ D consists of k = |H_D| proper D-rectangles, say R_1, . . . , R_k. Then

(1) p(R^∘) = R̃^∘ and R̃^∘ = R̃. (2) p(R_i) = R̃, 1 ≤ i ≤ k.

(3) There is a natural continuous map [[ , ] : R̃^σ × R̃^σ→R̃ such that if x, y ∈ R̃^σ and for some (any) i we choose x^′, y^′ ∈ R_i such that x = p(x^′), y = p(y^′), then [[p(x), p(y)] = p⟨x^′, y^′⟩.

Proof. Statements (1,2) follow immediately from the definitions. That the definition of [[ , ] on (R̃^σ)^2 is independent of choices follows just as in the case when Γ was finite – Lemma 4.2.19. □ In the sequel, we refer to the sets R̃ as rectangles. Associated to R = {R_i | i ∈ I} we may define a 01-matrix A by requiring that the entry a_{ij} = 1 if there exist x ∈ R_i with f(x) ∈ R^∘_j . The matrix A is equal to the corresponding 01-matrix Ã associated to R̃. Theorem 6.5.7. Let R be a Γ-regular Markov partition for Λ and A be the associated m × m 01-matrix. Provided that mesh(R) is sufficiently small, the map π : Σ_A→Λ/Γ defined by

p((x_i)) = ∩_{n∈Z}f̃^{−n}(p(R_{xn} )), ((x_i) ∈ Σ_A),

is well defined, Hölder continuous and surjective. Furthermore, (a) f̃π = πσ. (b) #π^{−1}(x) ≤ m^2, (x ∈ Λ/Γ).

(c) #π^{−1}(x) = 1 for x lying in a residual subset of Λ.

Proof. Let y, z ∈ ∩_{n∈Z}f̃^{−n}(R̃_{xi} ), ((x_i) ∈ Σ_A). We prove that y = z using equivariant shadowing. Following the statement of Theorem 5.7.4, we suppose that ρ, β > 0 are chosen sufficiently small so that uniqueness of equivariant shadowing holds. In particular, A will be a ρ-disk neighborhood of the identity in Γ. Set R_{x0} = R_0. Let D_0 be a slice through a maximal isotropy point of R_0 such that ΓD_0 ⊃ R_0 and R_0 ∩ D_0 consists of |H_{D0} | = k proper D_0-rectangles, R^1_0, . . . , R^k_0 . Choose y_0, z_0 ∈ R^1_0 such that p(y_0) = y, p(x_0) = z. Set y_1 = f(y_0), z_1 = f(z_0). Choose a slice D_1 through a maximal isotropy point of R_{x1} = R_1 such that ΓD_1 ⊃ R_1, y_1 ∈ D_1, R_1 ∩ D_1 consists of |H_{D1} | proper D_1-rectangles, {R^1, . . . , R^m_1 }. There exists a unique j, 1 ≤ j ≤ m, for which there exist points of R^1_0 mapped to interior points of R^j_1. It follows by the (uniform) continuity of f that, if mesh(R) is sufficiently small, then f(z_1) ∈ A(R^j_1). Now choose γ_1 ∈ A such that γz_1 = ẑ_1 ∈ R^j_1. Proceeding inductively, we construct sequences (ẑ_i) ⊂ Λ and (γ_i) ⊂ A, γ_0 = e, such that for all i ∈ Z we have

ẑ_i ∈ Γf^i(z_0), d(ẑ_i, y_i) < mesh(R), d(ẑ_i, Π^i_{j=0}γ_iz_i) = 0.

It follows by uniqueness of equivariant shadowing, that if mesh(R) is sufficiently small, the pseudo-orbit (ẑ_i) is uniquely equivariantly shadowed by the f-orbit of a unique (mod Γ) point. But, by our construction, both (y_i) and (z_i) equivariantly shadow (ẑ_i). Hence y_0 and z_0 lie on the same Γ-orbit and therefore y = z. The remaining parts of the proof are straightforward and involve standard methods. In particular, Hölder continuity follows from Hölder continuity properties of the stable and unstable foliations (that is, the Hölder continuity of the maps [[ , ], [ , ]]). □

6.6. Construction of Γ-regular Markov partitions

Theorem 6.6.1. Let Λ be a basic set for the Γ-equivariant diffeomorphism f : M→M. Assume that Λ_Π consisting of points of trivial isotropy is open and dense in Λ. Then Λ admits Γ-regular Markov partitions R of arbitrarily small mesh.

Proof. Our proof is fairly similar to that of Theorem 4.4.1. We start with a pre-Markov partition and refine it to obtain a Γ-regular partition. The main difference with the proof of Theorem 4.4.1 is that when we do the refinement we have to work with proper D-rectangles rather than just rectangles. This is an unavoidable problem caused by the fact that since the group is continuous, rectangles are Γ-invariant sets and so Γ can never act freely on the set of rectangles. Given η > 0, it follows from Proposition 6.3.3 that Λ has a pre-Markov partition P with mesh(P) < η. We define

P^1 = {R ∈ P | R ∩ Λ_S ≠ ∅}, P^2 = P \ P^1.

For sufficiently small η > 0, P^2 ≠ ∅. Let R^i = ∪_{R∈P} i R, i = 1, 2, and define U = R^1 \ ∪_{x∈ΛS} W^{ss}_{loc}(x). It follows from transverse hyperbolicity and f-invariance of Λ_S that U is an open and dense Γ-invariant subset of R^1. For sufficiently small η > 0, it is true that for any x ∈ U, there exists a smallest N = N(x) > 0 such that f^i(x) ∈ U, 0 ≤ i < N and f^N (x) /∈ R^1. Exactly as in the proof of Theorem 4.4.1, we define for all R ∈ P^1, T ∈ P^2, and n ∈ N , open subsets R(T )^∘_n, R(T )^{∘∘} of R^∘. We let R(T )_n and R(T ) denote the corresponding closures. These sets are Γ-invariant subsets of R and R(T )_n, R(T ) are proper sub-rectangles of R. Associated to each R ∈ P^1, choose a slice D = D(R) through a point of maximal isotropy of R such that Γ(D) ⊃ R. Let k = k_R = |ρ(R)| = |H_D| and set R_D = D ∩ R = R_D, R(T )_n ∩ D = R_D(T )_n.

Let T ∈ P^2 and suppose that R(T )^∘_1 ≠ ∅. Observe that f(R_D) intersects T in k disjoint pieces T_1, . . . , T_ℓ, permuted by H_D. Define R_D(T )^i_1 = f^{−1}(T_i) ∩ R_D. The sets R_D(T )^i_1 are obviously proper Drectangles and R_D(T )_1 = ∪_iR_D(T )^i_1. We carry out this construction for all R ∈ P^1 and T ∈ P^2.

We now extend the previous construction to obtain a decomposition of each proper D-rectangle R_D(T )_n into a union of k proper D-rectangles R_D(T )^i_n, permuted by H_D. We carry out this construction so that the correct incidence conditions on images of rectangles by f are preserved. Our proof is inductive. We suppose that at stage n > 1 we have for each R ∈ P^1, T ∈ P^2 obtained an H(D)-invariant decomposition of R_D(T )_n into mutually disjoint proper D-rectangles R_D(T )^i_n, 1 ≤ i ≤ k such that the following conditions hold.

(a) ΓR_D(T )^i_n = ∪^n_{j=1}R(T )_n, 1 ≤ i ≤ k. (b) R_D(T )^i_{n−1} ⊂ R_D(T )^i_n, 1 ≤ i ≤ k. (c) If R_D(T )^i_{n−1} ≠ R_D(T )^i_n and there exists

x ∈ ∂^sR_D(T )^i_{n−1} ∩ H_DR_D(T )^i_n \ R_D(T )^i_{n−1},

then x /∈ ∂^sR_D(T )^i_n.

(d) If x ∈ R_D(T )^i_n and f^n(x) ∈ T^∘ then, for a unique R^′ ∈ P^1,

Γf(W̃^u(x, R_D(T )^i_n)) ⊃ W^u(f(x), ΓR^′(T )_{n−1}).

Condition (c) is included to allow for the situation when there are adjacent sections of R mapped to T . The condition implies that if x ∈ ∂^sR_D(T )^i_n, then γW̃^s_ε (x, R_D(T )^i_n) ∩ R_D(T )^i_n = ∅, γ ∈ H_D, γ ≠ Id. Otherwise put, we minimize the (stable) boundary of R_D(T )^i_n.

The construction of R_D(T )^i_{n+1}, given the existence of R^′_D(T^′)^i_n for all R^′, T^′, is routine and uses the incidence properties of the pre-Markov partition P. Set R(T )^i = ∪_{n≥1}R_D(T )^i_n, 1 ≤ i ≤ k. Each R(T )_i is a proper D-rectangle and H_D acts transitively on {R(T )^1, . . . , R(T )^k}.

We repeat the previous construction using f^{−1} in place of f. Thus for R ∈ P^1, S ∈ P^2, we construct a set {R̄^i(S)|1 ≤ i ≤ k} of proper D-rectangles permuted by H_D.

Suppose R ∈ P^1, S, T ∈ P^2. If R(T )^i ∩ R̄(S)^j ≠ ∅ for some i, j, then it follows easily by equivariance that R(S, T )^{i,j} = R(T )^i ∩R̄(S)^j ≠

∅ for all i, j. It follows from our construction that each R(S, T )^{i,j} is an admissible proper D-rectangle. Re-indexing, we write the set {R(S, T )^{i,j} | 1 ≤ i, j ≤ k} as a union of k sets {R(S, T )^i_j|1 ≤ j ≤ k}, 1 ≤ i ≤ k, where H_D acts transitively on each {R(S, T )^i_j|1 ≤ j ≤ k}. Finally, we define R(S, T )^i = ΓR(S, T )^i_j, noting that R(S, T )^i is independent of the choice of j. The sets R(S, T )^i are admissible rectangles. Finally, we define the required Γ-regular Markov partition R of Λ by replacing P^1 by the set P^⋆ of all (non-empty) admissible rectangles R(S, T )^i, R ∈ P^1, S, T ∈ P^2. Incidence conditions between rectangles in R hold either by construction of P^⋆ or because they held for rectangles in P^2. □

Remark 6.6.2. Note that in the final step of the proof of Theorem 6.6.1 it is not necessary to refine rectangles in P^2. Indeed, that step would not have been necessary in the proof of Theorem 4.4.1 had we only wanted a Markov partition on Λ yielding a symbolic dynamics on Λ/Γ. The point being that the condition f(S^∘) ∩ R^∘ ≠ ∅ =⇒ f(S^∘) ∩ γR^∘ = ∅, γ ≠ e is only really used to obtain a symbolic dynamics on Λ/Γ when R ∩ Λ_S ≠ ∅. Note, however, that by refining rectangles in P^2 which are close to Λ_S, and taking the mesh(R) sufficiently small, we can arrange that all rectangles in R are ε-admissible where ε > mesh(R) and that condition (4) of Definition 6.5.1 holds with this values of ε. ♦

Stable Ergodicity

CHAPTER 7

Preliminaries

In this chapter we briefly review some standard theory not included in Part I. Throughout we follow the (standard) notational conventions of Part I.

7.1. Metrics

Suppose that M is a smooth compact connected riemannian Γmanifold with associated Γ-invariant metric d. Let Λ be a closed Γinvariant subset of M. We define a metric d̄ on the orbit space Λ/Γ by d̄(x, y) = d(p−1(x), p−1(y)), where p : Λ→Λ/Γ denotes the orbit map.

Remark 7.1.1. It follows from the theorem of Mostow-Palais [49, 54] that M can be equivariantly embedded in a finite dimensional orthogonal representation, say (R^n, Γ). Let p_1, . . . , p_ℓ be a minimal set of homogeneous generators for the R-algebra of invariant polynomials on R^n and set P = (p_1, . . . , p_ℓ). The orbit space R^n/Γ is homeomorphic to P (R^n) and, by Schwarz’ theorem, the homeomorphism is a diffeomorphism with respect to the natural smooth structures on R^n/Γ and P (R^n) ⊂ R^ℓ [70]. In particular, the Euclidean metric on R^ℓ induces a metric on R^n/Γ. Let d̂ denote the corresponding metric on Λ/Γ. While d̂ is not equivalent to d̄, it is not hard to show using inductive techniques similar to those, for example, in [70] that there exists 0 < α < 1, and constants c_1, c_2 such that for all x, y ∈ Λ/Γ (or M/Γ), we have c_1d̂(x, y) ≤ d̄(x, y) ≤ c_2d̂(x, y)^α. In particular, functions that are Hölder with respect to d̄ will be Hölder with respect to d̂, though with a smaller Hölder exponent. ♦

7.2. The Haar lift

Let s : Λ/Γ→Λ be a section of the orbit map (we do not assume s is continuous). Suppose that μ is a Borel measure on Λ/Γ. The Haar lift of μ to Λ is the Borel measure ν defined on Borel subsets A of Λ by ν(A) = ∫ pA [ ∫ Γ χ_A(ηs(x))dh(η)]dμ(x).

Remark 7.2.1. The Haar lift is defined in [43] when the action of Γ is free and in [51] for more general Γ-actions. Since we are assuming that Λ is a compact subset of a Γ-manifold, it is easy to verify (using slice theory) that the Haar lift is defined independently of choice of section s and without any additional restrictions on the Γ-action. In particular, if we let Λ_S denote the set of singular orbits in Λ, then μ(Λ_S/Γ) = 0 =⇒ ν(Λ_S ) = 0. ♦

7.3. Isotropy and ergodicity

Let F : M→M be a smooth Γ-equivariant diffeomorphism. For the remainder of this work, we assume that Λ ⊂ M is a basic set for F and set Φ = F |Λ. In what follows, we shall generally assume that F is C^s, s ≥ 2, although some of our results hold with F C^1. Let ϕ : Λ/Γ→Λ/Γ be the homeomorphism induced by Φ on the orbit space.

Let ν be a Φ-invariant measure on Λ which is strictly positive on open subsets of Λ. A necessary condition for Φ to be ν-ergodic is that Φ has a dense orbit, say (Φ^n(z)). The existence of a dense orbit implies restrictions on the action of Γ on Λ. Specifically, if we let H denote the isotropy group of z, then H ⊂ Γ_x for all x ∈ Λ and we have equality on an open and dense Γ-invariant subset Λ_N ⊂ Λ. Since Λ_N is Γinvariant, H must be a normal subgroup of Γ. Since H acts trivially on Λ, it is no loss of generality to replace Γ by Γ/H and assume that Γ acts freely on Λ_N and that all isotropy groups are finite. In the sequel we always assume these conditions on the action of Γ on Λ. (See also the discussion in Remark 3.1.5.)

7.4. Γ-regular Markov partitions

Following 6.5, let R be a Γ-regular Markov partition on Λ. Let R̃ = {R̃ | R ∈ R} denote the Markov partition induced on Λ/Γ. If R̃ ∈ R̃, we set R̃σ = R̃ \ p(Λ_S ), where Λ_S denotes the set of singular Γ-orbits in Λ. It follows from Lemma 6.5.5 that if R̃ ∈ R̃ then for each α ∈ R̃^σ, the sets W^s(α, R̃) = pW^s(x, R), W^u(α, R̃) = pW^u(x, R), are defined independently of the choice of R ∈ R, such that p(R) = R̃, and x ∈ R such that p(x) = α. It follows from Lemma 6.5.6 that for every R̃^σ ∈ R̃, there is a natural continuous map [[ , ] : R̃^σ × R̃^σ→R̃ such that if α, β ∈ R̃^σ then [[α, β] = W^s(α, R̃) ∩ W^u(β, R̃).

It follows from Theorem 6.5.7 that the Markov partition R̃ determines a symbolic dynamics on Λ/Γ.

7.5. MEASURES ON THE ORBIT SPACE 75

Proposition 7.4.1. Let Λ be a basic set for Φ. There exists a subshift of finite type σ : Ω → Ω and a Hölder continuous surjection π : Ω → Λ/Γ such that (a) πσ = ϕπ (b) #π^{−1}(z) ≤ N for some constant N (c) #π^{−1}(z) = 1 for z lying in a residual subset of Λ.

7.4.1. Holonomy transformations for basic sets. We continue to assume that R is a Γ-regular Markov partition on Λ.

Lemma 7.4.2. Let R ∈ R and suppose that α, β ⊂ R^∘ are Γorbits. We have well-defined Hölder continuous holonomy transformations h^s_{α,β} : W^s(α, R)→W^s(β, R), h^u_{α,β} : W^u(α, R)→W^u(β, R) defined by h^s_{α,β} (x) = W^{uu}(x, R) ∩ W^s(β, R), h^u_{α,β} (x) = W^{ss}(x, R) ∩ W^u(β, R). Proof. It suffices to observe that it follows from the admissibility of R (Definition 6.4.5) that W^{uu}(x, R) ∩ W^s(β, R), W^{ss}(x, R) ∩ W^u(β, R) both consist of exactly one point. □

7.5. Measures on the orbit space

Given a continuous mapping T : X→X of the compact metric space X, let h(T ) denote the topological entropy of T . If μ is a T -invariant measure on X, let h_μ(T ) denote the measure theoretic entropy of T .

Let m denote the Parry measure (measure of maximal entropy) on (σ, Ω) and define the equilibrium measure μ = π · m on Λ/Γ. Since (ϕ, Λ/Γ, μ) and (σ, Ω, m) are isomorphic, it follows from the Variational Principle [38, Theorem 4.5.3] that

h_m(σ) = h(σ) = h(ϕ) = h_μ(ϕ).

The measure μ is positive on open sets of Λ/Γ and nonatomic.

If we let ν denote the Haar lift of μ to Λ, then ν is positive on open sets of Λ and nonatomic.

Lemma 7.5.1. h(Φ) = h(ϕ). In particular, ν is a measure of maximal entropy for (Φ, Λ). It is unique amongst Haar lifts to Λ.

Proof. Since ϕ : Λ/Γ→Λ/Γ is a factor of Φ : Λ→Λ, h(ϕ) = h_μ(ϕ) ≤ h_ν (Φ) ≤ h(Φ). Choose a finite set of (smooth) slices S_i, 1 ≤ i ≤ N for the action of Γ on Λ such that each Γ(S_i) is compact and ∪^N_{i=1}Γ(Interior(S_i)) = Λ. It follows from the compactness of Λ and continuity of Φ that we can choose ε_0 > 0 such that if d(x, y) ≤ ε_0, then there exist S_i, S_j such that x, y ∈ Γ(S_i) and Φ(x), Φ(y) ∈ Γ(S_j). Suppose x, y ∈ Γ(S_i). There exist γ, γ^′ ∈ Γ such that γx, γ^′y ∈ S_i. Let ζ(x, y) = min_i inf{ρ(γ, γ^′) | γx, γ^′y ∈ S_i}, where ρ is a left and right translation invariant metric on Γ. Note that ζ(x, y) is well-defined for all x, y ∈ Λ such that d̄(Γx, Γy) < ε_0. Since Φ is uniformly Lipschitz on Λ, we can choose C > 0 such that whenever x, y ∈ Λ, ζ(x, y) = 0, and d̄(Γϕ^i(x), Γϕ^i(y)) < ε_0, i = 0, . . . , n, then ζ(Φ^n(x), Φ^n(y)) ≤ Cnd(x, y). In other words, providing the distance between successive ϕ-iterates of Γx, Γy remains small then the relative drift along Γ-orbits grows linearly in n.

Next, we briefly recall the definition of topological entropy formulated in terms of (n, ε)−spanning sets (for more details see [38, Chapter 3]). Suppose that T : X→X is a continuous map of the compact metric space (X, δ). For n ∈ N , we define the metric δ_n on X by δ_n(x, y) = max_{0≤i≤n−1} δ(T^ix, T^iy) A subset F of X (n, ε)-spans X if F is ε-dense in X. Let r_n(ε, T ) denote the smallest cardinality of any (n, ε)-spanning set for X. The topological entropy of T is defined by

h(T ) = lim_{ε→0} lim sup_n →∞ 1 n log r_n(ε, T )

Applying this to ϕ : Λ/Γ→Λ/Γ, we have

h(ϕ) = lim_{ε→0} lim sup_n →∞ 1 n log r_n(ε, ϕ). Fix ε ∈ (0, ε_0), n ∈ N and let F be an (n, ε)-spanning set for ϕ of minimum cardinality. Pick F̂ ⊂ Λ which is mapped 1:1 on F by π. Let dim(Γ) = g. We may assume (see the proof of Lemma 5.1.3) that the equivariant riemannian metric d on M is chosen so that all Γ-orbits of points in Λ are totally geodesic g-dimensional submanifolds of M. It follows from standard dimension theory that we may choose a constant K > 0 such that for all x ∈ Λ, the smallest cardinality of any open cover of Γx by ε-disks is bounded above by Kε^{−g}. It remains to control drift along Γ-orbits. So suppose x ∈ S_i and all points within ε of x lie in Γ(S_i). Let B_ε(x) = {y ∈ S_i | d(x, y) ≤ ε}. Choose an^ε_{Cn} -dense subset A(x) of B_ε(x) which is of minimal cardinality. Suppose that dim(M) = m. It follows by dimension theory that there exists L > 0, independent of x, ε, n, such that the cardinality of A(x) is bounded by L(^ε_{Cn} )^{m−g}. It follows easily from our constructions that we can bound the cardinality

7.6. SPECTRAL CHARACTERIZATION OF ERGODICITY AND WEAK-MIXING77

of an (n, ε)-spanning set for Φ by Kε^{−g}L(^ε_{Cn} )^{m−g}r_n(ε, ϕ). Taking logs and limits, we see that h(Φ) ≤ h(ϕ) and the result follows. □

7.6. Spectral characterization of ergodicity and weak-mixing

We conclude this chapter with the following useful characterizations of ergodicity and weak-mixing due to Keynes and Newton [40].

Proposition 7.6.1. The dynamical system (Φ, Λ, ν) is not ergodic if and only if there exists a nontrivial irreducible unitary representation Γ→U(d) and a nonzero measurable w : Λ→C^d such that w ∘ Φ = w, wγ = γw, (γ ∈ Γ). Proposition 7.6.2. Suppose that (ϕ, Λ/Γ, μ) is weak mixing and (Φ, Λ, ν) is ergodic. Then (Φ, Λ, ν) is not weak-mixing if and only if there exists a nontrivial irreducible representation Γ→K , c ∈ K and a nonzero measurable function w : Λ→C satisfying w ∘ Φ = cw, (7.1) wγ = γw, (γ ∈ Γ). (7.2)

Remark 7.6.3. Although our formulation of these results is slightly different from that of Keynes and Newton, the proofs are the same. For example, by the spectral characterization of ergodicity, (Φ, Λ, ν) is ergodic if and only if the induced unitary operator U : L^2(Λ, ν)→L^2(Λ, ν) has λ = 1 as an eigenvalue with multiplicity one. Using harmonic analysis, we may decompose the unitary Γ-representation L^2(Λ, ν) as the orthogonal direct sum L^2(Λ/Γ, μ) ⊕_i V_i, where the V_i are nontrivial irreducible unitary representations of Γ. If the conditions of Proposition 7.6.1 hold, we then construct an explicit nonzero element of the corresponding V_i, and hence of L^2(Λ, ν), which is a nonconstant equivariant eigenfunction of U with eigenvalue equal to one. The converse is equally straightforward. ♦

Livšic regularity and ergodic components

8.1. Livšic regularity

We have the following version of the Livšic regularity theorem [45, 46], which plays a pivotal role in verifying generic stable ergodicity for (Φ, Λ, ν).

Theorem 8.1.1 (Livšic Regularity Theorem [45]). Let ρ : Γ→U(d) be a unitary representation of Γ. Let w : Λ→C^d be a ν-measurable map satisfying w ∘ Φ = w, (8.1) wγ = γw, (γ ∈ Γ). (8.2)

Then there exists a Hölder continuous w^′ : Λ→C^d satisfying (8.1,8.2) and such that w = w^′, ν ae.

Proof. We start by showing that if w satisfies (8.1), then w is bounded on a full measure subset of Λ. Certainly, there exists K > 0 and a measurable set B ⊂ Λ such that ν(B) > 0 and |w(x)| ≤ K for all x ∈ B. Since w is Γ-equivariant (8.2), we may assume that B is a Γ-invariant subset of Λ. It follows from (8.1) that |w| ≤ K on the Φand Γ-invariant set B^∞ = ∪^∞_{n=−∞}Φ^n(B). Since w is Γ-equivariant, w induces a μ-measurable map w̃ : Λ/Γ→C^d/Γ. Since w̃ is bounded on p(B^∞), it follows by the μ-ergodicity of ϕ, that μ(B^∞) = 1. Since B^∞ is Γ-invariant, it follows from the definition of ν that ν(B^∞) = 1.

Let Λ_0 = {x ∈ Λ | |w(x)| ≤ K}. It follows from the previous paragraph that ν(Λ_0) = 1 and Λ_0 is a Φ- and Γ-invariant subset of Λ. By Lusin’s theorem [67, Theorem 2.24], we may choose a subset L ⊂ Λ_0 such that ν(L) >^1_2 and w|L is uniformly continuous. Since w is Γ-equivariant, we may further assume that L is a Γ-invariant subset of Λ_0. Necessarily, μ(p(L)) = ν(L).

Let G be the set of points α ∈ Λ_0/Γ for which lim N→∞ 1 N N−1∑ i=0 χ_{pL}(ϕ^{−i}α) = μ(pL). 79

Since ϕ : Λ/Γ→Λ/Γ is μ-ergodic, μ(G) = 1. Define Λ_{00} to be the set of points x ∈ Λ_0 such that lim N→∞ 1 N N−1∑ i=0 χ_L(Φ^{−i}x) = ν(L). Since Φ covers ϕ and L is Γ-invariant, ν(Λ_{00}) = 1.

Let x, y ∈ Λ_{00} lie on the same local strong unstable manifold. Define x_n = Φ^{−n}(x), y_n = Φ^{−n}(y). It follows from (8.1) that for all n ∈ Z we have w(x) = w(x_n), and so |w(x) − w(y)| = |w(x_n) − w(y_n)|. Since x, y ∈ Λ_{00} and ν(L) >^1_2 we may choose subsequences {x_{nk} }, {y_{nk} } such that x_{nk} , y_{nk} ∈ L for all n_k. Since w is uniformly continuous on L it follows that lim_{k→∞} |w(x_{nk} ) − w(y_{nk} )| = 0. Hence w(x) = w(y) and so w is constant, certainly Hölder, on the local strongly unstable manifolds W^{uu}_ε (z), z ∈ Λ_{00}. By equivariance, w extends to a Hölder continuous function on W^u_ε (Γz), for all z ∈ Λ_{00}. Replacing Φ by Φ^{−1}, shows that w is Hölder on W^s_ε (Γz), z ∈ Λ_{00}.

Our argument implies that given ε > 0, we can choose δ > 0 such that if x, y ∈ Λ_{00} and y ∈ W^{ss}_δ (x) ∪ W^{uu}_δ (x) then w(x) = w(y).

It follows from 5.6 that we have a local product structure on Λ. It follows from Proposition 5.2.4 that for sufficiently small δ > 0, we can choose an open neighborhood A of the identity in Γ such that if U = {(x, y) ∈ Λ^2 | d(x, y) ≤ δ}, then there are Hölder continuous maps ρ : U→A, [ , ]] : U→Λ characterized by [x, y]] = W^{ss}_δ (ρ(x, y)x) ∩ W^{uu}_δ (y). Since w(ρ(x, y)x) = ρ(x, y)w(x), it follows that that if x, y, [x, y]] ∈ Λ_{00} then |w(x) − w(y)| = |w(x) − ρ(x, y)w(x)|, ≤ ‖I − ρ(x, y)‖|w(x)|, ≤ d(x, y)^αK, where K is the upper bound for w on Λ_0 and α is the Hölder exponent of ρ.

We claim there exists δ > 0 such that for ν ae x ∈ Λ_{00}, [[x, y] ∈ Λ_{00} for ν ae y ∈ {z ∈ Λ_{00} | d(x, z) ≤ δ} (absolute continuity). Assuming the claim, it follows that there is a unique Hölder continuous version of w on Λ.

For the absolute continuity property, we use a variation of the argument of Ruelle & Sullivan used to prove absolute continuity of foliations for hyperbolic basic sets [69, Theorem 1(d)], together with the existence of Γ-regular Markov partitions. Details are presented in the Appendix. □

Remarks 8.1.2. (1) Since the absolute continuity property we use holds for Haar lifts of equilibrium states on Λ/Γ associated to Hölder continuous potentials, Theorem 8.1.1 holds for any measure ν which is the Haar lift of an equilibrium state defined by a Hölder continuous potential on Λ/Γ. See also the Appendix. (2) If instead of (8.1), we assume that w ∘ Φ = cw, where c ∈ K , then the proof of Theorem 8.1.1 continues to apply, without change, to give a Hölder continuous solution w^′ : Λ→C^d, w^′ = w, ae. In particular, both Propositions 7.6.1, 7.6.2 have continuous versions (cf [57, Theorems 4.3, 4.4]). ♦

Corollary 8.1.3. If Φ is topologically transitive (that is, Φ has a dense orbit) then (Φ, Λ, ν) is ergodic.

Proof. If w : Λ→C^d is ν-measurable and satisfies (8.1,8.2) then the continuous version of w given by Theorem 8.1.1 is constant on a dense subset of Λ and hence is constant. Thus any w satisfying the conditions of Proposition 7.6.1 is trivial. □

Corollary 8.1.4. If (Φ, Λ, ν) is ergodic, ϕ : Λ/Γ→Λ/Γ is topologically mixing and Γ is semisimple then (Φ, Λ, ν) is Bernoulli.

Proof. If Γ is semisimple then any one-dimensional representation ρ : Γ→K is trivial. Thus the equation (7.2) defines a function w which is constant on group orbits and hence drops to the orbit space Λ/Γ. Since (ϕ, Λ/Γ, μ) is topologically mixing it is weak mixing (else, the subshift dynamics would not be topologically mixing). Hence any solution to (7.1) by a Γ invariant function is constant and c = 1. Furthermore since (Φ, Λ, ν) is measure-theoretically a skew-product, Rudolph’s theorem [68] applies. That is, if (Φ, Λ, ν) is weak-mixing, then (Φ, Λ, ν) is Bernoulli. □

8.2. Structure of ergodic components

Following Brin [12, Theorem 1.1], we define an equivalence relation ∼ on Λ by x ∼ y if there exist x_0, . . . , x_n ∈ Λ such that

(a) x_0 = x, x_n = y.

(b) x_{i+1} ∈ W^{rr}(x_i), where r ∈ {s, u}.

We denote the equivalence class of x by C(x). Obviously, if y ∈ C(x) then C(x) ⊃ W^{ss}(y) ∪ W^{uu}(y). We note the following properties of the sets C(x). y ∈ C(x) =⇒ x ∈ C(y), (8.3) Φ^n(C(x)) = C(Φ^n(x)), (n ∈ Z),

(8.4) C(γx) = γC(x), (γ ∈ Γ). (8.5)

Define the closed set Q(z) = ∪^∞_{−∞}Φ^n(C(z)).

Proposition 8.2.1 (cf [11, Theorem 1]). For all z ∈ Λ, we have

(a) p(Q(z)) = Λ/Γ. (b) Q(z) is Φ-invariant.

(c) γQ(z) = Q(γz), for all γ ∈ Γ. (d) If w ∈ Q(z) then Q(z) = Q(w). (e) Φ|Q(z) is topologically transitive.

Proof. Since Λ/Γ has a symbolic dynamics (Proposition 7.4.1), p(W^{rr}(x)) is a dense subset of Λ/Γ for all x ∈ Λ, r ∈ {u, s}, proving (a). Statements (b,c) are immediate from (8.5,8.5). In order to prove (d), suppose that w ∈ Q(z). Then for δ > 0, there exists γ ∈ Γ, k ∈ Z such that d(γ, Id) < δ and γw ∈ Φ^kC(z). Since the sets C(x) define a partition of Λ, C(Φ^kz) = C(γw). Hence, using (8.4, 8.5), we see that Q(z) = ∪_{m∈Z}Φ^mC(Φ^kz), = ∪_{m∈Z}Φ^mC(γw), = γ∪_{m∈Z}Φ^mC(w), = γQ(w). Letting δ→0, γ→e and so Q(w) = Q(z).

It remains to prove (e). For this we use the original argument of Brin [12, Theorem 1.1]. Since the measure ν on Λ is positive on open subsets of Λ, it follows from the Poincaré recurrence theorem that recurrent points form a dense subset of Λ. Let B_δ(x) denote the open d-disk, center x, radius δ in Λ. It follows from the definition of topological transitivity that Φ|Q(z) is topologically transitive if given any x, y ∈ Q(z), δ > 0, then there exists k = k(x, y, δ) such that B_δ(y) ∩ Φ^kB_δ(x) ≠ ∅.

This property follows from topological transitivity of the strong stable and unstable foliations of Q(z) ( [12, Definition 1.1]) and the two lemmas below which are proved in [12] when Λ is a partially hyperbolic manifold. Both proofs extend immediately to our context (for the second lemma, we use the density of recurrent points).

Lemma 8.2.2 ([12, Lemma 2]). Let x_{i+1} ∈ W^{ss}(x_i). For each ε_1 > 0, there exists ε_2 > 0 such that if Φ^kB_δ(x) ∩ B_{ε2} (x_i) ≠ ∅ for some k, then there exists k^′ such that Φ^{k′} B_δ(x) ∩ B_{ε1} (x_{i+1}) ≠ ∅.

Lemma 8.2.3 ([12, Lemma 3]). Let x_{i+1} ∈ W^{uu}(x_i). Then for ε_1 > 0 there exists ε_2 > 0 such that if Φ^kB_δ(x) ∩ B_{ε2} (x_i) ≠ ∅ for some k, then there exists k^′ such that Φ^{k′} B_δ(x) ∩ B_{ε1} (x_{i+1}) ≠ ∅.

This completes the proof of Proposition 8.2.1. □

Corollary 8.2.4. The sets Q(z) define a closed Γ-invariant partition of Λ by the ergodic components of (Φ, Λ, ν). In particular, if z ∈ Λ and γ ∈ Γ then either γQ(z) = Q(z) or γQ(z) ∩ Q(z) = ∅.

Remark 8.2.5. Let Q denote the partition of Λ into closed Φinvariant sets given by Proposition 8.2.1. If Q ∈ Q, then Q must contain points of every isotropy type occurring in Λ (since p(Q) = Λ/Γ). In particular, if we let J denote the closure of the subgroup of Γ generated by {Γ_x | x ∈ Q}, then Q is J-invariant. Note that J must always contain a subgroup of maximal isotropy type. Hence, when the action of Γ on Λ is not free – that is, Λ is not a principal extension over a locally maximal set – then the components Q of Q are always stabilized by a non-trivial subgroup of Γ. ♦

CHAPTER 9

Stable Ergodicity

Throughout this chapter we assume that Λ is a basic set for the C^sdiffeomorphism Φ, s ≥ 2. Let ϕ : Λ/Γ→Λ/Γ denote the map induced on the orbit space by Φ. Let r ∈ (0, s]. Following §2.2.2, we let C^r_Γ(Λ, Γ) be the space of C^r cocycles f : Λ → Γ satisfying f(γx) = γf(x)γ^{−1} for all x ∈ Λ, γ ∈ Γ. Note that for the next section only, C^1 will mean Lipschitz . We give C^r_Γ(Λ, Γ) the usual C^r-topology.

If f ∈ C^r_Γ(Λ, Γ) and we define Φ_f (x) = f(x)Φ(x), then Φ_f ∈ Diff^r_Γ(Λ) and Φ_f induces the map ϕ on Λ/Γ. Generally, suppose that Φ^′ is a Γ-equivariant diffeomorphism covering ϕ. If Φ^′ is sufficiently C^0-close to Φ, then it follows from Proposition 3.1.11 that Φ^′ = Φ_f ′ for some near identity cocycle f^′ ∈ C^r_Γ(Λ, Γ). We remark that this would not necessarily be true if the dimension of the Γ-orbits of points in M were allowed to vary (see [21]).

9.1. Stable ergodicity: Γ compact and connected

Recall that Λ_Π, the set of points in Λ with trivial isotropy, is an open and dense Γ-invariant subset of Λ. Since Λ_Π is contained in the principal isotropy stratum M_Π of M and the action of Γ on M_Π is assumed to be free, it follows that Λ_Π/Γ is a hyperbolic subset of the manifold M_Π/Γ. Strictly speaking we get a uniform hyperbolic structure on the complement in Λ/Γ of any neighborhood of the singular set Λ_S /Γ. Since there is a symbolic dynamics for Λ/Γ, it follows that there exist infinitely many transverse homoclinic points in Λ_Π/Γ which are homoclinic to periodic points in Λ_Π/Γ. Necessarily, the orbits of these homoclinic points are bounded away from the ϕ-invariant set Λ_S/Γ. Consequently, it follows from Smale’s theorem [38, Theorem 6.5.5, Exercise 6.5.1], (see also [29, §2.1]) that Λ_Π/Γ contains a transitive subshift of finite type X with a hyperbolic structure. Since all Γ-principal bundles over a subshift of finite type are trivial, it follows that Φ : Λ|X→Λ|X is a skew extension of X. The next Lemma is an immediate consequence of Propositions 6.1, 6.2 of [29].

Lemma 9.1.1. Let r ∈ (0, s]. Then there exists a C^r-open and dense subset U_r of C^r_Γ(Λ, Γ) such that Φ_f : Λ|X→Λ|X is transitive for all f ∈ U_r. Moreover, if r ≥ 2, then U_r is C^2-open in C^r_Γ(Λ, Γ).

Let f ∈ C^r_Γ(Λ, Γ). Given x ∈ Λ, denote the closure of the Φ_f - orbit through x by O_f (x). It follows from the Γ-invariance of Φ_f that O_f (γx) = γO_f (x) for all γ ∈ Γ. It is easy to see that if the ϕ-orbit of p(x) ∈ Λ/Γ is dense, then p(O_f (x)) = Λ/Γ. Note that this property does not depend on the choice of cocycle f.

Definition 9.1.2 (cf [29, §6]). Let x ∈ Λ and suppose that p(x) ∈ Λ/Γ has a dense ϕ-orbit. We say that O_f (x) is a maximal transitivity component for Φ_f if whenever O_f (x^′)∩O_f (x) ≠ ∅, then O_f (x^′) ⊂ O_f (x).

Lemma 9.1.3 (cf [29, Lemma 6.5]). Suppose that P = {gO_f (x) | g ∈ Γ} defines a partition of Λ into maximal transitivity components. Then Φ_f is transitive if we can find a Φ_f -invariant and Γ-invariant closed subset Z of Λ such that Φ_f |Z is transitive.

Proof. Suppose Φ_f |Z is transitive. There exists z ∈ Z such that the Φ_f -orbit of z is dense in Z. For some h ∈ Γ, z ∈ hO_f (x) = O_f (hx). Hence, O_f (hx) ⊃ O(z) = Z. Therefore O_f (hx) ∩ O_f (gx) ≠ ∅, all g ∈ Γ and so O_f (hx) = Λ. □

Theorem 9.1.4. Let r ∈ (0, s]. Then there is a C^r-open and dense subset U_r of C^r_Γ(Λ, Γ) such that (Φ_f , Λ, ν) is ergodic for all f ∈ U_r. Moreover, if r ≥ 2, then U_r is C^2-open in C^r_Γ(Λ, Γ).

Proof. By Corollary 8.2.4, we have a partition of Λ into maximal transitivity components for all f ∈ C^r_Γ(Λ, Γ). Now apply Lemmas 9.1.1, 9.1.3. □

Remark 9.1.5. The proof of Corollary 8.2.4 depended on Proposition 8.2.1 which in turn depended on the strong stable and unstable foliations of Φ. Provided that Φ is C^1, these foliations exist. Moreover, the foliations continue to exist for Φ_f , f ∈ C^r_Γ(Λ, Γ), r ∈ (0, s] [30]. This suffices for the proof of Proposition 8.2.1. ♦

Theorem 9.1.6. Suppose that (ϕ, Λ/Γ, μ) is topologically mixing. Let r ∈ (0, s]. For all f ∈ U_r, (Φ_f , Λ, ν) is mixing and Bernoulli.

Before proving this result we need some preliminary results (see Chapter 2, §2.1). Our approach is similar to that in [31].

Since Γ is connected, there is a finite covering homomorphism η : Γ̃ = K^m × S→Γ, where the group S is semisimple. Set S̃ = η({e_{Km} } ×

9.1. STABLE ERGODICITY: Γ COMPACT AND CONNECTED 87

S) ⊂ Γ, Ã = η(K^m × {e_S }). Obviously S̃, Ã are normal subgroups of Γ, S̃ is semisimple and Ã ∼= K^m.

Let π : Γ→Γ/S̃ denote the quotient homomorphism. Set Γ/S̃ = A and note that A ∼= K^m. We remark that π is Γ-equivariant with respect to the given action of Γ on Γ (g → γgγ^{−1}) and the trivial action on A.

Lemma 9.1.7. There is an open neighborhood U = U^{−1} of the identity e_A ∈ A and smooth Γ-equivariant local section s : U→Γ (π ∘ s = I d_U ).

Proof. This is a special case of a standard result in the theory of homogeneous spaces. In our situation, η : Ã→A is a finite covering map and the centralizer of Ã in Γ is equal to S̃. Hence we can define s to be a local inverse to η|Ã at the identity. □

Lemma 9.1.8. Let r ≥ 0 and f ∈ C^r_Γ(Λ, Γ). Set f̄ = π ∘ f ∈ C^r(Λ, A). There is a C^0 open neighborhood W¯_f of f̄ in C^r(Λ, A) and continuous map χ : W¯_f →C^r_Γ(Λ, Γ) such that χ(f̄) = f.

Proof. If f is constant, equal to the identity map of Γ, the result follows trivially from Lemma 9.1.7. For general f, we apply the special case to maps f^′ with ff^{′−1} ∈ W_{ēA} . □

Lemma 9.1.9 ([31, Proposition 3.2.1]). Suppose that (ϕ, Λ/Γ, μ) is topologically mixing. Then stable ergodicity of (Φ_f , Λ, ν) implies stable mixing.

Proof. Suppose that Φ_f is stably ergodic but not mixing. It follows from Proposition 7.6.2 that there exists a nontrivial irreducible representation ρ : Γ→K , nonzero measurable w : Λ→C , and c ∈ K such that w ∘ Φ_f = cw, wγ = γw, (γ ∈ Γ). Since (ϕ, Λ/Γ, μ) is ergodic, and w is Γ-equivariant, w ≠ 0 on a full measure subset of Λ and so we may replace w by w/|w| and assume that w : Λ→K .

Following our earlier notation, Γ ⊃ S̃, where S̃ is semisimple and Γ/S̃ = A ∼= K^m. Since S̃ is semisimple, ρ|S̃ is constant, equal to the identity of K . Hence ρ induces a homomorphism ρ̄ : A→K . Identifying A and K^m, we set f̄ = (f̄_1, . . . , f̄_m) = π ∘ f ∈ C^r(Λ, K^m). Writing Φ_f = fΦ, it follows that there exists ℓ = (ℓ_1, . . . , ℓ_m) ∈ Z^m, ℓ ≠ 0, such that w ∘ Φ/w = cΠ^m_{i=1}f̄^{ℓi}_i . We are now in a position to use the argument of the proof of Proposition 3.2.1 [31]. We choose sequences (b_n) ⊂ K , (N(n)) ⊂ N , such that b_n→1 and (cb^{−ℓ1}_n )^{N(n)} = 1, all n. It follows that

w^{N(n)} ∘ Φ/w^{N(n)} = ( c b^{ℓ1}n )_{N(n)} b^{ℓ1N(n)} n f̄^{ℓ1N(n)}_1 Π^m_{i=2}f̄^{ℓiN(n)}_i ,

= (b_nf̄_1)^{ℓ1N(n)}Π^m_{i=2}f̄^{ℓiN(n)}_i , = Π^m_{i=1}(f̄^′_i )^{ℓi} ,

where f̄^′_1 = b_nf̄_1, f̄^′_i = f̄_i, i > 1. Applying Lemma 9.1.8, we see that for n sufficiently large

w^{N(n)} ∘ Φ_f ′ = w^{N(n)},

where f^′ ∈ C^r_Γ(Λ, Γ) is the lift of f̄^′. Hence, by Proposition 7.6.1, Φ_f ′ cannot be ergodic. Letting n→∞, it follows from Lemma 9.1.8 that Φ_f ′ →Φ_f , contradicting the stable ergodicity of Φ_f . □

Proof of Theorem 9.1.6 If Γ is semisimple, this result follows from Corollary 8.1.4. For general Γ, it follows from Lemma 9.1.9 that if f ∈ U_r, then (Φ_f , Λ, ν) is mixing. The result now follows from Rudolph’s theorem just as in the proof of Corollary 8.1.4. □

9.2. Stable ergodicity: Γ semisimple

Theorem 9.2.1. Suppose that Φ is C^s, ∞ ≥ s ≥ 1. Let Γ be semisimple and t ∈ (0, s]. Then there exists a C^t-open and C^s-dense subset U_s of C^s_Γ(Λ, Γ) such that (Φ_f , Λ, ν) is ergodic for all f ∈ U_s. If the induced map ϕ on Λ/Γ is topologically mixing, then ergodic maps are Bernoulli.

Proof. We show that if Γ is semisimple, then there is a C^s-open and C^t-dense set of functions f such that (Φ_f , Λ, ν) is ergodic. Corollary 8.1.4 implies that if the induced map on Λ/Γ is topologically mixing then (Φ_f , Λ, ν) is Bernoulli.

It follows from Corollary 8.1.3 and Proposition 8.2.1(e), that it suffices to show that Q_f (z) = Λ for a C^s-open, C^t-dense set of cocycles f, where Q_f (z) is a transitivity component for the diffeomorphism Φ_f .

Fix z ∈ Λ. Since the periodic points of ϕ are dense in Λ/Γ by Theorem 5.7.5, we may choose z_0 ∈ Q(z), such that p(z_0) is periodic. We use the argument of Field and Parry [31, Theorem 4.3.1] based on homoclinic points (we might equally well have used the original argument of Brin [12, Page 10]).

It follows from Proposition 7.4.1 that we can choose points z_1, z_2 ∈ Λ, p(z_0), p(z_1), p(z_2) distinct, and γ, η ∈ Γ such that z_1, z_2 ∈ Q(z_0) and

z_1 ∈ W^{uu}_ε (z_0), γz_0 ∈ W^{ss}_ε (z_1), z_2 ∈ W^{uu}_ε (γz_0), ηz_0 ∈ W^{ss}_ε (z_2).

9.3. STABLE ERGODICITY FOR ATTRACTORS 89

The points γz_0, ηz_0 lie in Q(z) since Q(z) is a closed subset of Λ and is therefore partitioned by the leaves of the strong stable and unstable foliation. Hence, by Lemma 8.2.1(e), Q(z) is invariant by the group ⟨γ, η⟩ topologically generated by γ, η.

If ⟨γ, η⟩ = Γ, then Q(z) = Λ and so Φ is ergodic. Let U_s denote the subspace of C^s(Λ, Γ) consisting of cocycles f for which ⟨γ, η⟩ = Γ (fixed choice of p(z_0), p(z_1), p(z_2) in Λ/Γ). It follows from the openness and density of topological generators for semisimple groups (Chapter 2, §2.1.1) that if f^′ ∈ C^s(Λ, Γ) is sufficiently C^t-close to f ∈ U_s, then Φ_f ′ will also be ergodic as the corresponding group elements γ(f^′), η(f^′) depend continuously on f^′ [30, Theorem 2.7.1] in the C^t-topology. In particular, U_s is C^t-open for all t ∈ (0, s].

If ⟨γ, η⟩ is a proper subgroup of Γ, then we may make a C^s-small perturbation Φ_f of Φ supported on the Γ orbit of small d̄ neighborhoods of {p(z_1), p(z_2)} so that the corresponding pair of group elements γ(f), η(f) generate Γ. Hence we have C^s-density. □

9.3. Stable ergodicity for attractors

It is rather easy to generalize Brin’s original stability argument to the case when Λ is an attractor and Γ is an arbitrary compact connected Lie group. (Thanks are due to Keith Burns and Andrew Török for helpful conversations relating to this section.)

Theorem 9.3.1. Suppose that Φ is C^s, s ≥ 1. Let Γ be a compact connected Lie group and Λ ⊂ M be a (connected) attractor. For r > 0, there exists a C^0-open C^r dense subset U_r of C^r_Γ(Λ, Γ) such that (Φ_f , Λ, ν) is ergodic for all f ∈ U_r.

Proof. Since Λ is an attractor, Λ contains the unstable manifold (defined as a subset of M) of every point x ∈ Λ. In particular, W^{uu}(x) ⊂ Λ is path connected for all x ∈ Λ.

Fix a point z_0 ∈ Λ \ Λ_S . Let R be a differentiable slice, radius ε > 0 through z_0 and set U = ΓR. Necessarily, U is disjoint from Λ_S. We assume in the sequel that ε is chosen so that d(U, Λ_S) > 10ε. Fix a Γequivariant diffeomorphism ψ : U→R × Γ such that ψ(z_0) = (p(z_0), e). Note that since we are assuming R is an ε-disk and so R is contractible. In the sequel, we identify R with p(R) ⊂ M/Γ and regard U as a Γprincipal bundle over R. Our convention is that Γ acts on the left on the trivialization R × Γ (note that Brin [12] assumes Γ acts on the right). In addition, we have a right action of Γ on U, inherited from the right action on R × Γ.

Let ρ ∈ (0, ε), and set U_ρ = {z ∈ U | d(z, Γz_0) < ρ}, R_ρ = R ∩ U_ρ. For sufficiently small ρ > 0, we have W^u_ε (Γx) ∩ W^s_ε (Γy) = Γz ⊂ U, (x, y ∈ U_ρ). In particular, we have a well-defined bracket operation [ , ] : U^2_ρ →U. Following [12, §2], let L^4 denote the set of 5-tuples (x_0, x_1, x_2, x_3, x_4) ∈ R^5_ρ such that

(a) x_0 = x_4 = p(z_0).

(b) x_{i+1} ∈ W^σ_ε (x_i), where σ ∈ {s, u} and σ alternates round the loop.

(c) If x_{i+1} ∈ W^u(x_i), then x_{i+1} is connected to x_i by a continuous path lying within R_ρ ∩ W^u(x_i).

Suppose that L = (x_0, x_1, x_2, x_3, x_4) ∈ L^4. There is a natural lift of (x_0, x_1, x_2, x_3, x_4) to (z_0, z_1, z_2, z_3, z_4) ⊂ U_ρ, where (a) z_4 ∈ Γz_0, (b) z_{i+1} ∈ W^{σσ}_ε (z_i), where σ ∈ {s, u} and σ alternates round the loop, (c) if z_{i+1} ∈ W^{uu}(z_i), then z_{i+1} is connected to z_i by a continuous path lying within U_ρ ∩ W^{uu}(z_i).

Identifying Γz_0 with Γ via the map ψ|Γz_0, the process of lifting defines a map π : L^4→Γ by π(L) = γ, where γz_0 = z_4. If L ∈ L^4, there is a continuous deformation of L to a degenerate path L^′ ∈ L^4 with π(L^′) = e. Indeed, suppose that L = (x_0, x_1, x_2, x_3, x_4) ∈ L^4 and, without loss of generality, assume that x_1 ∈ W^u(x_0). Choose a continuous path u_t ∈ W^u(x_0) ∩ R_ρ such that u_1 = x_1, u_0 = x_0. Define v_t = [u_t, x_3]. Then v_t is a continuous path in W^u(x_3) ∩ R_ε and v_1 = x_3. In this way, we define a continuous family of paths L_t ∈ L^4, with L^0 = L, L^′ = (x_0, x_0, x_3, x_3, x_0). Obviously, π(L^′) = e.

Using the left Γ-action on U for composition of paths in L^4, Let H ⊂ Γ denote the group generated by {π(L) | L ∈ L^4}. Every element of H may be obtained as the lift of a finite composition of elements of L^4 (left Γ-action). In particular, H is path connected and so, by the theorem of Kuranishi-Yamabe [77], H has the structure of a Lie group. Specifically, there exists a Lie subalgebra h of the Lie algebra of Γ such that H = exp(h) (in general, H will not be a Lie subgroup of Γ).

The remainder of Brin’s proof of genericity of stable ergodicity goes through without essential change and we refer the reader to [12, §2] for details. □

9.4. Stable ergodicity and SRB attractors

In this section we assume that Λ ⊂ M is a transversally hyperbolic attractor for the C^s-diffeomorphism Φ, s ≥ 2.

9.4. STABLE ERGODICITY AND SRB ATTRACTORS 91

We suppose that we are given a Γ-regular Markov partition on Λ and associated subshift of finite type π : Σ→Λ/Γ. Let λ denote Riemannian measure on M. There are several definitions of Sinai-Ruelle-Bowen (SRB) measures in the literature all of which are equivalent when Λ is uniformly hyperbolic. For our purposes, we use the following strong definition of SRB measure.

Definition 9.4.1. Let ν be a Φ-invariant probability measure on Λ. We say that ν is an SRB measure if there exists an open neighborhood U of Λ and a λ-measure zero subset A of U such that for all continuous functions f : U→R and all x ∈ U \ A,

lim_n →∞ 1 n n−1∑ i=0 f(Φ^n(x)) = ∫ Λ fdν. We recall that j^u(x) = − ln |JacDΦ|E^u(x)|, x ∈ Λ, is called the Jacobian potential and that j^u is Hölder continuous. Since j^u is Γinvariant, j^u drops down to a Hölder continuous map on Λ/Γ which in turn lifts to a Hölder continuous potential on Σ. If we let m^⋆ denote the corresponding unique equilibrium state on Σ, then the Haar lift of π · m^⋆ defines a Φ-invariant Borel probability measure ν^⋆ on Λ. The measure ν^⋆ is an equilibrium state of j^u.

In general, if ν is a Φ-invariant Borel probability measure on Λ we say that ν has absolutely continuous conditional measures on unstable manifolds if the conditional measures on strong unstable manifolds W^{uu}(x) are absolutely continuous with respect to Lebesgue measure (on W^{uu}(x)).

It follows from the theorem of Ledrappier and Young [44, Theorem A] that a Φ-invariant Borel probability measure ν on Λ is an equilibrium state of j^u if and only if ν has absolutely conditional measures on the unstable manifolds of Λ.

Proposition 9.4.2. If ν^⋆ is an ergodic measure on Λ, then ν^⋆ is SRB.

Proof. Since ν^⋆ is an equilibrium state of j^u it follows from the theorem of Ledrappier and Young that ν^⋆ has absolutely continuous conditional measures on the unstable manifolds of Λ. Extending by Haar measure to the center unstable manifolds W^{cu}(x), it follows that ν^⋆ has absolutely conditional measures on the center unstable manifolds. On the other hand, it follows from a theorem of Pesin [64], [62, Theorem 7.1] that the strong stable manifolds of points x ∈ Λ are absolutely continuous. It is now routine and easy to show that if ν^⋆ is ergodic it is SRB. □

For the remainder of this section we assume that Γ is compact and connected.

Theorem 9.4.3. Let Φ be C^s, s ≥ 2 and Λ be a transversally hyperbolic attractor for Φ.

(a) If r ∈ [2, s], there is a C^2-open, C^r-dense subset U_r of C^r(Λ, Γ) such that if f ∈ U_r then (Φ_f , Λ, ν^⋆) is SRB.

(b) If (Φ, Λ, ν^⋆) is SRB and V is an open neighborhood of Λ in M then there exists a C^2-open neighborhood U of Φ in Diff_Γ(M) such that if Φ^′ ∈ U, then Φ^′ has a transversally hyperbolic SRB attractor Λ^′ ⊂ V .

Proof. The proof of part (a) of the theorem proceeds as in the proof of Part (a) of the Theorem 9.2.1 except that we have to use the version of Livšic regularity that holds for general equilibrium states of Hölder continuous potentials (see Remarks 8.1.2(1)).

Part (b) follows from general stability results on partially hyperbolic sets [37, §7] together with the arguments of the proof of Theorem 9.2.1. We omit the straightforward and routine arguments. □

APPENDIX A

On the absolute continuity of ν

Granted the existence of Γ-regular Markov partitions on Λ, the proof of absolute continuity of the stable and unstable foliations is a relatively straightforward variation of the argument used by Ruelle & Sullivan to prove the corresponding result for hyperbolic basic sets [69, Theorem 1, page 324]. We include some of the details for completeness and because we wish to emphasize the absolute continuity property that we use. While we give the result only for the measure of maximal entropy, our proof extends with minor modifications (the multiplying factors λ are no longer constant) to any Gibbs measure defined by a Hölder continuous potential.

Let m be the Parry measure on Ω and μ = πm be the induced ϕinvariant measure on Λ/Γ of maximal entropy. Given ε > 0, α ∈ Λ/Γ, we let W^{s/u}ε (α) denote the local stable and unstable sets through α. Thus, if x ∈ α, W^s_ε (α) = pW^{ss}_ε (x) = pW^s_ε (Γx).

Following 7.4, we fix a Γ-regular Markov partition R of Λ. We suppose that for some ε > 0 R is ε-admissible and that mesh(R) < ε/3. In what follows, the local stable and unstable sets will always be assumed of ‘diameter’ ε. Let R̃ denote the Markov partition induced by R on Λ/Γ. Set Σ^1 = W^u_ε (Λ_S) ∪ W^s_ε (Λ_S) and Σ̃^1 = pΣ^1. We define Σ = ∪_{n∈Z}f^n(Σ^1), Σ̃ = pΣ. Since ν(Σ^1) = 0, ν(Σ), μ(Σ̃) = 0.

It follows from Lemma 6.5.6 (3) that we have a local product structure [[ , ] : R̃^σ ×R̃^σ →R̃ characterized by [[α, β] = W^s(α, R̃)∩W^u(β, R̃). It follows from Lemma 7.4.2 that this local product structure yields holonomy maps h^ρ_{α,β} : W^ρ(α, R̃)→W^ρ(β, R̃), ρ ∈ {s, u}, whenever α, β ∈ R̃^σ. Lemma A.1. We may choose R and ε > 0 and a zero measure subset ∇ ⊂ Λ/Γ so that there exists η > 0 such that if α, β ∈ Λ/Γ \ ∇ and d̄(α, β) < η, then there are well-defined μ-measurable holonomy maps h^u_{α,β} : W^u_{ε/2}(α)→W^u_ε (β), h^s_{α,β} : W^s_{ε/2}(α)→W^s_ε (β). In case α, β ∈ R̃^σ, R ∈ R, then h^{u/s}_{α,β} coincide with the holonomy maps defined previously on W^{u/s}(α, R̃).

Proof. Given ε > 0, we may choose η > 0 so that if x, y ∈ Λ and d̄(x, y) < η, then [[a, y] is defined for all a ∈ W ss_{ε/2}(x) and [[a, y] ∈ W u_ε (y). However, as there may be multiple intersections between W^{ss}_{ε/2}(x) and W^u_ε (Γy), this construction does not induce well defined holonomy maps on Λ/Γ unless we require x, y ∈ R̃^σ and restrict to a ∈ W^{uu}_ε (x) ∩ R. Suppose then that α, β ∈ Λ/Γ, d̄(α, β) < η and ζ ∈ W^u_{ε/2}(α). Suppose there exist (a smallest) N ≥ 0, S ∈ R, τ ∈ W^u_ε (β) such that τ ∈ W^s_ε (ζ) and f^N (ζ), f^N (τ) ∈ S̃^σ. Then we may pull back the holonomy map h^u_{f N (ζ),f N (τ )} by f^{−N} to give a holonomy map defined on f^{−N} (W^u_{ε/2}(η, S̃)). Since the Markov partition is admissible, the holonomy map we obtain is uniquely defined. We need to show that the measure of the set ∇^u of α, β where this process fails is zero. Clearly, if α, β /∈ Σ̃, then the construction works provided only that there exists an N > 0 and S ∈ R such that f^N (ζ), f^N (τ) ∈ S̃. The only way this can fail is if in the limit f^N (ζ), f^N (τ) converge to the union of the boundaries of the rectangles in R̃. Since d̄(f^N (ζ), f^N (τ)) converges zero exponentially fast and the measure of the boundary set is zero, we can use the argument of [69, Theorem 1, p324] together with μ(Σ̃) = 0 to deduce that μ(∇^u) = 0. The argument for the stable holonomy maps is the same and we conclude by setting ∇ = ∇^u ∪ ∇^s. □ If we set U = {α, β ∈ Λ/Γ | d̄(α, β) < η}, then it follows from Lemma A.1 that we have a measurable bracket operation [ , ] : U→Λ/Γ defined μ ae by [α, β] = h^u_{α,β}(α). Given κ > 0, α ∈ Λ/Γ, let B_κ(α) ⊂ Λ/Γ denote the open d̄-disk of radius κ > 0, center α.

Theorem A.2. For μ-almost all α ∈ Λ/Γ, there exist positive measures μ^s_α on W^s_ε (α), and μ^u_α on W^u_ε (α) such that

(a) supp(μ^u_α) = W^u_ε (α), supp(μ^s_α) = W^s_ε (α). (b) μ|B_η(α) = [ , ](μ^u_α × μ^s_α)|B_η(α).

Furthermore, the holonomy maps h^{u/s}_{α,β} preserve μ^{u/s}α -measure and, in particular, map sets of measure zero to sets of measure zero.

Proof. Let A be the 01-matrix indexed by R̃ × R̃ with elements a~_{Si,}~_{Sj} . We let S̃_i denote a variable member of the partition and use the notation R̃_i when we are considering a specific member. Thus general elements of Ω will be written (S̃_i). As in Ruelle and Sullivan [69], we avoid the use of double subscripts, such as R̃_{ik} , when it is clear from context what is meant.

By the Perron-Frobenius theorem, A and its adjoint A^⋆ have a dominant eigenvalue λ > 0 and corresponding eigenvectors v, w, with positive components v_i, w_i, such that < v, w >= 1. The Parry measure m is defined on cylinder sets by m{(S̃_i) ∈ Ω | S̃_k = R̃_k, ..., S̃_l = R̃_l} = λ^{−(l−k)}w_ka~_{Rk,}~_{Rk+1} ...a~_{Rl−1,}~_{Rl} v_l, where k ≤ l.

Let Z^+ = {n ∈ Z | n ≥ 0}, Z^− = {n ∈ Z | n ≤ 0}, Ω^+ = {(S̃_i) | i ≥ 0} and Ω^− = {(S̃_i) | i ≤ 0}. Given R = (R̃_i) ∈ Ω and 0 ≤ k, we define Ω^+_{R,k} = {(S̃_i) ∈ Ω | S̃_0 = R̃_0, ..., S̃_k = R̃_k}, Ω^−_{R,k} = {(S̃_i) ∈ Ω | S̃_{−k} = R̃_{−k}, ..., S̃_0 = R̃_0}. We define measures m± on Ω± such that for 0 ≤ k and R ∈ Ω, m^+(Ω^+_{R,k}) = λ^{−k}a~_{R0,}~_{R1} ...a~_{Rk−1,}~_{Rk} v_k, m^−(Ω^−_{R,k}) = λ^{−k}w_ka~_{R−k,}~_{R−k+1} ...a~_{R−1,}~_{R0} . Following [69], we show that m^± induce measures on the (local) stable and unstable foliations of Λ. Thus, suppose α = π(R) ∈ Λ/Γ, where R = (R̃_i) ∈ Ω. We define π^+_{α,R0} : Ω^+_{R,0}→R̃_0 ⊂ Λ/Γ by π^+_{α,R0} (S̃_i) = π(..., R̃_{−2}, R̃_{−1}, R̃_0, S̃_1, S̃_2, ...). The image of π^+_{α,R0} is equal to W^u_ε (α, R̃_0). The image of m^+|Ω^+_{R,0} under π^+_{α,R0} is a positive measure μ^u_{α,R0} on W^u_ε (α, R̃_0). Since ϕπ^+_{α,R0} (S_i) = π^+_{α⋆(S1),S1} (σ(S_i)), for any α^⋆(S_1) ∈ S_1 ∩ ϕ(W^u_ε (α, R_0), the image of m^+|Ω^+_{R,1} by σ is given by λ^{−1}m^+|Ω_{σR,0}. Hence

(A.1) ϕμ^u_{α,R0} = λ^{−1} ∑ R_1∈R a_{R0,R1} μ^u_α⋆_{(R1),R1} . Next we must show that for almost all α ∈ Λ/Γ, the measures μ^u_α, μ^s_α patch together on W^{u/s}ε (α) to give measures invariant by the holonomy maps h^{u/s}_{α,β} . But this follows from (A.1) using the same argument we used for the proof of Lemma A.1, which in turn was an extension of the original argument of Ruelle and Sullivan. The remaining statements of the theorem follow immediately from our construction. □ It follows from Theorem A.2 that for ν almost all x ∈ Λ we may define the measures ν^u_x , ν^s_x on W^u_ε (Γx), W^s_ε (Γx) to be the Haar lifts of μ^u_{px}, μ^y_{px} respectively. Let ν^{uu}_x denote the conditional measure of ν^u_x on the strongly unstable fiber W^{uu}_ε (x). Let [ , ] denote the ν-measurable lift of the bracket [ , ] defined on Λ/Γ. As an immediate consequence of our definitions and Theorem A.2 we obtain the following absolute continuity property needed for our proof of Theorem 8.1.1.

Corollary A.0.4. For ν almost all x ∈ Λ, [ , ](ν^{uu}_x × ν^s_x)|B_η(x) = ν|B_η(x).

Bibliography

[1] R Adler, B Kitchens and B H Marcus. ‘Finite group actions on shifts of finite type’, Erg. Thy. & Dynam. Sys. 5 (1985), 1–25.

[2] R Adler, B Kitchens and M Shub. ‘Stably ergodic skew products’, Discrete and Continuous Dynamical Systems 2 (1996), 349–350.

[3] J F Alves, C Bonatti and M Viana. ‘SRB measures for partially hyperbolic systems whose central direction is mostly expanding’, Invent. Math 140 (2000), 351–398.

[4] E Bierstone. ‘General position of equivariant maps’, Trans. Amer. Math. Soc., 234 (1977), 447–466.

[5] E Bierstone. ‘Generic equivariant maps’, Real and Complex Singularities, Oslo 1976, Proc. Nordic Summer School/NAVF Sympos. Math. (Sijthoff and Noordhoff International Publ.) Leyden (1977), 127–161.

[6] C Bonatti and M Viana. ‘SRB measures for partially hyperbolic systems whose central direction is mostly contracting’, Israel Journal of Math. 115 (2000), 157–194.

[7] R Bowen. ‘Topological entropy and Axiom A’, in Global Analysis, 23–41. Providence, AMS, 1970 (proc. of Symp. on Pure Math. XIV.

[8] R Bowen. ‘Markov partitions for Axiom A diffeomorphisms’, Amer. J. Math., 92 (1970), 725–747.

[9] R Bowen. Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms. Springer Lect. Notes in Math. 470, 1975.

[10] G E Bredon. Introduction to compact transformation groups (Pure and Applied Mathematics, 46, Academic Press, New York and London, 1972.)

[11] M I Brin. ‘Topology of group extensions of Anosov systems’, Mathematical Notes of the Acad. of Sciences of the USSR, 18(3) (1975), 858–864.

[12] M I Brin. ‘Topological transitivity of one class of dynamic systems and flows of frames on manifolds of negative curvature’, Funkts. Anal. Prilozh, 9, No. 1, (1975), 9-19.

[13] M I Brin and J B Pesin. ‘Partially hyperbolic dynamical systems’, Math. USSR Izvestia, 8, (1974), 177-218.

[14] T Bröcker and T Tom Dieck. Representations of Compact Lie Groups (Springer, New York, 1985).

[15] K Burns, C Pugh, M Shub and A Wilkinson. ‘Recent results about stable ergodicity’, Proc. Symposia AMS, to appear.

[16] K Burns and A Wilkinson. ‘Stable ergodicity and skew products’, Ann. Sci.

École Norm. Sup. 32 (1999), 859–889.

[17] K Falconer. Fractal Geometry- Mathematical Foundations and Applications (Wiley, 1990).

[18] U-R Fiebig. ‘Periodic points and finite group actions on shifts of finite types’, Erg. Thy. & Dynam. Sys. 13 (1993), 485–514.

[19] M. J. Field. ‘Transversality in G-manifolds’, Trans. Amer. Math. Soc., 231 (1977), 429–450.

[20] M J Field. ‘Equivariant Dynamical Systems’, Trans. Amer. Math. Soc., 259 (1980),185–205.

[21] M J Field. ‘On the structure of a class of equivariant maps’, Bull. Austral.

Math. Soc., 26(2) (1982), 161–180.

[22] M J Field. Isotopy and stability of equivariant diffeomorphisms, Proc. London Math. Soc., 46(3) (1983), 487–516.

[23] M J Field. ‘Equivariant diffeomorphisms hyperbolic transverse to a G-action’, J. London Math. Soc., 27(2) (1983), 563–576.

[24] M J Field. ‘Equivariant Bifurcation Theory and Symmetry Breaking’, J. Dynamics and Diff. Eqns., 1(4) (1989), 369–421.

[25] M J Field. ‘Local structure of equivariant dynamics’, in Singularity Theory and its Applications, II, eds. M. Roberts and I. Stewart, Springer Lecture Notes in Math., 1463 (1991), 168–195.

[26] M J Field. ‘Symmetry breaking for compact Lie groups’, Mem. Amer. Math.

Soc. 574, 1996.

[27] M J Field. ‘Generating sets for compact semisimple Lie groups’, Proc. Amer.

Math. Soc. 127 (1999), 3361–3365.

[28] M J Field, I Melbourne and M Nicol. ‘Symmetric Attractors for Diffeomorphisms and Flows’, Proc. London Math. Soc. 72(3) (1996), 657–696.

[29] M J Field, I Melbourne and A Török. ‘Stable ergodicity for smooth compact Lie group extensions of hyperbolic basic sets, and stable mixing for hyperbolic flows’, preprint 2003.

[30] M Field and V Niţică. ‘Stable topological transitivity of skew and principal extensions’, Nonlinearity 14 (2001), 1055–1070.

[31] M J Field and W Parry. ‘Stable ergodicity of skew extensions by compact Lie groups’, Topology, 38(1) (1999), 167–187.

[32] W Fulton and J Harris. Representation Theory, Grad. Texts in Mathematics, Springer-Verlag, 1991.

[33] M Golubitsky, D G Schaeffer and I N Stewart. Singularities and Groups in Bifurcation Theory, Vol. II, (Appl. Math. Sci. 69, Springer-Verlag, New York, 1988).

[34] J Guckenheimer and P Holmes. Structurally stable heteroclinic cycles, Math.

Proc. Camb. Phil. Soc. 103 (1988), 189-192.

[35] M Grayson, C Pugh and M Shub. ‘Stably ergodic diffeomorphisms’, Annal of Math. 140 (1994), 295–329.

[36] M Hirsch and C Pugh. ‘Stable manifolds and hyperbolic sets’, Proc. AMS Symp. in Pure Math., 14 (1970), 133–163.

[37] M W Hirsch, C C Pugh and M Shub. Invariant manifolds, (SLNM, Vol. 583.

Springer-Verlag: New York, Heidelberg, Berlin, 1977) [38] A Katok and B Hasselblatt. Introduction to the Modern Theory of Dynamical Systems (Encyclopedia of Mathematics and its Applications, 54, Cambridge University Press, 1995.)

[39] K Kawakubo. The theory of Transformation Groups (Oxford University press, 1991).

[40] H B Keynes and D Newton. ‘Ergodic measures for nonabelian compact group extensions’, Compositio Mathematica,32, (1976), 53-70.

[41] M Krupa. ‘Bifurcations of relative equilibria’, SIAM J. MATH. ANAL., 21(6) (1990), 1453–1486.

[42] M Kuranishi. ‘Two element generations on semisimple Lie groups’, Kodai.

math. Sem. report,(1949), 9-10.

[43] M G Nerurkar. ‘Ergodic continuous skew-product actions of amenable groups’, Pac. J. Math, 119, (1985), 343-364.

[44] F Ledrappier and L S Young. ‘The metric entropy of diffeomorphisms Part I: Characterization of measures satisfying Pesin’s entropy formula’, Ann. of Math 122 (1985), 509–539.

[45] A N Livšic. ‘Cohomology of Dynamical Systems’, Mathematics of the USSR Izvestija, 6(6), (1972), 1278–1301.

[46] A N Livšic. ‘Homology properties of Y-Systems’, Math. Notes, 10, (1971), 758–763.

[47] R Mañé. Ergodic Theory and Differentiable Dynamics (Springer-Verlag, Berlin, Heidelberg, New York, 1987).

[48] D Mongomery and L Zippin. Topological Transformation Groups (Interscience tracts in pure and applied Mathematics, 1, Interscience, New Yorkm 1955).

[49] G D Mostow. ‘Equivariant embeddings in euclidean space’, Ann. Math. 65 (1957), 432–446.

[50] S E Newhouse. ‘Lectures on Dynamical Systems’, in Dynamical Systems, Progress in Mathematics 8, Birkhäuser, 1980.

[51] M Nicol. ‘Symmetries of the asymptotic dynamics of random compositions of equivariant maps’, Nonlinearity, 9, (1996), 225-235.

[52] M Nicol, M Pollicott. ‘Measurable cocycle rigidity for some non-compact groups’. Bull. LMS 31, (1999) 592–600.

[53] M Nicol, M Pollicott. ‘Livsic’s Theorems for Semisimple Lie Groups’. Erg. Th.

Dyn. Syst. 21 (2001) 1501–1509.

[54] R S Palais. ‘Imbedding of compact differentiable transformation groups in orthogonal representations’, J. Math. Mech. 6 (1957), 673–678.

[55] R S Palais. ‘On the existence of slices for actions of non-compact Lie groups’, Ann. Math. 73 (1961), 295–323.

[56] J Palis. ‘A global view of dynamics and a conjecture on the denseness of finitude of attractors’, Astérisque 261 (2000), 335–347.

[57] W Parry. ‘Skew-products of shifts with a compact Lie group’, J. London Math.

Soc., 56(2) (1997), 400–404.

[58] W Parry and M Pollicott. Zeta functions and the periodic orbit structure of hyperbolic dynamics, Astérisque 187-188, Société Mathématique de France, 1990.

[59] W Parry and M Pollicott. ‘The Livsic cocyle equation for compact Lie group extensions of hyperbolic systems’, J. London Math. Soc. (2) 56 (1997), 405– 416.

[60] W Parry and M Pollicott. ‘Stability of mixing for toral extensions of hyperbolic systems’, Tr. Mat Inst. Steklova 216 (1997), Din. Sist. i Smezhnye Vopr., 354– 363.

[61] Ya B Pesin and Ya G Sinai. ‘Gibbs measures for partially hyperbolic attractors’, Erg. Thy. & Dynam. Sys. 2 (1982), 417–438.

[62] M Pollicott. Lectures on ergodic theory and Pesin theory on compact manifolds (LMS Lecture Note Series, 180, Cambridge University Press, 1993.)

[63] M Pollicott and C Walkden. ‘ Livšic theorems for connected lie groups’, Trans.

AMS. (Volume 353) (7) (2001), 2879–2895.

[64] C Pugh and M Shub. ‘Ergodic attractors’, Trans. Amer. Math. Soc. 312 (1) (1989), 1–54.

[65] C Pugh and M Shub. ‘Stably ergodic dynamical systems and partial hyperbolicity’, J. of Complexity 13 (1997), 125–179.

[66] C Robinson. Dynamical Systems, CRC Press, Boca Raton, Ann Arbor, London, Tokyo, 1995.

[67] W Rudin. Real and Complex Analysis. (McGraw-Hill, Third Edition, 1987). [68] D Rudolph. ‘Classifying the isometric extensions of Bernoulli shifts’, J.

d’Analyse Math. 34 (1978), 36–60.

[69] D Ruelle and D Sullivan. ‘Currents, flows and diffeomorphisms’, Topology, 14, (1975), 319-327 [70] G S Schwarz. ‘Smooth functions invariant under the action of a compact Lie group’, Topology 14 (1975), 63–68.

[71] G W Schwarz. ‘Lifting smooth isotopies of orbit spaces’, Publ. I.H.E.S., 51 (1980), 37–135.

[72] M Shub and A Wilkinson. ‘Pathological foliations and removable zero exponents’, Invent. Math. 139 (2000), 495–508.

[73] P Walters. An Introduction to Ergodic Theory. (Springer Verlag, 1982). [74] A Wilkinson. ‘Stable ergodicity of the time-one map of a geodesic flow’, Erg.

Th. Dyn. Syst. 18(6) (1998), 1545–1588.

[75] R F Williams. ‘One-dimensional non-wandering sets’, Topology, 6 (1967), 473– 487.

[76] R F Williams. ‘Classification of subshifts of finite type’, Annals of Math., 98 (1973), 120–153, and 99 (1974), 380–381 [77] H Yamabe. ‘On an arcwise connected subgroup of a Lie group’, Osaka Math J. 2 (1950), 13–14.