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Miscible displacements in capillary tubes: Influence of Korteweg stresses
and divergence effects
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The question is addressed as to whether Korteweg stresses and/or divergence effects can potentially
account for discrepancies observed between conventional Stokes flow simulations~Chen and
Meiburg! and experiments~Petitjeans and Maxworthy! for miscible flows in capillary tubes. An
estimate of the vorticity and stream function fields induced by the Korteweg stresses is presented,
which shows these stresses to result in the formation of a vortex ring structure near the tip of the
concentration front. Through this mechanism the propagation velocity of the concentration front is
reduced, in agreement with the experimental observations. Divergence effects, on the other hand, are
seen to be very small, and they have a negligible influence on the tip velocity. As a result, we can
conclude that they are not responsible for the discrepancies between experiments and conventional
Stokes simulations. ©2002 American Institute of Physics.@DOI: 10.1063/1.1481507#
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I. INTRODUCTION

Displacements in capillary tubes have long served
paradigm flows for the investigation of mechanisms gove
ing two-phase flows. In the immiscible case the studies
Taylor3 and Cox,4 as well as the corresponding calculatio
by Reinelt and Saffman,5 represent classical examples, c
also the fundamental theoretical investigation by Brethert6

for long bubbles. Taylor measures the amount of fluid d
placed by injecting air into a horizontal capillary tube, in
tially filled with a viscous fluid, in order to calculate th
thickness of the film of displaced fluid left behind on the w
of the tube as a function of the capillary number Ca. Ho
ever, in Taylor’s experiment the flow in the interior of th
finger is dynamically unimportant because of the large v
cosity ratios. The numerical simulations by Reinelt a
Saffman,5 based on the Stokes equations, agree very clo
with these experiments. Unfortunately, no comparable
periments have been conducted for finite viscosity ratios

Petitjeans and Maxworthy2 as well as Chen and
Meiburg1 carry out a corresponding collaborative investig
tion for miscible fluids. In these flows, a cutoff length is s
by diffusive effects rather than surface tension, so tha
some sense the Pe´clet number Pe takes the place of C
These authors also address finite viscosity ratios by vary
the Atwood number At, as well as the role of density diffe
ences~expressed by a further dimensionless parameterF! by
conducting experiments and simulations in vertical tub
The miscible and immiscible cases differ fundamentally
that the miscible flow can never become truly steady. Soo
or later, diffusion will cut off the supply of fresh displacin
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fluid, and for long times the case of Poiseuille flow and Ta
lor dispersion~Taylor7! will be approached. Nevertheles
both simulations and experiments show that for large val
of Pe, typically aboveO(103– 104), a quasisteady finge
forms. In this parameter regime, the experimentally and
merically observed amount of displaced fluid left behind
the tube walls for At→1 matches Taylor’s3 immiscible data.
On the other hand, the largest discrepancy between the
periments of Petitjeans and Maxworthy2 and the Stokes
simulations of Chen and Meiburg1 is observed at small val
ues of Pe, in that a quasisteady finger emerges for sig
cantly smaller values of Pe in the simulations, as compa
to the experiments. At these low Pe values, the experim
tally observed diffusive front between the injected, less v
cous fluid, and the resident more viscous phase hence
pears to be less prone to the strong deformation neede
form a finger, as compared to the numerically simulated fl
based on the conventional Stokes equations. The pre
computational investigation takes a step towards identify
the reasons behind this discrepancy by addressing the i
ence of various physical mechanisms not contained in
standard set of Stokes equations.

In miscible flows involving fluids of different densities
phenomena are present that frequently are not accounte
in theoretical or computational analyses. Even if the two fl
ids are incompressible, the usual mass-averaged veloci
not divergence free in the mixing region, cf. Hu and Josep8

However, numerical simulations of such fluid flows routine
assume this effect to be small~without providing a quantita-
tive estimate for its size!, and employ a solenoidal velocit
field. It is hence important to establish the range of valid
of this approach. In addition, as discussed by Davis,9 Hu and
Joseph,8 Joseph and Renardy,10 and Chen, Wang, and
Meiburg,11 additional so-called Korteweg stress
il:
2 © 2002 American Institute of Physics
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2053Phys. Fluids, Vol. 14, No. 7, July 2002 Miscible displacements in capillary tubes
~Korteweg12! can potentially be important in regions of larg
concentration gradients. While a first principles derivatio
or even a detailed model, for the action of such stresses is
yet available, there exist proposals in the literature for th
mathematical formulation, cf. Galdiet al.,13 Joseph and
Renardy,10 and Josephet al.14 However, the magnitude of th
coefficients in the expressions for these stresses is pres
unknown. Interestingly, there exists information regard
the sign of the Korteweg stress constant based on the w
by Hu and Joseph,8 who point out that in miscible Hele
Shaw flows this constant has to be negative in order to av
Hadamard instability, or mathematical ill posedness of
problem. This represents important information, as it allo
us to determine if the action of the postulated Kortew
stresses points in the right direction in order to possibly
count for discrepancies between experiments and nume
simulations that do not consider these stresses. Scaling a
ments regarding the magnitude of the stresses are prov
by Davis,9 while Petitjeans and Maxworthy2 arrive at an es-
timate of 531024 N/m, based on a comparison with th
immiscible observations by Taylor.3 Further efforts in this
direction have been undertaken by Petitjeans and coaut
~Petitjeans,15 Petitjeans and Kurowski,16 Kurowski and
Misbah17!.

Due to the present lack of detailed experimental m
surements, the current investigation represents a first, so
what qualitative step intended to shed light on the nature
potential magnitude of the above effects in miscible capill
flows. The goal is to obtain information as to wheth
Korteweg stresses and divergence effects modify the p
Stokes flow results in a direction consistent with the o
served experimental/numerical discrepancies alluded
above. In this context, it should be pointed out that cylind
cal tubes represent only one of the fundamental geomet
Another one of great practical importance is the plane, n
row gap between two plates, i.e., the classical Hele-Sh
configuration, cf. the review by Homsy.18 Here many of the
same phenomena arise, but in addition there is the issu
the length scale selection in the spanwise direction, or in
circumferential direction for the case of a localized injectio
A recent comparison between experiments of the den
driven instability between miscible fluids in a vertically a
ranged Hele-Shaw cell~Fernandezet al.19! and a correspond
ing linear stability analysis based on the three-dimensio
Stokes equations~Graf, Meiburg, and Ha¨rtel20! shows sys-
tematic discrepancies for low values of the Rayleigh num
Ra that may have their origin in similar physical phenome
as the above mentioned low Pe differences.

II. PHYSICAL PROBLEM AND GOVERNING
EQUATIONS

The present computational investigation focuses on
temporal evolution of axisymmetric miscible interfaces
horizontal and vertical capillary tubes. Our goal is to co
pare with the experiments of Petitjeans and Maxworthy,2 in
which the Reynolds number is small and inertial terms
negligible. According to Joseph and Renardy10 as well as
Josephet al.,14 under these circumstances the govern
Downloaded 22 May 2004 to 128.111.70.70. Redistribution subject to AIP
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equations expressing the balance of mass, momentum
species for simple binary mixtures in a vertical capillary tu
take the form

]c

]t
1¹•~uc!5¹•S D

12jc
¹cD , ~1!

¹•S u2
jD

12jc
¹cD50, ~2!

¹~P1Q~c!!5¹•~2mD@u#1d1~¹c!~¹c!T!1rg. ~3!

Here,u denotes the conventional, mass-averaged velocitc
the concentration of the lighter fluid,j the normalized den-
sity difference,D the constant diffusion coefficient, andp
the pressure. The viscosity is indicated bym, while Q repre-
sents an additional pressure component due to Korte
stresses, as explained by Joseph.21 d1 denotes the coefficien
of the Korteweg stresses related to concentration gradien
the flow.

In order to render the governing equations dimensi
less, we take the tube diameterd as the characteristic lengt
scale and define a characteristic time scale asmh /gdDr.
Heremh indicates the viscosity of the heavier fluid, andDr
represents the density difference driving the instability. F
lowing standard assumptions employed in the literature
miscible porous media flows, we employ viscosit
concentration and density-concentration relationships of
form

m~c!5eRc, ~4!

r~c!5
rh

Dr
2c. ~5!

This type of dependence on the concentration is commo
assumed in the literature on miscible fluids, and it clos
approximates the behavior of the fluids used in the exp
ments of Petitjeans and Maxworthy.2 By introducing the so-
lenoidal volume averaged velocityW,

W5u2
jD

12jc
¹c, ~6!

Wz5
1

r

]c

]r
, Wr52

1

r

]c

]z
, ~7!

we can reformulate the governing equations in terms o
stream function

¹4c5G~R,z,r ,c,c!2
2r j

Pe
f ~R,z,r ,c!

2
rd

m
h~R,z,r ,c!2

r

m

]c

]r
, ~8!

]c

]t
1W•¹c5

1

Pe
¹2c, ~9!

where the Peclet number Pe and dimensionless Korte
constantd take the forms

Pe5
gd3Dr

mhD
, d5

d1

gd3Dr
. ~10!
 license or copyright, see http://pof.aip.org/pof/copyright.jsp
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2054 Phys. Fluids, Vol. 14, No. 7, July 2002 C.-Y. Chen and E. Meiburg
Here the functionG indicates the viscous terms, cf. Che
and Meiburg,1 and the last term on the right-hand side a
counts for gravitational effects, whilef and h capture the
effects of divergence and the Korteweg stresses, respecti

f 52
2

r 2

]2c

]r ]z
1RH 1

r

]2c

]r ]z

]c

]r
2

1

r

]2c

]r 2

]c

]z
1

]3c

]r 2]z

]c

]r

1
]3c

]z3

]c

]r
2

]3c

]z2]r

]c

]z
2

]3c

]r 3

]c

]zJ
1R2H S ]c

]r D
2 ]2c

]r ]z
1

]3c

]z3

]c

]r

2
]3c

]z2]r

]c

]z
2

]3c

]r 3

]c

]zJ ,

h5
1

r

]2c

]r 2

]c

]z
2

1

r

]2c

]r ]z

]c

]r
2

2

r 2

]c

]z

]c

]r
1

]3c

]r 3

]c

]z

2
]3c

]r 2]z

]c

]r
1

]3c

]z2]r

]c

]z
2

]3c

]z3

]c

]r
.

In the derivation of Eq.~8! we have assumedj/(12jc)
'j. In this way j effects are considered only to leadin
order in the momentum balance. This assumption is in cl
agreement with the experiments of Petitjeans a
Maxworthy,2 in which j,0.1. By employing the above
stream-function-based formulation, the appearance of the
ditional pressure termQ in Eq. ~3! is eliminated. Boundary
conditions are prescribed as

z5z1 ,z2 :
]2c

]z2 50,
]2c

]z2 50,
]4c

]z4 50, ~11!

r 50:
]c

]r
50, c50,

]c

]r
50, ~12!

r 50.5:
]c

]r
50, c50,

]c

]r
52

j

2Pe

]c

]z
. ~13!

The stream-function equation is solved by means of a m
tigrid technique based on second order central differenc
discretization. An ADI scheme~Fletcher22! in conjunction
with third order upwind differencing is used to advance t
concentration equation in time.

III. RESULTS

A. Miscible displacement in a horizontal capillary
tube

Before focussing on the unstably stratified flow in a v
tical capillary tube, we will address the related situation a
lyzed by Petitjeans and Maxworthy,2 as well as Chen and
Meiburg.1 Here a less viscous fluid is injected into a horizo
tal capillary tube initially filled with a more viscous one, i.e
a net flow rate is present. If the cross section of the tub
small, gravitational effects do not affect the flow in a signi
cant way and can be neglected. The fluids are again f
miscible, and a suitable Pe´clet number is now defined as
Downloaded 22 May 2004 to 128.111.70.70. Redistribution subject to AIP
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whereU is the center line velocity of the Poiseuille flow wit
the same volumetric flow rate. For sufficiently large valu
of Pe, the less viscous fluid is seen to propagate along
center line, while a film of the resident fluid is left behind o
the tube wall. The thickness of this film depends on Pe,
well as on the viscosity ratio of the two fluids. Numeric
simulations based on the Stokes equations showed c
agreement with the experiments for large values of Pe. H
ever, for small Peclet numbers a clear discrepancy was
served, in that the simulations showed the emergence of
sisteady fingers for Pe.O(103), whereas in the experiment
such fingers did not appear until Pe;O(104). The question
then arises as to whether Korteweg-type stresses, which w
not accounted for in the simulations, may be responsible
delaying the appearance of the quasisteady fingers in the
periments.

In order to address the question as to whether the ac
of the Korteweg stresses points in the right direction in or
to account for the observed difference between experim
and simulations, we numerically tracked the spatiotempo
evolution of apassiveconcentration field under the action o
diffusion in an axisymmetric Poiseuille flow. Initially, th
concentration field is uniform across the tube diameter
has a steep, error function-like profile in the axial directio
This is the classical case of Taylor dispersion~Taylor7!. For a
Pe value of 2000, the concentration field at different times
shown in Fig. 1. Its overall features are similar to the co
centration field that would emerge in a variable viscos
flow, cf. Chen and Meiburg.1 Consequently, it is well suited
for evaluating qualitatively the nature of the effects th
Korteweg stresses would have in such a flow, if they w
taken into account. To this end, we calculate the Kortew
stresses from the concentration field shown in Fig. 1, up
the unknown coefficient that multiplies the Korteweg stre
term in Eq.~8!. We subsequently solve the equation

FIG. 1. Temporal evolution of a passive concentration field in axisymme
Poiseuille flow for Pe52000 at timest50.5, 1.5, 2.5, and 3.5.
 license or copyright, see http://pof.aip.org/pof/copyright.jsp
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2055Phys. Fluids, Vol. 14, No. 7, July 2002 Miscible displacements in capillary tubes
¹4c[2¹2v52
rd

m
h~R,z,r ,c!, ~15!

in order to obtain the distribution of the vorticity and strea
function fields that these stresses would generate if they w
taken into account. This information is presented in Figs
and 3. The formation of a ring-like vortex near the tip of t
concentration front is clearly visible. If the unknown coef
cient d has a negative value, as postulated by Hu a
Joseph,8 the vorticity in this ring is oriented such that th
flow is retarded near the axis, while it is being accelera
near the tube wall. In this way, a negatived value acts to
slow the kind of frontal deformation that leads to the em
gence of a finger propagating along the tube axis. This
flects the fact that at the tip of the front, the normal stre
component isd(]c/]z)2, which for negative values ofd al-
ways opposes the spreading of the front. Thus we find
the effect of the postulated Korteweg stresses on the pre
flow has the correct sign in order to potentially explain t
discrepancy between the experiments of Petitjeans
Maxworthy2 and the Stokes simulations of Chen a
Meiburg.1 However, when we included this Korteweg stre
in the governing equations, we could never achieve the c
plete stabilization of the front that appears to take place
the experiments of Petitjeans and Maxworthy2 at comparable
Pe values, even if we employed Korteweg stress coefficie
that were several orders of magnitude larger than availa
estimates in the literature. We plan to undertake a more
tailed investigation, in order to resolve this discrepancy.

B. Unstable density stratification in a vertical
capillary tube

In the following, the focus is on the temporal evolutio
of an axisymmetric miscible interface formed by placing
heavier and more viscous fluid above a lighter and less
cous one in a vertically oriented capillary tube. Prelimina
results for this configuration were reported by Che
Meiburg, and Wang.23

FIG. 2. Vorticity distribution that would be generated as a result of
Korteweg stresses by the concentration fields shown in Fig. 1. The vort
field is determined up to a constant factor, which is related to the unkn
Korteweg stress coefficient.
Downloaded 22 May 2004 to 128.111.70.70. Redistribution subject to AIP
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1. Flow behavior for different Peclet numbers and
viscosity ratios

Figure 4 shows the temporal evolution of the flow f
Pe523105 andR522.5, in the absence of divergence e
fects or Korteweg stresses. The interface is initially p
turbed in such a fashion that it is slightly elevated in t
center of the tube compared to near the tube walls. It sho
be pointed out that we are mostly interested in t
asymptotic long-term features of the flow, which test calc

FIG. 3. Stream-function distribution corresponding to the vorticity fiel
shown in Fig. 2. A ring-like vortex structure is seen to emerge at the tip
the concentration front. For negative Korteweg stress coefficients, as p
lated by Hu and Joseph~Ref. 8!, this vortex ring causes an upstream veloc
at the center line of the tube, thereby slowing the front down and stabiliz
it.

ty
n

FIG. 4. Unstable evolution of the axisymmetric miscible interface form
by placing a heavier fluid above a lighter one, in the absence of Korte
stresses and divergence effects. Pe523105 andR522.5. A bubble of the
lighter fluid is seen to pinch off and rise at a nearly constant velocity.
 license or copyright, see http://pof.aip.org/pof/copyright.jsp
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2056 Phys. Fluids, Vol. 14, No. 7, July 2002 C.-Y. Chen and E. Meiburg
lations showed to be independent of the precise form of
initial conditions. An instability is seen to develop, whic
leads to the rise of the lighter fluid along the tube axis, wh
the heavier fluid flows downwards at larger radii. Soon, ho
ever, the heavier fluid separates from the wall and form
downward propagating finger along the axis of the tube. T
bubble of lighter fluid thus formed pinches off and continu
to rise along the tube center, while additional light fluid b
gins to rise near the outer walls. The bubble continues to
in a quasisteady fashion with a nearly constant velocity.
the present viscosity ratio, a qualitatively similar evolution
the flow is observed over a large range of Pe, with num
cally observed bubble rise velocitiesVtip as shown in Fig. 5.

At larger viscosity ratios, an identical initial perturbatio
does not lead to the pinchoff of a rising bubble. Instead,
lighter fluid continues to rise along the tube center line,
that a well developed finger forms that remains connecte
the body of lighter fluid in the lower portion of the tube, c
the case ofR524.5 shown in Fig. 6. Figure 7 shows the t
velocity Vtip as a function of the viscosity ratio for Pe55
3104. For infinite viscosity ratios it asymptotes towards
plateau that is close to the value of 0.0102 reported by C
Grace, and Weber24 for the immiscible situation of a long ai
slug in a tube filled with water.

2. Influence of Korteweg stresses

In order to evaluate the effects of the postulat
Korteweg stresses on the tip propagation velocity, we car
out simulations for various magnitudes of the dimensionl
parameterd. The range ofd was selected on the basis of th
values provided by Davis.9 In agreement with the findings o
Hu and Joseph,8 only negative values were employed. The
are no divergence effects present in the flow, and the va
of Pe andR are kept at 105 and22.5, respectively. Figure 8
shows the tip velocityVtip to decrease by as much as 10%
the Korteweg stresses grow in strength, which demonstr
their stabilizing effect.

FIG. 5. The tip velocityVtip as a function of Pe forR522.5, in the absence
of Korteweg stresses and divergence effects. With increasing Pe,Vtip is seen
to asymptotically approach a plateau.
Downloaded 22 May 2004 to 128.111.70.70. Redistribution subject to AIP
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This stabilizing effect of the Korteweg stresses can
understood on the basis of the governing equations from
information provided in Fig. 9. Figures 9~a! and 9~b! show
the concentration and stream-function distributions for
5105 and R522.5 in the absence of Korteweg stress
Figures 9~c! and 9~d! present the corresponding distribution
in the presence of Korteweg stresses for a value
d521024. In addition, for this flow Fig. 9~e! displays the
component of the stream function due to the Kortew
stresses only. Near the tip of the bubble, these stresse

FIG. 6. Unstable evolution of the interface for Pe553104 andR524.5, in
the absence of Korteweg stresses and divergence effects. For these
parameters, a bubble does not form. Rather, a continuous finger o
lighter and less viscous fluid rises along the tube center line.

FIG. 7. Tip velocity vs viscosity ratio: Asymptotic values for large Pe, in t
absence of Korteweg stresses and divergence effects. For large visc
contrasts, the tip velocity asymptotically approaches a level that is clos
the value of 0.0102 measured by Clift, Grace, and Weber~Ref. 24! for a
long air bubble in a tube filled with water.
 license or copyright, see http://pof.aip.org/pof/copyright.jsp
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2057Phys. Fluids, Vol. 14, No. 7, July 2002 Miscible displacements in capillary tubes
again seen to generate a ring-like vorticity distribution th
induces a downward velocity on the tube axis, similar to
case of the horizontal tube discussed above. In this way,
Korteweg stresses slow down the rising bubble. Unlike
the case of the horizontal capillary tube discussed above
do not at present have experimental data for the vertical t
to compare with. The availability of such experimental da
might allow us to obtain estimates for the magnitude of

FIG. 8. Tip velocity vs Korteweg stress constantd for Pe5105 and R
522.5, in the absence of divergence effects. In line with the findings of
and Joseph~Ref. 8!, only negative values are considered ford. The corre-
sponding Korteweg stresses are seen to slow down the tip of the rising fi
of lighter fluid. The horizontal line indicates the value obtained ford50.

FIG. 9. Unstable evolution of the axisymmetric miscible interface.
5105 andR522.5. ~a! and~b! show the concentration and stream-functio
distributions in the absence of Korteweg stresses, while~c! and ~d! present
the corresponding information if the effects of Korteweg stresses are in
porated withd521024. For this case,~e! displays the component of the
stream function that is due to the Korteweg stresses alone. Near the b
tip, these stresses are seen to generate a ring-like structure that indu
downward velocity along the tube center, thereby slowing the bubble do
Downloaded 22 May 2004 to 128.111.70.70. Redistribution subject to AIP
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Korteweg stress coefficient, as the rise velocity shows
pronounced sensitivity to it.

3. Effects of nonvanishing divergence

In order to assess the influence of the divergence t
generated in the mass-averaged velocity field by the den
difference between the fluids, we carried out simulations
a range ofj values, with Pe5105 andR522.5, and in the
absence of Korteweg stresses. Figure 10 presents the tip
locity data as a function ofj. It is evident that for the presen
range of parameters the influence of the density difference
the quasisteady tip velocityVtip is negligible. This is true
even for fairly large values of up toj50.25. Furthermore,
the detailed distribution of the concentration field also loo
quite similar with and without divergence effects, so that,
least for the current flow, this effect does not appear to
very influential.

IV. CONCLUSIONS

The present investigation addresses the question a
whether Korteweg stresses and/or divergence effects c
potentially be responsible for discrepancies observed
tween Stokes flow simulations and experiments for misci
flows in capillary tubes. Conventional Stokes flow simu
tions that do not account for these effects show the em
gence of quasisteady fingers for Pe values that are an o
of magnitude smaller than the corresponding experime
values. We present an estimate of the effects of Kortew
stresses, and of the vorticity and stream-function fields
duced by them, for net flow displacements in horizontal c
illary tubes and density driven instabilities in vertical tube
For both of these cases, the Korteweg stresses are se
result in the formation of a vortex ring-like structure near t
tip of the concentration front. Based upon the finding by H
and Joseph8 that the Korteweg stress coefficient has to
negative, we find that in the horizontal tube this vortex ri
slows down the propagating front, which indicates that th

u

er

r-

ble
s a

n.

FIG. 10. Tip velocity vs divergence coefficientj for Pe5105 and R
522.5, in the absence of Korteweg stresses. Divergence effects are se
have a negligible effect on the tip velocity, even for large values ofj up to
0.25.
 license or copyright, see http://pof.aip.org/pof/copyright.jsp



pa
ca
e

ab
th
ti

he
w
pa
ke

x-
ns

d

o
ug

es

ry

d

a

h.

y

Z.

I

us

s

ms
ch.

nd
ica

. R.

les:
ys.,

a

d

en,

e-

d

r-
oc.

2058 Phys. Fluids, Vol. 14, No. 7, July 2002 C.-Y. Chen and E. Meiburg
stresses can potentially account for the observed discre
cies mentioned above. In a similar fashion, in the verti
tube the Korteweg stresses are seen to slow down the ris
bubbles and fingers that evolve as a result of the unst
density stratification. Due to the unknown magnitude of
corresponding stress coefficients, more detailed quantita
comparisons are not possible at the present time.

Divergence effects are seen to be very small, and t
have a negligible influence on the tip velocity. As a result,
can conclude that they are not responsible for the discre
cies between experiments and conventional Sto
simulations.
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