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Miscible quarter five-spot displacements in a Hele-Shaw cell are investigated by means of
experimental measurements and numerical simulations. The experiments record both the volumetric
as well as the surface efficiency at breakthrough as a function of the dimensionless flow rate in the
form of a Peclet number and the viscosity contrast. For small flow rates, both of these efficiency
measures decrease uniformly with increasing Peclet numbers. At large flow rates, an asymptotic
state is reached where the efficiencies no longer depend on the Peclet number. Up to Atwood
numbers of approximately 0.5, the less viscous fluid occupies close to2

3 of the gap width, which
indicates a near-parabolic velocity profile across the gap. Consequently, in this parameter range a
Taylor dispersion approach should be well suited to account for flow-induced dispersion effects. For
larger viscosity contrasts, accompanying two-dimensional numerical simulations based on Taylor
dispersion predict an increased stabilization for high flow rates, which is not confirmed by the
experiments. This suggests that, in order to extend the range of applicability to larger viscosity
contrasts, the components of the dispersion tensor will have to be amended in order to account for
the presence of quasi-steady fingers. ©1999 American Institute of Physics.
@S1070-6631~99!01707-9#
lo
us
-
g
re
of
r

d
id

gh
een
pot

g
for
od

ncy
ted

t is
on-

of
by

elf
cal

ma
I. INTRODUCTION

Hele-Shaw flows have long served as models for exp
ing the dynamics of both miscible and immiscible poro
media displacements.1,2 While most investigations have ad
dressed unidirectional flows, the quarter five-spot arran
ment of injection and production wells represents the p
ferred configuration for evaluating the important role
localized sources and sinks on the flow. Already the ea
porous media experiments by Caudle and Witte,3 Simmons
et al.,4 Habermann,5 and Laceyet al.6 show how, for unfa-
vorable mobility ratios, the growth of viscous fingers a
versely affects the sweep efficiency. The authors prov

a!Author to whom correspondence should be addressed. Electronic
eckart@spock.usc.edu
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Downloaded 22 May 2004 to 128.111.70.70. Redistribution subject to AIP
r-

e-
-

ly

-
e

data for this efficiency measure at the time of breakthrou
and beyond, as a function of the viscosity contrast betw
the fluids. Hele-Shaw experiments for the quarter five-s
geometry were conducted by Mahaffeyet al.7 as well as
Todd and Longstaff.8 A more recent investigation by Zhan
et al.9 presents both experimental and numerical results
quarter five-spot displacements in porous media, with go
agreement between the two regarding the overall efficie
of the process. For a more complete recent review of rela
work, cf. Refs. 10 and 11.

For miscible displacements in porous environments, i
well known that the large-scale features of the evolving c
centration field are determined not only by the properties
the fluids, such as their densities and viscosities, but also
the way in which the structure of the porous medium its
affects the small scales of the velocity field. In a classi
il:
5 © 1999 American Institute of Physics
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paper, Taylor12 investigated this flow-induced dispersion for
the case of a passive tracer added to a Poiseuille flow in
tube. He showed that, even in the absence of molecular d
fusion in the streamwise direction, the flow resulted in an
error function profile of the concentration averaged over th
tube’s cross section. Thus, the convective motion of the flui
is seen to affect the large-scale features of the averaged co
centration profile in a fashion that is somewhat similar to a
diffusion process. This result was employed by Mahaffey
et al.7 in order to compare the effects of diffusion in their
Hele-Shaw experiments to those in a large-scale field app
cation. Horne and Rodriguez13 applied Taylor’s approach to
Poiseuille flow in a plane channel and arrived at a simila
result for this geometry. An overview of the relevant mecha
nisms resulting in dispersion is given by Brady and Koch.14

In a typical miscible porous media displacement, this flow
induced dispersion process plays a dominant role in esta
lishing the concentration front thickness, and thereby dete
mines the length scales of potential instabilities that ca
evolve as a result of unfavorable viscosity or density grad
ents. It is hence crucial that theoretical and numerical analy
ses of such displacements account for this effect. In large
scale simulations, this usually cannot be accomplished in
straightforward way, i.e., by resolving the flow at all length
scales, since the large scales of the displacement are t
disparate from the pore scale. Consequently, the effects
flow-induced dispersion on the overall flow need to be mod
eled. Based on the early work by Peaceman and Rachford15

the numerical simulations of Ewinget al.16 hence employ a
velocity-dependent dispersion tensor, with empirically deter
mined values for the longitudinal and transverse dispersio
coefficients. Yortsos and Zeybek,17 in their investigation of
the effects of dispersion on the stability of rectilinear dis-
placements, use a simple model first suggested by Bear18

Surprisingly, they find dispersion to be destabilizing at shor
wavelengths. Zimmerman and Homsy19 present two-
dimensional, fully nonlinear spectral simulations of rectilin-
ear miscible porous media displacements involving
velocity-dependent dispersion tensor whose components
not involve any empirical constants. Instead, the author
make use of the results by Horne and Rodriguez13 in order to
establish the required relationships between the tensor co
ponents and the local velocity field. While suggesting tha
this approach is appropriate for both porous media and Hel
Shaw flows, the authors do point out that assuming the exi

FIG. 1. Experimental set-up.
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tence of a Poiseuille flow profile for variable viscosity fluid
represents a simplifying assumption. At high Peclet numb
and for long times, their simulations show the interesti
result that some of the large-scale flow features become
dependent of the Peclet number, which suggests that the
tails of the concentration field are of limited importance.
similar approach is taken in the numerical simulations
Zhanget al.9

The recent experimental observations by Petitjeans
Maxworthy,20 as well as the accompanying numerical sim
lations of Chen and Meiburg21 raise some questions regar
ing the range of viscosity contrasts for which the Tay
dispersion model is applicable to Hele-Shaw flows for lar
Peclet numbers, cf. also the results by Yang and Yortso22

and Rakotomalalaet al.23 For large dimensionless flow rate
and strong viscosity contrasts, the Stokes flow simulat
results of Chen and Meiburg21 show that miscible displace
ments in a two-dimensional gap result in the developmen
a quasi-steady state, which is characterized by a finger of
less viscous fluid propagating along the centerline of the g
In a reference frame moving with the tip of this finger, th
concentration field in the vicinity of the front then remain
nearly constant. For this flow, the velocity profile across
gap is quite different from the parabolic shape assumed
Taylor and Horne and Rodriguez. The temporal and spa
evolution of the concentration profile averaged over
tube’s cross section thus proceeds in a distinctly differ
fashion from the spreading error function found by the
authors. For smaller viscosity contrasts and at lower val
of the Peclet number, on the other hand, such a quasi-st
state never develops, and the velocity profile is appro
mately of Poiseuille shape. Hence it will be of interest
reassess, through a combined experimental and comp
tional effort, the parameter range in which the Taylor disp
sion model is applicable to miscible displacements in a He
Shaw cell. This will be a primary goal of the prese
investigation.

A final point of interest for miscible displacements co
cerns the potential importance of additional stresses nea
concentration front that are not accounted for by the Nav
Stokes equations. Such stresses were first postulated
Korteweg,24 but subsequently were given little attentio
More recently, the investigations by Davis,25 as well as by
Joseph and collaborators~Joseph,26 Joseph and Hu,27 Joseph
and Renardy28!, have placed a renewed emphasis on t
topic, as they raise the possibility of an effective surfa
tension in miscible fluids, cf. also Petitjeans29 and Petitjeans
and Kurowski.30 In the context of comparisons between e
perimental and numerical observations, this topic is d
cussed by Chen and Meiburg21 as well as by Petitjeans an
Maxworthy.20

The outline of the paper is as follows. In Sec. II we w
describe the Hele-Shaw cell and the miscible displacem
experiments conducted in it. The experiments will be a
lyzed both by means of flow visualization as well as
several quantitative measures related to the sweep efficie
In Sec. III we will present numerical simulation results f
miscible quarter five-spot flows in a Hele-Shaw configu
tion, obtained with a Taylor dispersion model based
 license or copyright, see http://pof.aip.org/pof/copyright.jsp
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1707Phys. Fluids, Vol. 11, No. 7, July 1999 Miscible quarter five-spot displacements
Horne and Rodriguez’s13 results, cf. Ref. 19. Some interes
ing features of this model will be pointed out, and their effe
on the simulation results will be discussed. Finally, in S
IV we will discuss the experimental and numerical obser
tions, in order to obtain information regarding the validity
the Taylor dispersion model for Hele-Shaw displacemen

II. EXPERIMENTS

A. Setup

The experiments are conducted in a horizontally
ranged, circular Hele-Shaw cell formed by two 1.9 cm thic
tempered glass plates of 68 cm diameter~Fig. 1!. Under the
moderate pressures applied in the current experiments, t
plates do not exhibit any significant bending, and a cons
gap widthd50.61 mm is maintained with high accuracy. A
O-ring is employed to seal the gap and establish a qua
five-spot configuration of side lengthL5100 mm within the
central portion of the cell. Additional short O-ring segmen
are uniformly distributed along the circumference of the c
in order to further minimize bending of the plates. The flu
enters the cell through a 0.4 mm diameter hole at the ce
of one of the plates~in one corner of the quarter five-spo
geometry!, and exits along its entire circumference. The e
from the quarter five-spot arrangement consists of a 4 mm
wide gap in the O-ring.

The Hele-Shaw cell is initially occupied by the mo
viscous fluid, in this case a glycerin-water mixture. The le
viscous fluid, a water-dye or glycerin-water-dye mixtu
with a smaller concentration of glycerin, is injected at a co
stant, and well controlled flow rate, by means of a gla
syringe and a syringe pump. A three-way valve, which at
beginning of the experiment switches from injecting t
more viscous fluid to its less viscous counterpart, is loca
very close to the inlet of the cell, in order to avoid an
mixing of the fluids before they enter the cell. Experimen
are conducted for the fluid combinations listed in Table
Here, cg5x% indicates a glycerin-water mixture with
mass concentration of glycerin ofx%. As dye we use ama
ranth, which in the present small concentrations does
affect the viscosity or density of the mixture. The Atwoo
number

At5
m12m2

m11m2
~1!

represents the dimensionless viscosity difference between

TABLE I. Parameters of experimental runs.

Fluid 1 ~more viscous! Fluid 2 ~less viscous! At M

Mixture, cg542.7% water1 dye 0.537 3.32
Mixture, cg549.3% water1 dye 0.635 4.48
Mixture, cg566.4% water1 dye 0.848 12.2
Mixture, cg596.0% Mixture,cg576.9% 0.848 12.2
Mixture, cg582.9% water1 dye 0.982 110
Mixture, cg590.5% water1 dye 0.987 153
Downloaded 22 May 2004 to 128.111.70.70. Redistribution subject to AIP
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two fluids. For some of the results to be discussed below
will be advantageous to represent various quantities a
function of the viscosity ratio

M5
m1

m2
~2!

instead of At, which is why Table I provides the values
both of these parameters for the experiments.

For each fluid combination, a number of experiments
conducted, at flow rates ranging from 0.2631023 to 392
31023 cm3/s. The Reynolds number, formed with the g
width and the viscosity of the less viscous fluid, varies b
tween 1022 and 10, so that for all but the largest flow rat
inertial forces can be neglected. In this way, a wide range
Peclet numbers Pe is covered, where we define

Pe5Q/2pdD. ~3!

Here Q denotes the volumetric flow rate, andD represents
the average coefficient of molecular diffusion. The factor
2p is introduced to be consistent with the linear stabil
analysis by Tan and Homsy31 for radially symmetric base
flows, as well as with the numerical simulations of quar
five-spot displacements by Chen and Meiburg10,11 and Pank-
iewitz and Meiburg.32 The experiments are recorded o
video tape for further analysis. For each experimental r
the time tend is determined, at which the injected fluid firs
reaches the exit of the quarter five-spot configuration. D
will be presented both for the volumetric efficiencyhvol

5V2 /Vtot , as well as the surface efficiencyhsur5S2 /Stot at
breakthrough. HereV2 indicates the injected volume of th
less viscous fluid attend, while Vtot represents the total vol
ume of the cell (Vtot56.1 cm3). S2 denotes the normal pro
jection of the region occupied by the less viscous fluid
time tend, while Stot is the surface area of the ce
(100 cm2). The mean ratio of the thickness of the inject
fluid layer b to the gap widthd can be calculated asb/d
5hvol /hsur.

FIG. 2. Example of the development of the instability at six different tim
up to the timetend of breakthrough. Here, a water-dye mixture displace
glycerin-water mixture of concentrationcg566.4%. The Atwood number is
0.848, and the Peclet number has a value of approximately 13 500.
numbers in the upper right corners of the picture indicate the video fra
 license or copyright, see http://pof.aip.org/pof/copyright.jsp
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B. Results

As a representative example, Fig. 2 shows the tempo
evolution of the flow forAt50.848 and Pe513 500. We ob-
serve the development of a viscous fingering instability a
ready during the early stages of the displacement. The gro
ing fingers remain in competition for a certain time period
until a dominant structure evolves along the main diagona
which eventually leads to the breakthrough of the less vi
cous fluid. The influence of Pe on the emerging flow patte

FIG. 3. ~a! Fingering patterns at the breakthrough timetend for different
Peclet numbers. A water-dye mixture displaces a glycerin-water mixture
concentrationcg566.4%. At50.848. ~b! Fingering patterns at the break-
through timetend for different Peclet numbers. A glycerin-water-dye mixture
of concentrationcg576.9% displaces a glycerin-water mixture of concen
tration cg596%. At has the same value as in~a!.
Downloaded 22 May 2004 to 128.111.70.70. Redistribution subject to AIP
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is demonstrated in Figs. 3~a! and 3~b!. The differences be-
tween these two figures, which both have At50.848, will be
discussed below. A trend towards the growth of more a
narrower fingers for increasing Pe is clearly visible in the
figures, in agreement with the numerical simulations of Ch
and Meiburg,10 which did not account for the effects of flow
induced dispersion. For relatively low Pe values@,10 000 in
the experiments shown in Fig. 3~a!#, only a few, wide fingers
develop. For very large Pe(.40 000), on the other hand, th
experiments depicted in Fig. 3~a!, as well as additional one
not shown, suggest that the flow becomes largely indep
dent of Pe, with both the number of fingers and their sha
remaining nearly constant. An interesting observation c
cerns the dark, drop-shaped form of the tips of the fas
fingers at these large Pe, which indicates that the g
averaged concentration of the less viscous fluid is hig
there than in those finger sections behind the tip. There
pear to be two potential explanations for this phenomen
Either the finger tip could be thicker than the rest of t
finger, i.e., the finger could have developed a bulge at the
perhaps due to an effective surface tension, cf. also the
cussion below, or it could contain higher concentrations
the less viscous fluid. For some vertical flow configuratio
and in the presence of density differences, the simulation
Chen and Meiburg,21 as well as the experiments by Petitjea
and Maxworthy20 for displacements in a capillary tube or
two-dimensional gap, display more intense mixing beh
the finger tip than at the tip itself. However, it is not clear
a similar mechanism can occur for horizontal flows, or f
negligible density differences.

of

FIG. 4. Surface efficiencyhsur ~* ! and volume efficiencyhvol ~s! as a
function of the Pe for five different At values. The square symbols w
obtained from the simulations of Chen and Meiburg~Ref. 10!. Graphs~c!
and ~d! correspond to the same At, but the different fluid combinations
Figs. 3~a! and 3~b!, respectively.
 license or copyright, see http://pof.aip.org/pof/copyright.jsp
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1709Phys. Fluids, Vol. 11, No. 7, July 1999 Miscible quarter five-spot displacements
More quantitative information is presented in Fig.
which depicts the volumetric and surface efficiencies
functions of Pe for five different At values. For the tw
smallest viscosity contrasts, the flow rates could not be
duced to values low enough to result in small Pe numb
However, in the experiments for larger At, two distinct p
rameter ranges can be identified: For small Pe, the effic
cies decrease with increasing Pe, while for large Pe t
asymptotically approach a constant value that depends o
only. The results of the two-dimensional simulations

FIG. 5. Asymptotic surface~* ! and volume~s! efficiencies as a function of
At, for very large Pe. The value for At50 was obtained on the basis of th
potential flow results by Morel-Seytoux~Refs. 33 and 34!.

FIG. 6. Fingering patterns at breakthrough for the five different Atwo
numbers of Fig. 4, and small, intermediate, and large Pe values, res
tively. The less viscous fluid in all cases is a water-dye mixture.
Downloaded 22 May 2004 to 128.111.70.70. Redistribution subject to AIP
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Chen and Meiburg,10 for which hvol5hsur, are plotted as
well, and perhaps surprisingly, they agree better with
experimental data for the volumetric efficiency than for t
surface efficiency.

Figure 5 shows the asymptotic efficiencies for very lar
Pe vs At. The values for At50 are based on the analytica
potential flow results of Morel-Seytoux33,34 for the surface
efficiency, along with the relationshiphvol5

2
3hsur for Poi-

seuille flow in the gap. These asymptotic efficiencies d
crease uniformly with At, with the ratiohvol /hsur declining
as well.

Figure 6 depicts the flow attend for small, intermediate,
and large Pe and five different At values, respectively. T
general trend is towards a more unstable flow evolution as
increases. However, it is interesting to note that the radiu
curvature at the finger tips tends toincreasewith At, i.e.,
with increasing concentration differences between the
fluids. In fact, for the largest At values the fingering patter
resemble those more typically observed inimmiscible
flows.35,36This behavior perhaps points towards the prese
of additional stresses due to the large local concentrat
viscosity, and density gradients, which may introduce an
fective surface tension between the miscible fluids.24–28,30

Regarding this issue, cf. also the discussion by Chen
Meiburg,21 the determination of an effective surface tensi
coefficient by Petitjeans and Maxworthy,20 and the direct
measurement of such a coefficient by Petitjeans.29

The ratio of the average thickness of the less visc
fluid to the gap width, obtained fromb/d5hvol /hsur, is plot-
ted in Fig. 7. As expected, this ratio approaches
asymptotic value for large Pe, which is shown in Fig. 8 a
function of At. The result of23 for At50 is obtained theoreti-

ec-

FIG. 7. Ratio of the average thicknessb of the less viscous fluid layer to the
gap width d, as a function of Pe, and for the six fluid combinations
Fig. 4.
 license or copyright, see http://pof.aip.org/pof/copyright.jsp
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cally by assuming Poiseuille flow in the gap. For At,0.5,
this ratio appears to remain nearly constant at a value o2

3,
while it declines to almost 0.5 as At→1. The Stokes simula
tion results of Chen and Meiburg,21 plotted in the same
graph, show good agreement with the experimental data
do the values obtained from lattice gas calculations by
kotomalalaet al.23 This suggests that up to values of A
'0.5, the character of the flow in the gap is approxima
well by a parabolic velocity profile, so that the assumption
Taylor dispersion should be valid in this parameter regim
This agrees with the results of Chen and Meiburg,21 who find
that for such relatively small viscosity contrasts a qua
steady finger does not develop, and that the velocity profi
remain nearly parabolic. A near-parabolic nature of the
locity profile across the gap for Atwood numbers up to a
proximately 0.5 is also suggested by thehsur value for At
50.537, which is still near the value of 0.718 that holds
the gap-averaged velocity field is irrotational.33,34 The result
obtained by Reinelt and Saffman37 for immiscible flow at
At51 and large capillary number is plotted as well. Intere
ingly, the results for immiscible flow at high capillary num
ber and for miscible flow at high Pe do not seem to conve
towards the same value as At→1. This is different from the
axisymmetric case, for which we found good agreemen
these two limits.21 The determination of an effective surfac
tension for the miscible flow by Petitjeans and Maxworthy20

had been based on this agreement.
We now return to the differences between the res

shown in Figs. 3 and 4 for identical At values, but differe
fluid combinations. In Fig. 3~a! water (m251 cP) displaces
a glycerin-water mixture ofm1512.2 cP, while in Fig. 3~b! a
glycerin-water mixture ofm2529.4 cP displaces a more con
centrated glycerin-water mixture ofm15357.5 cP. The dif-
ference in the asymptotic surface and volume efficiency v
ues obtained for these two fluid pairs is too large to
explained by random variations between individual expe
mental runs. It hence demonstrates that Pe and At are
sufficient to fully describe the experimental observatio
and that other, potentially important effects need to be c

FIG. 8. Asymptotic thickness ratiob/d as a function of At for large Pe. Also
plotted are the two-dimensional Stokes simulation results of Chen
Meiburg ~Ref. 21!, as well as the data obtained by Rakotomalalaet al. ~Ref.
23! via lattice gas simulations. The value for At50 is obtained by assuming
Poiseuille flow. Also shown is the computational result of Reinelt and S
man ~Ref. 27! for immiscible flow at large capillary number and At51.
Note: The theoretical and numerical results for rectilinear displacemen
Downloaded 22 May 2004 to 128.111.70.70. Redistribution subject to AIP
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sidered. One possible reason for the observed discrep
may lie in the different density contrasts of the two flu
pairs, which could trigger gravitational effects. In Fig. 3~a!,
the densities are 1.17 g/cm3 for the more viscous, and
1 g/cm3 for the less viscous fluid. In Fig. 3~b!, on the other
hand, the respective densities are 1.25 and 1.2 g/cm3. In the
horizontal Hele-Shaw cell arrangement, one of the interfa
forming between the two fluids hence is subject to a gra
tational instability. In our case, the more viscous fluid alwa
is also the heavier one, so that the upper interface is gr
tationally unstable. The evolving instability leads to the fo
mation of streaks in the direction of the flow. This effect h
also been observed by Kurowski and Obernaer,38 who found
the wavelength of the instability to be on the order of the g
width of the Hele-Shaw cell. In the context of sedimenti
flows, corresponding results are reported by Chandler.39 This
gravitational instability promotes more intense mixing b
tween the two fluids along the upper side of the finger. As
evident from Fig. 7, however, the effective thickness of t
less viscous fluid remains unaffected by this enhanced m
ing. Consequently, the results for the surface and volu
efficiencies suggest that the enhanced mixing effectiv
leads to a smaller viscosity contrast, which in turn results
improved efficiency values at breakthrough.

Another possible reason lies in the different shapes
the viscosity profiles as a function of concentration, shown
Fig. 9. Here the concentrations are normalized in such a
that the displacing fluid corresponds toc50 and the residen
fluid to c51, respectively. The viscosities are normalized
that of the displacing fluid. However, this effect should n
be significant at large Pe, when the concentration bound
layers are quite thin. This is confirmed by Stokes flow sim
lations we conducted for miscible flows in a two
dimensional gap, corresponding to the earlier results repo
by Chen and Meiburg.21 Even for moderate Peclet numbe
of O(2000) and At50.905, these simulations gave the sim
lar values for b/d of 0.58 for an exponential viscosity
concentration relationship, and 0.60 for a linear relationsh
A further possibility concerns differences in the molecu
diffusion coefficients. In the case of water displacing
glycerin-water mixture ofcg566.4%, the average coefficien
of molecular diffusion is approximately 1025 cm2/s. For the

FIG. 9. Normalized viscosity as a function of the normalized concentra
for the two different fluid combinations of Figs. 3~a! and 3~b!, which gave
rise to identical At values.

d

-
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1711Phys. Fluids, Vol. 11, No. 7, July 1999 Miscible quarter five-spot displacements
case in which a glycerine-water mixture ofcg576.9% dis-
places a more viscous glycerin-water mixture ofcg596%,
D51.231026 cm2/s.20 However, this effect should not b
significant either at large Pe values. Finally, the possibi
needs to be mentioned that the observed discrepancies
tween the two cases of At50.848 may be related to the ad
ditional stresses at the miscible interface referred to abo
i.e., an effective surface tension between the two fluids.

As mentioned in the Introduction, there are several
vestigations in the literature with which we can compare
measurements. The experiments by Zhanget al.9 were car-
ried out in a relatively thick, saturated, homogeneous qua
five-spot Hele-Shaw cell packed with beads. The flow vi
alization pictures presented in their paper are quite simila
ours, for a similar At range, although the tips of the finge
are much more circular in our experiments. This is proba
due to the absence of beads in our Hele-Shaw cell. The v
metric efficiency as a function of At is in good agreeme

FIG. 10. The critical Pe value, beyond which a fingering instability is o
served, as a function of the viscosity ratio.

FIG. 11. The preferred wavelength of the observed fingering instab
varies between approximately four and six times the gap width, an
largely independent of Pe and At.
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with our measurements for large Atwood numbers, and
the asymptotic Pe regime. For smaller At values, the ag
ment is less satisfactory, as Zhanget al. record efficiencies
significantly larger than ours. Possibly their experiments
not yet fall into the asymptotic Pe regime. Habermann5

experiments were conducted in a quarter five-spot confi
ration for an artificially consolidated sand model. For lar
At values, their recorded volumetric efficiencies agree w
with ours, while for smaller Atwood numbers again there a
significant differences. Regarding the surface efficien
there are differences across the entire spectrum of At n
bers. Mahaffey’set al.7 experiments were carried out i
Hele-Shaw cells of two different gap widths. The autho
data for the volumetric efficiency at breakthrough as a fu
tion of At are in good agreement with our asymptotic valu

A final interesting point concerns the preferred wav
length l selected by the fingering instability in Hele-Sha
displacements. This question has been addressed extens
in the past, e.g., by Park and Homsy,40 Paterson,41 and
Schwartz.42 A review of these earlier pertinent experiment
and theoretical results is provided by Maxworthy.43 Addi-
tional light has been shed on this issue by the more rec

-

y
is

FIG. 12. The dominant finger width at the time of breakthrough, as a fu
tion of Pe, for At50.848.

FIG. 13. The dominant finger width at the time of breakthrough, as a fu
tion of both Pe and the viscosity ratio.
 license or copyright, see http://pof.aip.org/pof/copyright.jsp



-
bo
a

op
gt
it
re

pr
ly

b
te
s
n
e
re
th
e

he
-

o
ve
e

d
ri
it
th
he
ly

s-
s

nc-

of
ced
an

es
a

eri-
the
ri-
of

-
ua-

sical
z

ra-

he
he

ay-
s-

r
of

the
of
ther

r-

an

o
al

1712 Phys. Fluids, Vol. 11, No. 7, July 1999 Petitjeans et al.
work of Lajeunesseet al.44,45 on vertical miscible displace
ments in Hele-Shaw cells. These authors observe that a
a viscosity ratio of approximately 1.5 there exists a critic
displacement velocity, beyond which the interface devel
a three-dimensional instability with a preferred wavelen
of about five times the cell thickness. Snyder and Ta46

study gravity currents of a less viscous fluid into a mo
viscous one in a Hele-Shaw cell, and they observe a
ferred wavelength of the frontal instability of approximate
twice the current height.

In analogy with the rectilinear displacements studied
Lajeunesseet al.,44,45 the present experiments in the quar
five-spot geometry demonstrate the existence of a visco
ratio dependent critical dimensionless flow rate, beyo
which the displacement process develops a thr
dimensional instability, cf. Fig. 10. The data furthermo
suggest that above a viscosity ratio of approximately 12,
displacement is unstable at all values of Pe. In agreem
with earlier observations, both by us as well as by ot
authors, the dominant wavelengthl of the observed instabil
ity is found to be between four and six times the gap widthd,
independent of the viscosity ratio and the dimensionless fl
rate, cf. Fig. 11. Interestingly, however, this preferred wa
length observed at small amplitudes of the instability do
not necessarily determine the dominant widthL of the fully
developed fingers seen at later times. Figure 12 presents
for L at the time of breakthrough, obtained from the expe
mental video frames, as a function of Pe, for the viscos
ratio of 12.2. It shows that for small Pe, the finger wid
decreases uniformly with increasing flow rate, and it reac
its asymptotic value of about six times the gap width on
above Pe'43104. Figure 13, which is obtained by cros
plotting figures such as Fig. 12 for different viscosity ratio

FIG. 14. PeTD as a function of Pe, for the two different aspect ratio values
e50.006 and 0.015. The characteristic velocity is assumed to have a v
of 2.
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summarizes the data for the dominant finger width as a fu
tion of both Pe and the viscosity ratio.

III. NUMERICAL SIMULATIONS

In this section, we report on numerical simulations
quarter five-spot displacements that account for flow-indu
dispersion by applying the approach taken by Zimmerm
and Homsy19 in their simulations. Some interesting featur
of the underlying dispersion model will be pointed out, and
comparison of the numerical results with the above exp
mental measurements will provide information regarding
parameter range over which it is applicable to miscible, va
able viscosity Hele-Shaw displacements involving fluids
different viscosities.

A. Taylor dispersion model

Zimmerman and Homsy19 propose to account for flow
induced dispersion by formulating the concentration eq
tion in terms of a velocity-dependent dispersion tensorD,
whose components are evaluated on the basis of the clas
Taylor dispersion results obtained by Horne and Rodrigue13

for Poiseuille flow in a two-dimensional gap. The concent
tion equation thus takes the form

]c

]t
1uW •¹c5¹•~D ¹c!, ~4!

whereD is of the form

D5R*DpR, ~5!

R5
1

uuu F u v

2v uG , ~6!

Dp5FD i 0

0 D'
G , ~7!

D i5D1
2

945

d2U2

D
, D'5D. ~8!

HereU is the velocity at the center of the gap, andD repre-
sents the molecular diffusion coefficient.u andv denote the
Cartesian velocity components. In the flow direction, t
evolution of the concentration profile is determined by t
longitudinal dispersion coefficientD i , which represents the
superimposed effects of molecular diffusion as well as T
lor dispersion. In the direction normal to the flow, the tran
verse diffusion coefficientD' accounts for only molecula
diffusion. Questions regarding the range of applicability
this approach arise because Taylor’s,12 as well as Horne and
Rodriguez’s,13 work assumes constant viscosities, so that
flow is of Poiseuille type everywhere. In the presence
strong viscosity contrasts and at high Pe values, on the o
hand, the work by Petitjeans and Maxworthy,20 Chen and
Meiburg,21 Yang and Yortsos,22 as well as Rakotomalala
et al.23 indicates that the velocity profiles can be quite diffe
ent from Poiseuille flow.

The above model for flow-induced dispersion gives
effective Taylor dispersion Peclet number PeTD

f
ue
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FIG. 15. At50.848,e50.015, andt50.275 for all frames.~a! Fingering configuration for Pe5200 (PeTD5186). ~b! Pe5800 (PeTD5361). ~c! Pe51200
(PeTD5320). ~d! Pe54000 (PeTD5127).
ide
n

o
e
he
e
c

th
x

an

take
less
of
PeTD[
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2pdDi
5

Pe

11
2

945
Pe2e2~u21v2!

, ~9!

where e denotes the ratio of the gap width and the s
length of the quarter five-spot arrangement. Since it depe
on the dimensionless velocity magnitude, PeTD varies
throughout the flowfield. However, along large sections
the diagonal, where Taylor dispersion effects are strong
the dimensionless fluid velocity in all simulations is on t
order of two, without much variation for different At or P
values. This weak dependence of the dimensionless velo
on Pe and At is confirmed by Fig. 4, which shows that
efficiencies do not change by more than a factor of appro
mately two for different At values, and Peclet numbers sp
Downloaded 22 May 2004 to 128.111.70.70. Redistribution subject to AIP
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ning several orders of magnitude. Consequently, we can
this value of 2 as a characteristic one for the dimension
velocity, in order to relate Pe to a globally relevant value
PeTD . Hence, for sufficiently low Pe we have PeTD'Pe,
while large Peclet numbers result in PeTD}1/Pe. Thus there
exists a value Pe5Pe* ,

Pe* 5A 945

2e2~u21v2!
, ~10!

for which PeTD attains a maximum value

PeTDmax5
Pe*

2
. ~11!
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FIG. 16. Fingering configuration for~a! At50.848, e50.006, Pe51200 (PeTD5834). ~b! At50.848, e50.006, Pe52800 (PeTD5826). ~c! At50.848,
Pe5800, no Taylor dispersion~from Ref. 10!.
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In the following, we will discuss properties of the Taylo
dispersion model by presenting numerical results for sev
values of PeTD , corresponding to different combinations
Pe ande, and comparing them with the experimental obs
vations described above. For details regarding the nume
method, which is based on a combination of spec
methods47 and compact finite differences,48 we refer to Ref.
49. As in our earlier simulations, an exponential relations
between concentration and viscosity will be assumed,
the starting time for the simulations is held fixed at a dime
sionless value of 0.02, when a radially symmetric concen
tion profile is prescribed. For further details, cf. Refs. 10 a
11. At50.848, which corresponds to a value ofR52.5 in
those earlier simulations.

B. Results

As a first step, we consider displacements for an asp
ratio e of 0.015. For Pe5200, Fig. 14 indicates that thi
Downloaded 22 May 2004 to 128.111.70.70. Redistribution subject to AIP
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value ofe results in Pe'PeTD5186. Consequently, a stabl

front evolves@Fig. 15~a!# that is very similar to the one ob
served for Pe5200 in the absence of Taylor dispersion.10 If
Pe is increased to 800 and 1200, respectively, a single f
splitting event takes place. Interestingly, this splitting occ
at a somewhatlater time for Pe51200 than for Pe5800, cf.
Figs. 15~b! and 15~c!. This indicates that the displacement
more stablefor the larger Pe value. Figure 14 provides t
explanation for this observation, as it shows that PeTD

reaches a maximum of about 362 for Pe'725. It subse-
quently decreases for increasing Pe values, so that fo
5800 and 1200, we have PeTD5361 and 320, respectively
For Pe54000, we get PeTD5127, which again results in a
stable front, with a concentration profile that is fairly thic
near the diagonal, cf. Fig. 15~d!. While the frontal shapes fo
Pe5200 and 4000 are quite similar, there is a fundamen
difference between these two stable cases. For the lower
 license or copyright, see http://pof.aip.org/pof/copyright.jsp
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clet number, molecular diffusion dominates over flow
induced dispersion. An analysis of the velocity field in th
neighborhood of the front near the main diagonal shows th
the front is compressed by the local strain field in this regio
resulting in a fairly steep concentration profile. Along th
sides of the quarter five-spot geometry, there is no su
strain compression, so that the front is considerably thick
there. For Pe54000, on the other hand, Taylor dispersio
dominates over molecular diffusion. Consequently, the larg
flow velocities along the main diagonal cause a local
thicker front here, whereas steeper concentration profiles
found near the edges, where the fluid velocity and relat
dispersion are small.

We now consider the smaller aspect ratioe50.006,
which closely corresponds to the experimental value
0.0061. Figures 16~a! and 16~b! depict concentration fields
for Pe51200 (PeTD5834! and Pe52800 (PeTD5826!, re-
spectively. These comparable PeTD values result in very
similar fingering patterns near the main diagonal, which al
bear a strong resemblance to the Pe5800 results reported by
Chen and Meiburg10 in the absence of flow-induced disper
sion, cf. Fig. 16~c!. Far away from the diagonal, however
where the flow velocities and the related Taylor dispersi
are small, the highest Pe simulation shows somewhat m
intense fingering. The breakthrough times of all three of t
above cases are almost identical.

Focusing on the effect ofe, we notice that for a fixed
flow rate, i.e., Pe5const, smaller values ofe result in larger
Taylor dispersion Peclet numbers PeTD , thereby encouraging
more vigorous fingering. This is clearly demonstrated by t
simulations for Pe51200 ande50.015 and 0.006, respec-
tively.

IV. DISCUSSION AND CONCLUSIONS

Interestingly, the above numerical simulations for A
50.848 at relatively large Pe values, which are based on
Taylor dispersion assumption, show that the flow becom
more stable with increasing Pe at this large viscosity co
trast. In order to assess the range of applicability of the Ta
lor dispersion model, this finding will now be discussed i

FIG. 17. PeTD /PeTDmax as a function of Pe/Pe* , for all experiments. The
solid lines indicate the respective asymptotic behaviors at very large an
small Pe/Pe* . For the larger At values, the experimental parameters cov
both of those regimes.
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light of the experiments described above. Assuming the T
lor dispersion model is applicable, we can define a glo
Taylor dispersion Peclet number PeTD for the experiments on
the basis of a characteristic dimensionless velocityU
521/2dL2/Qtend. Figure 17 shows the values of Pe/Pe* and
PeTD /PeTDmax for the experimental runs. It confirms that, fo
the larger At values, the experiments cover both of the
gimes described above: For relatively small Peclet numb
they fall into the range where PeTD→Pe, whereas the larg
Peclet number runs followPeTD}1/Pe. However, for these
large At values the experiments do not show that the fl
becomes more stable with increasing Pe, as the nume
results had suggested. This confirms what we suspecte
the basis of Figure 8, namely that for Hele-Shaw flows
large Peclet numbers, Taylor dispersion represents a g
approximation to the evolution of the gap-averaged conc
tration profile up to At'0.5, but not beyond. In order to
extend the range of validity of the dispersion tensor to lar
At values, its components will have to be modified to a
count for the formation of the quasi-steady fingers repor
by Petitjeans and Maxworthy20 as well as Chen and
Meiburg21 under these conditions.
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