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Effect of T -stress on dislocation emission in iron
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Abstract

We compare continuum predictions for dislocation emission from a crack tip loaded under mode I, biaxial conditions with

atomistic results for bcc iron. The simulations validate the continuum prediction that, as the T -stress increases, so does the threshold
for dislocation nucleation; hence, the propensity for brittle response increases.
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1. Introduction

Atomistic situations, such as those based on the

molecular dynamic technique (MD), offer an opportu-

nity to study the brittle vs. ductile behavior indepen-

dently of empirical failure criteria oft-times associated

with continuum models. The only failure criterion used
in MD simulations is the cut-off radius of nonlinear

interatomic forces. As specific examples, the generation

of defects (e.g., microcracks, dislocations, twins) or

crack tip blunting can be studied with MD simulations

and are seen as spontaneous processes controlled solely

by the interatomic forces and external conditions. Un-

like continuum elastic models, atomistic simulations

avoid stress singularities that are associated with crack
tips and dislocation cores, and enable the validation or

further development of failure criteria used in contin-

uum models. The present contribution represents an

effort to overcome existing contradictions between at-

omistic results, e.g. [1], and the ductile vs. brittle pre-

diction by Rice [2] based on the Peierls–Nabarro

dislocation model.

Specifically, we compare MD results on the ductile vs.
brittle response of bcc iron under biaxial loading and

plane strain conditions with a recent continuum model

by Beltz and Fischer [3] that incorporates the T -stress
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(discussed in further detail below) into Rice’s model.

Our findings show a reasonable consistency between the

continuum and atomistic results, but, more importantly,

represent the first time that the T -stress has been sys-

tematically controlled in an atomistic simulation to in-

fluence crack stability.

The details of the stress state around a crack tip in an
elastic solid are often characterized by a single param-

eter, the stress intensity factor K that expresses the

strength of the singularity as the crack tip is approached.

This parameter has proven extremely useful for quan-

tifying when a crack might begin to propagate, or when

it might emit a dislocation (or other shear-like feature)

and subsequently blunt. It has long been recognized that

a nonsingular contribution to the stress field (that is, a
term that remains finite as the crack tip is approached,

also known as the ‘‘T -stress’’) may have some effect on

the stability of a propagating crack. However, the effects

of including the T -stress in models for dislocation nu-

cleation have largely been ignored. Beltz and Fischer [3]

recently incorporated this term into the Rice model [2]

for dislocation nucleation at a crack tip in an isotropic

medium. It was found that, in addition to the unstable
stacking energy cus (introduced in [2] from block-like

shear displacement of a crystal), the T -stress is also

important and has a modest impact on the brittle–duc-

tile behavior of short cracks. This paper demonstrates

the importance of the T -stress in atomistic simulations.

The T -stress can decrease the applied load needed for

dislocation emission, and hence it is incumbent to

properly account for it when attempting to reconcile
lsevier Ltd. All rights reserved.
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atomistic simulations with continuum-based predictions

(e.g., Refs. [1,4–6]).

An important consideration in this undertaking is the

relative orientation of the crack plane and available slip
system(s). Specifically, if the active slip system in bcc

iron is considered to be Æ1 1 1æ{1 1 2}, then generally

three different shear processes may be observed at a

crack tip under plane strain conditions: (i) generation of

unstable stacking faults, (ii) twinning, or (iii) emission of

edge dislocations. Molecular dynamic simulations (MD)

in bcc iron [7,8] have shown that, for the crack orien-

tation (0 0 1)[1 1 0] (crack plane/crack front), generation
of unstable stacking faults and twinning at the crack tip

are preferred on the Æ1 1 1æ{1 1 2} slip systems; while, for

the crack orientation (�11 1 0)[1 1 0], emission of complete

edge dislocations is observed on the same type of slip

system [9]. This can be explained by the fact that the

active shear systems (Æ1 1 1æ{1 1 2}) ahead of the crack

tip are oriented in the easy twinning direction for the

crack (0 0 1)[1 1 0] and in the hard (or ‘‘anti-twinning’’)
direction for the crack (�11 1 0)[1 1 0]. In this paper, we

focus on the latter orientation, that is, the one associated

with dislocation nucleation.
2. Preliminaries

Following the work of Williams [10], the asymptotic
representation of the stress field in the vicinity of a

crack, ignoring terms of r1=2 and higher, can be ex-

pressed as

r11 r12

r21 r22

� �
¼ Kffiffiffiffiffiffiffi

2pr
p S11ðhÞ S12ðhÞ

S21ðhÞ S22ðhÞ

� �
þ T 0

0 0

� �
; ð1Þ

where K is the well-known ‘‘applied’’ stress intensity

factor, the terms SijðhÞ give the angular variation of the

field (which may be found for a generally anisotropic

solid in Ref. [11]), and T is independent of h. For a

central crack of length 2a in an infinite domain subject

to remote tension rA perpendicular to the crack and rB

parallel to the crack (Fig. 1), K and T are given by
σ11 σ11

θ x1

2x

(a)

Fig. 1. (a) Schematic of crack and slip plane (dashed) inclined at angle h. Th
result. (b) Finite crack of length 2a in a solid, with remotely applied stresses
rA

ffiffiffiffiffiffi
pa

p
and rB þRe½l1l2�rA, respectively [12]. The pa-

rameters l1 and l2 are roots of a characteristic equation

formed by the anisotropic constants [11,12], and reduce

to
ffiffiffiffiffiffiffi
�1

p
for an isotropic solid. In this paper, we consider

only proportional loading histories, that is, the ratio

rB=rA (hereafter referred to as a) is held at a prescribed

value as the cracked system is loaded. Thus, the T -stress
may be expressed in terms of the stress intensity factor

T ¼ K½a þReðl1l2Þ�ffiffiffiffiffiffi
pa

p ð2Þ

and it is seen that the relative magnitudes of K and T are

interrelated to the crack size. In fact, Eq. (2) suggests

there is a crack size effect, i.e., the effect of T -stress
should diminish as crack size increases.
3. MD simulations

The MD simulations described in this section use an

N -body potential of the Finnis–Sinclair type [7,8], ap-

plied to an iron crystal at 0 K under plane strain. The

potential is consistent with the elastic constants

C11 ¼ 2:433, C12 ¼ 1:45, and C44 ¼ 1:16	 1011 Pa. We

consider a pre-existing atomically sharp central crack of

the length 2a embedded in an initially rectangular
sample. The crack surfaces lie on (�11 1 0) planes, the crack
front is oriented along the [1 1 0] direction, and crack

extension, if it were to occur, would be in the [0 0 1]

direction. The crack is loaded in mode I, i.e., a uniform

traction rA perpendicular to the crack is applied along

the top and bottom boundaries; additionally, we con-

sider biaxial loading by adding a far field stress rB

parallel to the crack plane. Due to the symmetry of the
problem, we only simulate one half of the sample in the

x1-direction, with half crack length a. Thus, atoms lying
at the left border of the sample are constrained to move

only in the x2-direction. The sample consists of 300

planes both in the x1 and x2 directions. The initial crack
size is given by a ¼ 15a0, where a0 ¼ 2:8665 �AA is the

lattice parameter.
(b)

2a
X1

X2

σΒ

e T -stress gives a contribution to r11 in addition to the classical K-field
rA and rB.
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Prior to the external loading, the samples are relaxed

to avoid the influence of surface relaxation on crack tip

processes. The Newtonian equations of motion for in-

dividual atoms are solved by the central difference
method using time integration steps of magnitude 10�14

s. Thermal atomic motion is not controlled in the sys-

tem: That is, atomic velocities are not prescribed as in

Refs. [7–9]. The global energy balance

WextðtÞ ¼ Epotðt; 0Þ þ EkinðtÞ ð3Þ
in the assemblage is monitored at each time step. Here,

WextðtÞ denotes the work done by the external forces,

Epotðt; 0Þ ¼ EpotðtÞ � Epotð0Þ is the change of the total

potential energy during loading, and EkinðtÞ is the total
kinetic energy. We use a quasi-static loading, i.e., the

total kinetic energy in the system is very low, as in earlier

work [7].

3.1. Uniaxial loading

The sample is loaded up gradually to a level rA

during 6000 time steps. When the prescribed stress level

is reached, the applied stress is held constant (as in Fig. 3

in [7]). Dislocation emission is observed below the

Griffith level rG ¼ KG=
ffiffiffiffiffiffi
pa

p
, where KG is the critical

stress intensity factor given by the relation 2cs ¼ CK2
G.

Here 2cs is the work of decohesion and C is the appro-

priate anisotropic constant. We note that the relative

crack/sample dimensions are sufficiently large that

boundary correction procedures are not necessary [13].

No dislocation emission was observed in the simula-

tion at a constant level of applied stress rA ¼ 6:48 GPa.
At the level rA ¼ 6:82 GPa, dislocation emission was
observed with a certain delay. At the level rA ¼ 7:16
GPa, dislocation emission occurred at time step 6132,

i.e., shortly after that stress level was reached. We thus

observe ‘‘spontaneous’’ dislocation emission at an ap-

plied stress intensity K ¼ 0:8134–0:8541 MPam1=2, a

significantly lower value than Kdisl ¼ 1:44 MPam1=2

from the Rice model that includes normal relaxation

effects [4]. A preliminary study of the influence of T -
stress in the Rice model has been examined by Beltz and

Fischer [3]. They showed that the threshold for dislo-

cation emission is reduced by about 25% for a crack of

size a=b 
 17:32. A more precise analysis of this effect

will be given in Section 4.

3.2. Proportional biaxial loading

For a biaxiality ratio a ¼ 1 (that is, T 
 0 in accor-

dance with Eq. (2)), brittle crack initiation was observed

in the MD simulation at time step 7513. The crack was

initiated at applied stress intensity KA 
 0:93–0:99
MPam1=2 (the first value is corrected in consideration of

the flight time of loading waves from the sample borders

to the x1-axis). The work done by the normal stresses at
the crack tip at the initiation of fracture corresponds to

a value 3.86 J/m2, close to the theoretical work of dec-

ohesion 2cs ¼ 3:603 J/m2, obtained in a perfect crystal

strained axially in the Æ1 1 0æ directions under plane
strain conditions. Using the anisotropic constant

C ¼ 3:868	 10�12 m2/N, the theoretical Griffith stress

intensity factor is KG ¼ 0:965 MPam1=2, in good

agreement with the MD results. For a > 1, we observe

unstable crack extension.

For a ¼ 0:9, significant bond breakage at the crack

tip was observed in the simulation, but full crack initi-

ation did not occur prior to the arrival of stress waves
emitted from the crack tip and reflected back from ex-

ternal sample borders to the crack tip (expected at time

step 8022). Nevertheless, the bond breakage indicates

brittle behavior. For a ¼ 0:7, some incipient dislocation
activity and bond breakage at the crack tip were ob-

served, but neither emission of a dislocation pair nor

crack initiation were detected before time step 8000.

Similar behavior was observed for a ¼ 0:65.
For a ¼ 0:6 and lower, the emission of complete pairs

of dislocations was observed (as mentioned earlier, on

the slip systems Æ1 1 1æ{1 1 2}). Thus, we conclude that a
transition takes place for ductile to brittle behavior for

the (�11 1 0)[1 1 0] crack as a increases through approxi-

mately 0.6–0.65. That is, for a > 0:65, brittle behavior at
the crack tip is favored, while for a < 0:65, dislocation
emission and crack tip blunting is favored.
4. Continuum predictions

We use the established Peierls framework for dislo-

cation formation at a crack, which assumes that the

dislocation/crack system can be thought of as two an-

isotropic elastic semi-spaces separated by a common
plane (the crack plane and slip plane) on which there is a

discontinuous jump in the displacement fields [2]. There

exists a periodic relationship between shear stress and

slip displacement along the slip plane, with traction-free

surfaces along the crack plane. Prior to dislocation nu-

cleation, there is a distribution of slip discontinuity

along the slip plane that ultimately reaches a point of

instability with increased applied load and results in the
nucleation of a dislocation. Using this theory, a locus of

K and T values at which nucleation occurs may be de-

termined.

For all of the calculations presented here, a simple

relationship due to Frenkel [14] between shear stress and

slip displacement on the slip plane is assumed:

sðdÞ ¼ lb
2ph

sin
2pD
b

� �
¼ pcus

b
sin

2pD
b

� �
; ð4Þ

where s is the local shear stress (rrh using the coordinates

implied in Fig. 1), D is the relative atomic displacement

between two atomic planes, h is the interplanar spacing
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slip is not admissible in this model due to the nature of Eq. (4).
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of those two planes, l is the ‘‘effective’’ shear modulus

for shear along the slip plane of interest (and can be

written in terms of the anisotropic elastic constants), b is
the Burgers vector, and cus is the unstable stacking en-
ergy (equal to lb2=2p2h in the Frenkel model). As in-

troduced by Rice [2], the continuum analog to D
(referred to as d) is thought of as D extrapolated to a cut

halfway between the slipping planes and is given by

d ¼ D � sh=l. A shear softening process attributable to

tensile forces across the slip plane can be a critical ele-

ment in dislocation nucleation, as quantified by Sun et al.

[4]. That analysis revealed that a reduced, or ‘‘effective,’’
value of cus in Eq. (4) may be used to accurately char-

acterize the slip plane response. We have neglected any

consideration of tension-shear coupling in the current

analysis for simplicity.

From elastic considerations, the stress along the slip

plane can be written as

s½dðrÞ� ¼ KSrhðhÞffiffiffiffiffiffiffi
2pr

p � T sin h cos h

�
Z 1

0

gðr; s; hÞ odðsÞ
os

ds; ð5Þ

where the first two terms on the right hand side give the

pre-existing shear stress along the slip plane due to

the applied load on the crack geometry (comprising the

most singular term, scaled by K, as well as the constant
term, proportional to T ), and the third term reflects the

stress relaxation that occurs due to sliding along the cut.

The kernel g in the integral term represents the stress at

distance r along the slip plane in an anisotropic solid due
to a dislocation positioned at distance s, while

�ðod=osÞds represents an infinitesimal Burgers vector

(we exploit the notion that the slip distribution can be

discretized into an array of infinitesimal dislocations).

The first term on the right hand side of Eq. (5) is sin-

gular in r, but it is perfectly cancelled by an equal and

opposite singularity in the third term; thus, the entire

right hand side is bounded as r ! 0.
Eqs. (4) and (5) are seemingly incongruent, as (4) is

nonlinear while (5) is based on linear elasticity. The

problem addressed is best thought of as an externally

loaded solid containing a crack with traction-free sur-

faces, with the additional boundary condition that the

shear stress s is a function of the slip displacement d
along a plane of discontinuity emanating from the crack

tip. Thus, the nonlinearity is relegated to the boundary
conditions of what otherwise is a linear problem.

We seek a slip distribution dðrÞ such that, for all

r > 0, s½dðrÞ� predicted by the linear elastic formulation,

Eq. (5), must equal s½d� provided by the atomic-based

shear relation in Eq. (4). Using a numerical procedure

outlined by Beltz [15] and Beltz and Rice [16], we carry

this out for incremental increases in K and T , which are

linearly related to each other through Eq. (2), until an
instability (i.e., dislocation nucleation) is attained. The

instability is said to occur when, for a given value of T , a
maximum K is found for which a solution (in terms of a

dislocation-like slip distribution) 1 can be found.
An alternate approach to solving Eq. (5) proceeds by

recognizing that the grouping of terms s½dðrÞ� þ
T cos h sin h acts as an ‘‘effective’’ stress vs. slip dis-

placement law across the slip plane. The unstable

stacking energy cus in any T ¼ 0 solution, such as

available in Ref. [4], may be replaced by cus þ
Tb cos h sin h=2 for an approximate solution. For the

results generated in this paper, we have utilized a direct
numerical procedure as outlined in the previous para-

graph.
5. Results and discussion

Results from the continuum method are shown in

Fig. 2, where the critical threshold for dislocation nu-

cleation (expressed in terms of G, the energy release rate)
is plotted as a function of biaxiality ratio a. The nominal
range of values for our observed threshold exceeds 4cus
(in seeming contradiction with the oft-cited result that

G 
 cus for dislocation nucleation), but this is due to the
fact that the active slip plane is inclined at 54.7� with
respect to the crack plane and thus the resolved shear

stress acting on the plane is smaller for a given applied

load.

Recall that a ¼ 0 gives a relatively large, negative T -
stress, while a ¼ 1 corresponds to T 
 0. We have not

displayed results for large, positive T -stresses because, as
mentioned earlier, they would increase the critical load
for dislocation nucleation beyond the values found in

this work and lead to brittle behavior. The general trend

is that as the T -stress increases, so does the threshold for
dislocation emission and the likelihood for the material

to behave in a brittle manner. We note that the con-

tinuum method does not (directly) give a threshold for

cleavage. That could simply be determined by the

Griffith condition, that is, fracture would occur when
G ¼ 2cs, where the latter is associated with separating

the (�11 1 0) plane in bcc iron. As indicated in the Fig. 2,

the results from the continuum model are in qualitative

agreement with those from the simulations. Further MD

simulations, in larger assemblages, are needed to char-

acterize the ductile–brittle transition more precisely.

It is of interest to compare the local kinetic and po-

tential energies at the crack tip during dislocation
emission in the MD simulations. At the critical point

corresponding to dislocation nucleation or fracture, the



Fig. 2. Threshold for dislocation nucleation on a {2 1 1} type plane

from a {1 1 0} crack in bcc iron at 0 K as a function of biaxiality ratio a
(defined as the ratio rB=rA from Fig. 1b). For this crystal orientation,

the angle h (see Fig. 1) takes the value 54.7�.

G.E. Beltz, A. Machov�aa / Scripta Materialia 50 (2004) 483–487 487
local potential energy in the slip system reached the

values of 1.06–1.245 J/m2, while the local kinetic energy

reached the negligible value 0.00112 J/m2. After the

critical point, the kinetic energy increased and the po-

tential energy decreased. A smaller part of the released

energy was absorbed via thermal atomic motion, while
the larger part was transferred via stress waves emitted

during the subsonic motion of dislocations (a further

discussion of this aspect has been given by Landa et al.

[9]).

The continuum prediction in Fig. 2 also improves

significantly the agreement with the MD results for

a ¼ 0. Using the same constant C as above and the re-

laxed value of cus ¼ 1:06 J/m2, the lowest stress intensity
factor needed for dislocation emission from the updated

model is 1.059 MPam1=2. It differs by only 16% from the

upper limit KA ¼ 0:889 MPam1=2 of the applied stress

intensity in the simulation with a ¼ 0. Such deviation

from the elastic prediction can be explained by the

nonlinear and dynamic phenomena at the crack tip in

the simulations.
6. Conclusions

Our continuum predictions and atomistic simulations

for bcc iron confirm the role of T -stress in ductile vs.
brittle behavior of a crack tip. The reasonable agreement

that we find is especially relevant for nano-cracks, where

the T stress, if it is present, can significantly alter the

distribution of stress from that given by linear elastic

fracture mechanics based solely on the most singular

term of the asymptotic stress expansion about a crack tip.
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