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For miscible displacements in capillary tubes, the impact of a preexisting wall film on the tip
velocity of the displacing fluid finger is analyzed by means of axisymmetric Stokes simulations. The
wall film is assumed to have the same viscosity as the displacing fluid, which is less viscous than
the displaced fluid. The finger of the displacing fluid is seen to move in a quasisteady fashion, with
a tip velocity below the centerline velocity of an equivalent Poiseuille flow. The explanation for this
behavior, which is in contrast to our earlier findings for miscible displacements without wall films,
lies in the lubricating effect of the wall film. The condition is established for which the displaced
fluid moves in a nearly solid body-like motion. In this limit, a closed expression is derived for the
finger tip velocity. A comparison between the simulation data and the closed form results shows
reasonable agreement, provided that the criterion for solid body-like motion is satisfied.
Furthermore, results are presented for the practically relevant limit of large viscosity ratios. ©2004
American Institute of Physics.@DOI: 10.1063/1.1640373#

I. INTRODUCTION

Our interest lies in clarifying the potential role of surface
tension-like stresses associated with miscible interfaces
~Korteweg,1 Davis,2 Joseph and Renardy3!. Neither the math-
ematical form of these stresses nor their magnitude is pres-
ently known to within acceptable accuracy. At the same time,
there are numerous applications, ranging from a variety of
chemical processes to miscible flows in porous media, in
which they are potentially relevant. Consequently, there is a
strong motivation to explore the nature of these stresses in
some depth. For this purpose, we have been carrying out
detailed experimental~Petitjeans and Maxworthy,4 Kuang
et al.5! and computational~Chen and Meiburg6,7! investiga-
tions of miscible displacements in capillary tubes. In these
canonical flows, which also have served for studying immis-
cible fluids ~Taylor,8 Cox,9 Reinelt and Saffman10!, a finger
of the displacing fluid travels along the tube axis in a quasi-
steady fashion, leaving behind a constant thickness film of
the displaced fluid on the tube wall. The long term goal is to
perform detailed comparisons between experiments and nu-
merical simulations that include Korteweg stresses. By ana-
lyzing such global quantities as the finger propagation veloc-
ity and the film thickness, along with the detailed local
velocity field near the finger tip, information can then be
obtained on the existence of an effective interfacial stress
field in the concentration boundary layer.

One significant obstacle that surfaces in this investiga-
tion is the tendency of gravitational effects to render the
miscible displacement experiments fully three-dimensional,

with much more complex features.4,5 In order to keep these
effects to a minimum, the experiments have employed cap-
illary tubes with a very narrow diameter ofO(1 mm). This
small geometry, however, prevents highly resolved measure-
ments of the velocity field in the interfacial region. Conse-
quently, our combined experimental–computational group is
currently preparing a set of space-based experiments that will
suppress any significant gravitational effects even in wider
tubes, and thereby maintain axisymmetric flow to a high de-
gree of accuracy. For obvious reasons, this set of experi-
ments will have to be conducted in a compact facility, and it
will have to be fully automated. As a result, displacements
involving many different fluid pairs will have to be carried
out successively within the same tube. In between experi-
ments, the tube will have to be cleaned of the old fluids.
Since the automated cleaning procedure may leave a residue
of the old fluids behind on the tube walls, the question arises
as to how much such a preexisting film would affect the
propagation velocity of the subsequent experiment. This is-
sue is addressed in the current study.

II. PHYSICAL PROBLEM AND GOVERNING
EQUATIONS

The present computational investigation focuses on the
temporal evolution of an axisymmetric miscible interface
that arises in a capillary tube when an injected fluid ‘‘1’’
displaces a resident fluid ‘‘2’’ of different viscosity. The flu-
ids are considered to be miscible with each other in all pro-
portions. Furthermore, a film of fluid 1 is assumed to coat the
interior wall of the tube at the beginning of the displacement
process, as shown by the principal sketch in Fig. 1. The goal
of the investigation is to assess the influence of this preex-
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isting film on the velocity with which the tip of the miscible
interface advances. For the case of sufficiently slow displace-
ments in narrow tubes, a suitably defined Reynolds number
will be small, so that inertial effects can be neglected. In the
absence of gravitational forces, the governing equations ex-
pressing the conservation of mass, momentum and species
for simple binary mixtures hence take the form

¹•u50, ~1!

¹p5¹•t, ~2!

]c

]t
1¹•~uc!5D¹2c. ~3!

Hereu denotes the velocity,p indicates the pressure, andD
is the diffusion coefficient, which is assumed constant. The
concentration of the displaced fluid is denoted byc. The
stress tensort accounts for the traditional viscous stresses in
Stokes flows, while any unconventional stresses, such as
those postulated by Korteweg,1 are neglected in the set of
simulations to be discussed below. While we may want to
include Korteweg stresses in later simulations, for now our
goal is merely to evaluate the influence of a preexisting film
on the basis of the Stokes equations. In order to render the
governing equations dimensionless, we take the tube diam-
eterd as the characteristic length scale. We furthermore refer
all velocities toU, which denotes the centerline velocity of a

Poiseuille flow with equal volume flux. All viscosities are
nondimensionalized bym1 . A pressure scale is provided by
m1U/d. Following standard assumptions employed in the
literature on miscible flows, we assume the concentration
dependence of the viscosity to be of the form

m~c!5m1eRc. ~4!

Due to the axisymmetric nature of the flow, the equations can
be rewritten in the streamfunction formulation as

¹4c5G~R,z,r ,c,c!, ~5!

]c

]t
1u•¹c5

1

Pe
¹2c, ~6!

whereG accounts for the variable viscosity terms, cf. Chen
and Meiburg.6 z and r denote the axial and radial coordi-
nates, respectively. The Peclet numberPe is of the form

Pe5
Ud

D
. ~7!

We employ the same set of boundary conditions as in our
earlier investigation without the preexisting wall film~Chen
and Meiburg6!

z50,L:
]2c

]z2 50,
]2c

]z2 50,
]4c

]z4 50, ~8!

FIG. 1. Principal sketch. A less vis-
cous fluid ‘‘1’’ of viscosity m1 is in-
jected into a capillary tube. This tube
is initially occupied by a resident core
fluid ‘‘2’’ of larger viscosity m2 and a
wall film of fluid 1, which is of uni-
form thicknessd.

FIG. 2. Temporal evolution of the
concentration field forPe51600 and
R52, with an initial wall film thick-
nessd50.1: ~a! Initial concentration
field, ~b! t52, and~c! t53.5.
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r 50:
]c

]r
50, c50,

]c

]r
50, ~9!

r 50.5:
]c

]r
50, c51/16,

]c

]r
50. ~10!

Here L indicates the length of the computational domain,
which typically is taken to be 6. The initial concentration
field is specified as

c~ t50,r ,z!5E
o

z 1

A2psz

e2 1/2{(z82z0) /sz}
2
dz8

3E
0

r 1

A2ps r

e2 1/2{( r 82r 0) /sr }
2
dr8. ~11!

The miscible interface that initially separates the displacing
from the resident fluid has a thickness ofsz , and it is located
at z5z0 . The preexisting wall film of fluid 1 has an initial
thickness ofd, and it is separated from the core fluid 2 by a
miscible layer of thicknesss r . We conducted preliminary
test calculations in order to establish that the quasisteady
results to be discussed below are independent ofz0 , and
show only weak dependence onsz ands r , cf. also the dis-
cussion of Fig. 3 below. This independence of the initial
conditions is not surprising, considering that the quasisteady
long term behavior is determined by the balance of convec-
tion and diffusion. In the simulations to be discussed below,
we typically employ the valuesz050.5, sz50.1, ands r

50.0167. The streamfunction equation is solved by means
of a multigrid technique based on second order central dif-
ferences. An alternating direction implicit~ADI ! scheme
~Fletcher11! in conjunction with third order upwind differenc-
ing is used to advance the concentration equation in time.
For details, cf. Chen and Meiburg.6 A constant time step
Dt50.05 and grid sizeDr 5Dz51/256 are employed.

III. RESULTS

The temporal evolution of a representative flow is shown
in Fig. 2. Here the Peclet number has a value of 1600, while
the viscosity contrastR52. The wall film thickness was set
to d50.1. We observe the formation of an axisymmetric

finger of the injected fluid, which propagates towards the
right along the tube axis. While most of the more viscous
resident fluid is pushed downstream by the injected fluid,
some of it becomes entrained in a narrow, wedge-shaped
region between the injected fluid and the preexisting wall
film. Figure 3 shows the propagation velocity of the finger
tip as a function of time. After an initial transient, the evo-
lution of a quasisteady state is observed, during which the
finger tip velocity is nearly constant. The figure also demon-
strates that the quasisteady tip propagation velocity is essen-
tially independent of the initial conditions forsz and s r .
This behavior is qualitatively similar to the situation without
a wall film,6 where we also had observed the emergence of a
quasisteady state for sufficiently large values ofPe. It
should be noted that a truly steady state cannot develop for
miscible flows, due to the effects of diffusion on the concen-
tration field. Figure 4 depicts the corresponding instanta-
neous streamline patterns in a reference frame moving with
the tip velocity. A closed recirculation region is seen to form
behind the finger tip, and away from the tube axis. Along the

FIG. 3. Propagation velocity of the finger tip as a function of time.Pe
51600, R52, andd50.1. After an initial transient, the finger tip propa-
gates with a nearly constant velocity. The symbols indicate the instantaneous
velocity values, and the solid line represents a least squares fit of the data for
t>1.

FIG. 4. Streamline pattern in a refer-
ence frame that moves with the instan-
taneous tip velocity, forPe51600, R
52, and d50.1: ~a! t52 and ~b! t
53.5. Note the formation of a closed
recirculation region behind the finger
tip, and away from the tube axis.
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FIG. 5. Pe51600, R52, andd50.1: Streamwise velocity on the axis, as a function of the axial locationz, at time t53.5. At this time, the finger tip is
located nearz53.5, and it moves with a velocityVtip'0.78. Inside the finger, the streamwise velocity along the tube axis is larger than the tip propagation
velocity, so that the finger tip is continuously resupplied with fresh injected fluid.

FIG. 6. Pe51600, R52, and d
50.1: Concentration on the tube axis,
as a function of the axial locationz, at
time t53.5. Along the tube axis, very
little diffusive mixing occurs, so that
the injected fluid reaches the finger tip
without being significantly diluted.

FIG. 7. Pe51600, d50.1, andR51
~a! and 3 ~b!: Concentration fields at
t53.5. For the larger viscosity con-
trast the finger is blunter, and it propa-
gates more slowly than forR51.

FIG. 8. Pe51600, d50.1, andR51
~a! and 3 ~b!: Streamline patterns in
the reference frame moving with the
finger tip. For bothR-values the finger
tip velocity is below unity. However,
for reasons explained in the text, the
change in the streamline topology ob-
served by Petitjeans and Maxworthy
~Ref. 4! as well as by Chen and
Meiburg ~Ref. 6! does not occur, so
that the resulting spike does not form.
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tube axis, the injected fluid moves faster than the finger tip
itself, cf. Fig. 5, so that it is brought directly to the finger tip,
without any significant dilution. This is also confirmed by the
concentration profile along the tube axis, shown in Fig. 6.
The value ofc stays very close to zero until the fluid reaches
the stagnation point region at the finger tip, where a local
balance exists between diffusion and the convective transport
by the local strain field. Here the concentration value in-
creases from near zero to near one in a narrow layer. Elemen-
tary scaling considerations provide an estimate of the dimen-
sionless thicknesse of this layer as

e5A 1

2~Vtip21!Pe
, ~12!

cf. Chen and Meiburg.6

Figure 7 shows the fluid concentration fields forPe
51,600,d50.1, andR51 and 3, respectively, att53.5. For
the larger viscosity contrastR53, the finger clearly has a
blunter shape, and it propagates more slowly than forR
51. Note that for bothR-values the finger tip propagates
more slowly than a Poiseuille flow of equivalent volume
flux. This is also reflected by the instantaneous streamline
pattern moving with the concentration front, cf. Fig. 8. It is
interesting to contrast this result with our earlier investiga-
tion of miscible displacements in vertical tubes involving
fluids of certain density ratios. There we had found an inter-

esting behavior if the finger propagated at a velocity smaller
than the centerline velocity of the corresponding Poiseuille
flow. In this case, since far ahead of the finger tip the velocity
profile in the resident fluid is of Poiseuille type, this fluid
now movesaway from the finger tip along the centerline.
This results in a topological change of the streamline pattern,
which in turn produces a narrow protrusion from the finger
tip that travels faster than the overall finger. Here we do not
observe a corresponding behavior if the finger travels more
slowly than the Poiseuille flow. The reason is that even far
ahead of the finger, the flow does not acquire a Poiseuille
profile. This is due to the lubrication effect of the less vis-
cous wall film, which allows the more viscous core fluid to
have a much more uniform velocity profile, with a maximum
value far below one.

Interestingly, the above observation of a finger tip propa-
gation velocity thatdecreasesfor increasingR, is in contrast
with our earlier findings for constant density, miscible dis-
placements without preexisting wall films, cf. Chen and
Meiburg.6 There we had observed the tip velocity toincrease
with R, while the finger width decreased. Both of these
quantities were seen to reach asymptotic values asR→`.
Clearly, the existence of the wall film profoundly affects the
overall character of the displacement. The lower viscosity
wall film lubricates the more viscous core fluid, which tends
to deform less and less for increasing viscosity contrast. For

FIG. 9. Pe51600, d50.1, and R
53: Axial velocity profiles at various
downstream locations. The less vis-
cous wall film is seen to lubricate the
more viscous core, which undergoes
little deformation and moves with an
approximately constant velocity.

FIG. 10. Streamline patterns forPe
51600, R52, andd50.125~a!, 0.05
~b!, and 0~c!, in the reference frame
moving with the tip. In the absence of
a film on the wall~c!, the velocity pro-
file far ahead and behind the finger is
of Poiseuille type, so that a closed re-
circulation region forms that extend
from the tip of the finger to its roots.
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very large viscosity ratios, the core fluid moves approxi-
mately as a solid body. This is confirmed by Fig. 9, which
depicts axial velocity profiles at various downstream loca-
tions forR53. It is clear that even for this moderate value of
R, strong velocity gradients are limited to the wall layer,
whereas the velocity remains nearly constant across the core.

The dependence of the streamline pattern, in the refer-
ence frame moving with the finger tip, on the thickness of
the wall film is shown in Fig. 10. Both with and without film,
the velocity profile approaches the Poiseuille form to the left
of the original displacement front location. Far ahead of the
finger tip, the flow is of Poiseuille type only in the absence of
a film. For this reason, in this case the finger gives rise to a
closed recirculation region that extends from its tip to its
root. Note, however, that this closed region is not steady, but
extends in length as the finger grows, so that there is a con-
tinuous inflow of fluid 1 into the recirculation region. With a
film present on the wall, on the other hand, the flow ahead of
the finger is not of Poiseuille type, so that a closed recircu-
lation region forms only locally near the finger tip, and away
from the axis.

Chen and Meiburg6 had observed that, in the absence of
a wall film, a large-R finger moves more rapidly than a
small-R finger. In contrast, we saw above that for a film
thickness ofd50.1 the exact opposite is true, i.e., the small-
R finger moves faster than the large-R one. This might sug-
gest the existence of an intermediate wall film thickness at
which the tip propagation velocities of the large-R finger and
the small-R finger are equal, cf. Fig. 11. We will come back

to this point below. Note that forR50, i.e., constant viscos-
ity, the flow is of Poiseuille type for all film thicknesses, and
the tip velocity is unity.

IV. SCALING CONSIDERATIONS

Our computational code is unable to handle film thick-
nessesd!0.05. However, we can gain some insight into the
long term behavior of such thin films on the basis of scaling
arguments. The lifetime of a very thin film is limited by the
diffusive growth of the transition layer that separates the film
from the core fluid. In dimensionless units, this transition
layer thicknesss grows asAt/Pe. The timetc at which the
transition layer has grown as thick as the film is thus given
by

tc5Ped2.

By this time, the finger will have reached a length of
O(Ped2). After this time, the dynamic significance of the
film will decrease.

In order to establish conditions under which the core
fluid will move approximately as a solid body, we focus on
the purely axial flow sketched in Fig. 12, i.e., a core of fluid
with viscositym2 surrounded by a thin film of viscositym1 .
We assume a sharp interface and neglect diffusive effects.
The film is of thicknessd, while the core has a radius ofK
50.52d. From the no-slip condition and the balance of the
tangential stresses at the interface locationr 5K we have

u15u2 , ~13!

m1

du1

dr
5m2

du2

dr
. ~14!

The velocity differenceDU1 between the wall and the inter-
face, and the differenceDU2 between the interface and the
centerline scale as

DU1;d
du1

dr
~r 5K !, ~15!

DU2;K
du2

dr
~r 5K !. ~16!

Solid body-like motion of fluid 2 exists whenDU2!DU1 ,
i.e.,

R5 ln
m2

m1
@ ln

K

d
. ~17!

The general solution for the velocity profile is of the form

u1~r !5
1

1216K4~12e2R!
~124r 2!, ~18!

FIG. 11. Quasisteady tip velocities forPe51600 as a function of the film
thicknessd, for various values ofR. For films of thicknessd>0.05, small-
R fingers move faster than large-R fingers, whereas in the absence of a film
the opposite is true. Regarding the regime sketched by dashed lines, for
which we do not have numerical data, cf. the discussion in the text.

FIG. 12. One-dimensional model flow.
A core of more viscous fluid ‘‘2’’ is
surrounded by a wall film of fluid ‘‘1.’’
The interface is located atK50.5
2d.
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u2~r !5
4 e2R

1216K4~12e2R!
~K22r 2!

1
1

1216K4~12e2R!
~124K2!. ~19!

If fluid 2 moves approximately as a solid body, i.e., if Eq.
~17! is satisfied, we can approximate the finger tip velocity
by u2(r 50), so that we obtain

Vtip5
124K2~12e2R!

1216K4~12e2R!
. ~20!

It is immediately clear that forR>0 andK,0.5, this esti-
mate forVtip cannot exceed the value of one. Consequently,
for the assumed flow structure of a less viscous wall film and
a more viscous core layer, the maximum velocity is always
smaller than that of the corresponding Poiseuille profile. In
order to obtainVtip.1, a layer of the more viscous fluid
would have to become entrained in a quasisteady fashion by
the flow in between the finger and the wall film, so that the
core fluid can no longer move in a near solid body-like way.
The resulting flow would then be similar to the case without
a wall layer, with the wall film becoming dynamically unim-
portant. In our simulations, this situation was never ob-
served. However, we cannot exclude the possibility that for
large Pe and thin wall films, such a situation could arise.
Hence, the exact nature of Fig. 11 in the range 0,d,0.05
cannot be resolved conclusively at this time.

Figure 13 plots the theoretical predictions of Eq.~20! for
the tip velocityVtip , along with the corresponding simulation
data discussed earlier. For small values of the film thickness
d, i.e., K→0.5, criterion ~17! for approximate solid body
motion of the more viscous fluid is not satified for the

present, relatively low values ofR. Furthermore, diffusive
effects may become important as well when the wall film is
very thin. As a result, there is a significant difference be-
tween the tip velocity of the finger and the centerline veloc-
ity of the more viscous, displaced fluid far downstream of the
finger. This explains the discrepancy between the simulation
data and the theoretical curves. However, for larger values of
d, the agreement is seen to improve.

It is of interest to obtain the dependence of the tip ve-
locity ~20! on R andK in the limit of R→`. From Eq.~20!,
we obtain

Vtip→
1

4K211
. ~21!

This result is plotted as a solid line in Fig. 13. Obviously, it
is not valid right atK50.5, where condition~17! is no
longer satisfied.

V. CONCLUSIONS

Motivated by the need to perform an entire series of
automated, miscible displacement experiments in a single
capillary tube, we have addressed the impact of a preexisting
wall film on the tip velocity of the displacing fluid finger.
Here the wall film is assumed to have the same viscosity as
the displacing fluid, which is less viscous than the displaced
fluid. After an initial transient, the finger of the displacing
fluid is seen to move in a quasisteady fashion. All of our
axisymmetric Stokes flow simulations show the finger ad-
vancing with a velocity below the centerline velocity of an
equivalent Poiseuille flow. This is in contrast to our earlier
findings for displacements without preexisting wall films.
The explanation is found in the lubrication effect of the wall
film. We establish the condition for which the displaced fluid
moves in a nearly solid body-like motion. In this limit, the
finger tip velocity can be approximately evaluated in closed
form from a one-dimensional model flow. A comparison be-
tween the simulation data and the closed form results is pre-
sented which shows reasonable agreement, provided that the
criterion for solid body-like motion is satisfied. In addition,
results are presented for the practically relevant limit of very
large viscosity ratios.
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